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We analyze the Bethe-Heitler production of muon and heavy-lepton pairs using high-energy muon beams on a

variety of targets. We give results for coherent production from a nucleus, for incoherent production from individual

protons and neutrons, and for deep-inelastic production. Differential distributions are presented for the final leptons

and the effects of experimental cuts are considered. This work complements our previous study of trimuon

production via muon radiation, Compton radiation, and hadronic final-state interactions.

I. INTRODUCTION

The production of lepton pairs in muon-initiated
reactions, which is normally referred to as tri-
dent production, has been investigated by a vari-
ety of authors. Brodsky and Ting' first calculated
some triple-differential cross sections. About
the same time Bjorken and Chen' and indepen-
dently Henry wrote down analytical expressions
for the trident cross sections as sevenfold inte-
grals. No attempt was made to numerically eval-
uate the cross section until the paper of Tannen-
baum' who computed the cross section for 12-GeV
muon beams, including correctly the effects of
Fermi statistics for the muons. Subsequently
Homma et al.' gave some long trace formulas
for the differential cross section, without attempt-
ing any numerical results. Recently we calculated
the exact cross sections for the charge-conju-
gation-odd Compton radiation of muon pairs and
the hadronic radiation of muon pairs in muon-
initiated reactions and presented results for a
range of beam energies. ' Independently, Barger
et al.' did similar calculations for a wide variety
of production processes at a muon beam energy
of 280 GeV. So far there has not been any de-
tailed discussion of heavy-lepton contributions
to trimuon production and we would like to cover
this subject in this paper. We therefore present,
results of an investigation of the even-charge-
conjugation Bethe-Heitler-type reactions and give
cross sections and distributions for the pro-
duction of muon pairs, r pairs (m, = 1.78 GeV/c'),
and, for interpolation purposes, a hypothetical
lepton pair I-' with. mass m~ = 4.8 GeV/c'. The
production of heavy leptons via weak interactions
has been discussed by Albright and Shrock. '

The results which are available in the liter- .

ature on Bethe-Heitler reactions deal primarily
with final-state muons. Experiments have been
performed at low muon energies'" and at high
energies" to check the basic cross sections. We

would like to present results for cross sections
and distributions when heavy leptons are produced
and compare them with results on direct muon
production. This is relevant because several high-
energy experiments are under way to study multi-
muon production in muon beams. We have in
mind the Berkeley- Fermilab- P rinceton-experi-
ment"' (BFP) and the two experiments at CERN
by the European Muon Collaboration (EMC)
(Ref. 13) and by the CERN-Dubna-Munich-Saclay
Collaboration. ' The objective of these experi-
ments is not only to measure scaling violations
in regular deep-inelastic processes but also to
study the multimuon signals with a view to extract-
ing the virtual photoproduction of charmed and/or
bottom-flavored particles. " The analysis of mul-
timuon events is complicated due to the abundance
of possible production processes. One signal
which is clean is J/4 production and some beauti-
ful results on the reaction pN- tt, (Z/4)X have
already appeared. " The CERN experiments"'
mentioned above have rather complicated cuts
due to the geometrical acceptance of their de-
tectors. This means that all muons are not pos-
itively identified and some leakage, say from tr'-
muons into dimuons, becomes possible. Hence
it is crucial to understand the effect of cuts on
the experimental signals.

The actual calculation of the Bethe-Heitler-
type diagrams involved in Fig. 1 is not compli-
cated. We have already made similar calcula-
tions" for e'e colliding-beam two-photon pro-
cesses and can readily adapt those programs.
The only real complication is caused by the severe
peaking of the integration variables due to the
extremely small momentum transfers involved.
Such complications have been recognized many
times before." We mention in particular the
work of Chen et al. ,

"who calculated the cross
sections for the reactions Pp —p. 'p. pP, Pp-
p, 'p, pX, and pp- p, 'p, X at high energies. They
carried out some integrations analytically so
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FIG. 1. The Bethe-Heitler diagrams for an incident
muon on {a) a nucleus, {b) a nucleon {elastic), and {c)
a nucleon {deep inelastic).

that they could get extremely good accuracy for
the distribution in the mass of the dimuon pair.
We have been able to use their cross section and
our previous e'e cross sections to thoroughly
check our computer programs.

For completeness we also give some cross sec-
tions for the C-odd production of muon pairs.
These arise from the muon radiation diagrams
in Fig. 2(a) and the Compton radiation diagrams
in Fig. 2(b). The muon radiation diagrams are
exactly calculable as the photon-hadron vertex
is completely known. The Compton radiation
graphs can only be treated in a model-dependent
fashion (see Ref. 6). These C-odd diagrams give
much smaller cross sections than theC-even dia-
grams because the muon and/or quark propa-
gators are pushed far off mass shell. Therefore,
for heavy-lepton production we will simply drop
these diagrams and concentrate on the C-even
production mechanism.

