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Spinor electrodynamics, consisting of the minimally coupled Dirac and Maxwell equations, is shown to be
equivalent to sixteen equations for sixteen currents J°, J¢, L], K%, K°, consisting of one scalar bilinear identity, a
vector set of four quintic differential equations of third order, a skew tensor set of six cubic identities, an axial-vector
set of four bilinear compatibility relations of first order, and one pseudoscalar bilinear identity. The conservation of
the vector current J* follows from the vector set of equations, and the partial conservation of the axial-vector current
K* follows from the remaining twelve equations. There is an additional independent constraining scalar bilinear
identity which ensures that these twelve equations are consistent with conservation of the vector current.

I. INTRODUCTION

The results reported in this paper arose out of
an effort aimed at confronting the nonlinearity of
spinor electrodynamics more directly than is cus-
tomary in perturbation theory by looking upon
Dirac’s equation for the four components of the
spinor field ¢ and their adjoints ¥ =yt*

vy, teyiAY=my, —ip Y +ePyiA,=mi
: (1.1)

as equations for the four components of the vector
potential A, whose solutions

eAs=(1/20%)[2mJ = Lo, +i(rep - Pyp9)]  (1.2)
when substituted into Maxwell’s equations
Fe?  =47eJe (1.3)

yield a vector set of four differential equations of
third order which turn out to be quintic in the six-
teen real currents

=P, =P, L =iy,
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890 =0,,=diag(~1,-1,-1,+1), €., =-€'23*=41,
yiyP =30 - vi9)
are used throughout this paper.
The completion of this system requires an ad-
ditional 12 independent equations which are de-
rived in Sec. II. Since the gauge-invariant defi-

nition (1.4) of the 16 linearly independent real
currents in terms of 4 complex spinor components
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with one arbitrary phase provides only 7 deter-
mining real numbers, there must exist 9 inde-
pendent nonlinear identities between the currents.
Such identities are usually written in bilinear
form, following the precedent of Pauli.! An ex-
amination of the complete set of 136 interdepen-
dent bilinear identities (given in the Appendix)
obtainable by the method of Fierz? reveals, how-
ever, that the complete set of independent iden-
tities consists of a skew tensor set of 6 cubic
identities and 3 bilinear (2 scalar, 1 pseudoscalar)
identities of the Pauli type. There is also an
axial-vector set of 4 compatibility relations,
first discovered by Zhelnorovich,® which are bi-
linear differential equations of first order. They

"arise in the present approach immediately from

the observation that instead of solving Dirac’s
equations for J°4% as in (1.2) one can solve alter-
natively for K°A? and the two results must be
compatible. Upon substitution of the six cubic
identities, the pseudoscalar identity, and one of
the scalar identities into the Zhelnorovich equa-
tions, one obtains the partial conservation of the
axial-vector current, K® =2mK°, by contraction
with J%. Contraction with K 2 shows that the other
scalar identity is a constraint which ensures con-
sistency with the conservation of the vector cur-
rent, J¢ =0, obtained from the vector set of
equations.

The elimination of the electromagnetic field is
undertaken in Sec. III. The possibility of expres-
sing the field tensor F°? entirely in terms of the
currents and their derivatives arises out of a re-
markable cubic identity of first order, yielding
for (J°)% F*®an expression of second order which
is irreducibly cubic. Differentiation shows then
that (J°)*Fe® ,is irreducibly quartic and of third
order, and upon substitution of Maxwell’s equa-
tions (1.3) one ends up with a vector set of 4 dif-
ferential equations of third order which are quin-
tic owing to the term (J°)%Je.

Section IV contains remarks about the possibly
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general significance of the special results re-
ported in this paper.

II. IDENTITIES AND COMPATIBILITY RELATIONS

The definitions (1.4) imply the sixteen indepen-
dent linear identities

JA4=1Tr(wI') (A=1,...,16), (2.1)
where w=J5T'; or, in components,
wBa=(J°I+J“'yu+%iL“"'y[ayb]+iK“'ys'ya+K"7/5)5a
=49 Y - 2.2)

The permissible relabeling of spinor indices
Do Pslyn = ¥\, yields upon multiplication with
T'4,T5 the 136 interdependent bilinear identities®

JAJE =k Tr(wl4wI'®). (2.3)

They enable one to eliminate the spin currents L%
through the skew tensor set of six cubic identities
(see Appendix)

_J%%g K +KC°(J°K "= J°K®)
JOJ° + K°K ©
and to establish that the remaining currents J°,

K°, J% K¢ are subject to only three more inde-
pendent bilinear Pauli identities

L (2.4)

JJO+KOK =T, (2.5)
JoJ,=-KK, (2.6)
JK,=0. @.7

Since Dirac’s equations (1.1), treated as alge-
braic equations for the components of the vector
potential A, allow the alternative solutions

eA’= (1/2k°)[- F€AL i@ - )], (2.8)

one has at once the compatibility relations of
Zhelnorovich [Ref. 3, Eq. (2.19)]

mKOJ"—%KOL”',,+%(Joiabc"Lcd,,,+Jb’“K,,—J,,Kb’“)=0
(2.9)

if use is made of the bilinear identities of first
order

@) @rs9) + @@ - @) Gr™p) - ) @r*y+e)
=4 Tr(wy w) — (J°K°) = 3i(J°" K~ J, K **°)
(2.10)
obtainable by judicious use of perinissible rela-
beling of spinor indices.
Upon substituting the six identities (2.4) into the’
Zhelnorovich equations (2.9), taking care to not

as yet inadvertently invoke the three Pauli iden-
tities, one obtains by contraction with J,
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mK °J%J - 5(J°J°+K°K )K *
+%(J“JG—J°J°—K°K°),bK"
- 1WK,) J°=0, (2.11)
and contraction with K, yields
mK°JK, ~ 5(J°° +K°KO)°
- 1(K°K, +JI°J°+K°K®) ,J®
+1(K,) ,K°=0. (2.12)

If one invokes now the scalar identity (2.5) and the
pseudoscalar identity (2.7), one obtains from
(2.11) the partial conservation of the axial-vector
current,

K =2mK°, (2.13)
and (2.12) reduces to
JUU T+ 3(KK,+J%,) ,J°=0, (2.14)

showing that the other scalar identity (2.6) is a
constraint ensuring consistency with the conser-
vation of the vector current,

Je =0, (2.15)

which is a consequence of Maxwell’s equations.

III. ELIMINATION OF THE ELECTROMAGNETIC
FIELD

The solutions (1.2) enable one to write the
gauge-invariant electromagnetic field tensor
F®=2A!e?] in the form

eF = (1/J°)(2mJ ¥ + Lelart] )
+(1/J°J°)(2mJ° 4] — Jorlap ple )
+2G°°, (3.1)
where
G = (i/J°°) [39) (¥ ) + Gy O @)]  (3.2)

can be expressed entirely in terms of the currents
and their first derivatives on account of the re-
markable cubic identity

G2=(1/64)(J°) 3 Tr(ww P w) (3.3)

obtained, using the definition (2.2), by permissible
relabeling of spinor indices.

The evaluation of G* requires consideration of
125 sets of traces. Of these, 84 vanish identically,
28 contribute terms which cancel by antisymmetry
and the contributions of the remaining 13 sets of
traces add up to

Gab:%(JO)-s[zKOJc,[aKc,b] - &]cKc,[aKO.b]
+ 3Lcd(J0yaJd.b - K:c’“Kd’b)
- LchceyaLed,b] . (34)
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Since it is impossible to extract from the traces
a common factor J°, (J°)*F ¢ is irreducibly cubic
and of second order in the currents. Upon forma-
tion of the divergence F  and its substitution
into Maxwell’s equations (1.3) one ends up with
the vector set of four quintic equations of third
order,

4ne?(J°)% %= (irreducibly quartic and

of third order in the currents). (3.5)

Writing out the right-hand side of (3.5) is straight-
forward, but lengthy, and is not needed for the
purpose of this paper. This completes the task of
reformulating spinor electrodynamics entirely as
a dynamics of currents.

IV. REMARKS

Although the power and usefulness of Faraday’s
field concept as an aid to calculations and as a
mnemonic device of enormous propagandistic per-
suasiveness is beyond question, seen from the
viewpoint adopted in this paper, the concepts of the
electromagnetic potential, the electromagnetic
field, and the spinor field amplitude are artifices
which ultimately should be eliminated. The physi-
cal reality of electrodynamics resides in the cur-
rents, and the formalism ought to reflect that.

The method practiced here can be applied to
other branches of field theory, provided the num-
ber of components of the gauge field equals the
number of components of the source field ampli-
tude. For example, the totally antisymmetric

contortion tensor coupled minimally to the spinor
field in the Einstein-Cartan theory® meets that
criterion.

The elimination of the fields demonstrated above
shows that the minimal coupling of linear field
equations via bilinear interaction terms is de-
ceptive because it hides the high degree of non-
linearity of the system of equations resulting from
the elimination of the “vertex part,” accomplished
here at the classical level.

This system of equations contains not only the
salient features of classical electron theory, such
as the radiation damping indicated by the appear-
ance of third derivatives, but also all quantum-
mechanical features of one-electron theory, such
as the diffusion of the wave packet, and the
Zittevbewegung. It does not incorporate the ex-
clusion principle, and the so-called radiation cor-
rections, which can show up only after quantiza-
tion of the theory. Therefore, exact solutions of
the system (2.4), (2.5), (2.7), and (3.5) with the
constraint (2.6), if such can be found, will de-
scribe solitons® only.

It is not obvious how to effect quantization of
the currents directly”-® without relapsing into the
quantization of fields which is inextricably tied to
the interaction picture and perturbation expansions
in powers of ¢?. In full awareness of the remain-
ing problem of quantization, the results reported
in this paper are put forward as a classical start-
ing point for an alternative formulation of quan-
tum electrodynamics which aims at bypassing per-
turbation theory and the perplexities® associated
with the “true” vertex part in the standard ap-
proach.

APPENDIX

Since the bilinear identities appear to have been given only partly in the literature, a complete list of
all '15 sets of 136 such identities is recorded below. It required the evaluation, by the standard method,
of 375 sets of traces, 85 of which yielded nonvanishing contributions:

6J°J° =~ 2K °K ° +2J°%] — 2K °K,+L*’L , (A1)
2J°J% =€, K, , (A2)
2J°Le0=2€%4] K, - €KL, (A3)
2J°K=e®L, J,, (A9)
8J°K =L L, (A5)
47" =25 (J°J° + KK ® - J°J . — K °K ) + 4K °K ® +4L°°L *+ 6°°L*L , (A6)
JaLbc=€abchoKd+ 6ab(K0Kc__Jd L9 - 5ac(KoKb_Jdeb) 4 Jbrac_ jorab , (AT
2J°K P =2J°K @ — 25°%J°K ,+ 2K °L — €**4°L (A8)
JKO =K, L%, (A9)
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4Lachd=4LacLbd_ 4LadLbc+4(LaeL cabd_ LaeL‘dﬁbc_*_LbeL daac_LbeL caad)
e e e e
+ (8905 — 52450 (LY L, +2J°J° — 2K°K® +2J%], - 2K °K,) +4(J°J* - K UK 4) 5P

— 4" — KK ©)6° 4+ 4% - K K )5 — 4(J%? - K UK 1) 6% — 4€ 4K ® (A10)
LUK ©=WeL]0F  + 50°(JPK O + LMK,) — 6%(JOK °+ LYK,) + LK® - L**K 3, (A11)
2LK° =2(JK * - JUK) + €L, (A12)
AKOK = 4J8]° - 2670(J°J° + K °K ° +J° ,+ K °K ) = 4L%°L » = 6LL (A13)
K°K°=J,L", ‘ \ (A14)
BK K © = —2J°0° +2J%], — 2K 9K , — L9L , . ' (A15)

To obtain the six cubic identities (2.4) multiply (A3) with J°, (A12) with K°, and add them. The three bi-
linear Pauli identities (2.5), (2.6), and (2.7) follow from contractions of (A6), (A13), and (A8). These nine
independent identities are now sufficient to satisfy the entire set.
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