We present results for dilepton production via
coherent Coulomb scattering, incoherent proton
and neutron scattering, and deep-inelastic scat-
tering. Given that quantum electrodynamics
adequately describes leptonic interactions in
the energy range under consideration, the only
ambiguity arises from the proton structure func-

FIG. 2. The charge-conjugation-odd diagrams involv-
ing radiation of muon pairs from {a) the initial and final
muons, and {b) the initial and final hadrons.

tions. We have used the latest available data on
scaling violations" and the value of R = cd�/or. "
For the reaction involving 7'v and L'L pairs
we also add their leptonic decays. This work
therefore complements our previous work on
the real photoproduction of 7'7 pairs." It may
be possible for the experimental groups to iden-
tify events with leptonic decays, using the fact
that four neutrinos are emitted, so a large frac-
tion of the beam energy is not detected.

To summarize, therefore, we concentrate, on
those cross sections which are purely electro-
magnetic and therefore calculable. The decay
matrix element and branching ratio for ~ lep-
tons are known" so the leptonic spectra can
be given without any ambiguity. We suppose
that the heavier leptons decay in the same
fashion. We chose the mass 4.8 GeV/c' for
the heavy lepton just to give a mass around that
of the b quark. We are not claiming that such
a particle exists but we simply use this mass
to study the kinematical effects of heavy-mass-
lepton production. It is unlikely that even heavier-
mass-lepton pairs can be detected by Bethe-
Heitler processes because the cross section
drops off too quickly. However, it is inter-
esting to give some results with future facil-
ities in mind, i.e., the 1-TeV proton beam at
Fermilab and possible ep colliding-ring machines.

Heavy-quark production is a quantum-chromo-
dynamics (QCD) problem and is not discussed.
The photon-gluon model is similar in spirit to
the QED Bethe-Heitler reaction and the distri-
butions tend to be similar. In Sec. II we give
some details of the various structure functions
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which are used and then give the results in
Secs. III and IV.

II. CALCULATIONAL DETAILS

The calculation of the square of the Feynman
diagrams in Fig. 1 is most easily done with the
help of the SCHOONSCHIP trace program written by

Veltman. " In a previous paper we computed the
square of all the C-even diagrams in Fig. 1 g~d
the C-odd diagrams in Fig. 2 for e'e collisions. "
Of course, the interference terms vanish in the
total cross section but do contribute if the de-
tector is charge asymmetric. To repeat this
calculation for pp collisions with unequal
masses would just give a rather long trace which
can then be integrated to give the cross sections.
We decided to try another method of calculation
to see if we could reduce computing time and
also learn some new techniques.

Several years ago, before the advent of the al-
gebraic trace programs, it was suggested that
calculations involving many Feynman diagrams
could be simplified by employing representations
for the spinors and evaluating the amplitudes dir-
ectly by multiplying out the matrices. Then one
takes the square of the real and imaginary parts
of the final amplitudes to calculate the cross
section. Programs were written to do this"
and later used to study the effects of Fermi-Dirac
statistics in trimuon production. ' Although such
programs are available, we have not found them
to be very efficient at high energies. The reason
for this is that the integration variables chosen
are not the most efficient. In such cases corre-
lations are introduced so it is difficult to achieve
accurate results when the beam energies are
large. (Remember there have beeri discussions
of ep colliding rings where s = 10~—10' GeV').
This is basically the reason why we had to redo
several two-photon physics calculations so that
they could be handled at PETRA-PEP energies. "
Our trick is to use multiperipheral invariants
as integration variables and then remap onto the
laboratory energies and angles. When such meth-
ods are used, the peaking in the cross sections is
easily controlled and the rest of the calculation
can be done either by evaluating the amplitudes
using matrix methods, or the squares of the amp-
litudes using trace techniques. If matrix methods
are used then we get the best of both possible
worlds because cancellations occur in the matrix
element M rather than in M'. Also, matrix meth-
ods turn out to be just as efficient in terms of
computer time and they allow one to trivially give
results for polarized beams.

Vermaseren ' has recently written a useful set

of subroutines for the matrix multiplication of
vertices and propagators in @ED. These routines
are now used by the experimental groups at
PETRA who are studying two-photon physics pro-
cesses in e'e colliding beams. We have modi-
fied these routines to handle the photon-hadron
vertex both with elastic and inelastic form factors.
It is then easy to calculate the cross sections
for the diagrams depicted in Figs. 1 and 2. The
numerical work is done by Monte Carlo methods
so that all possible distributions can be extracted.
We cross checked our results, using previous
results for e'e and PP colliding beams a.nd muon

pair radiation by muons. ' The fact that prac-'
tically all of the calculations were therefore done
by two different methods gives us good confidence
that our results are correct and accurate to an

error of less than five percent. Although we only
present results here for the region of energy be-
low 600 GeV, our program can handle much higher
beam energies.

We start with the pointlike proton. In this case
no form factors are employed and the resulting
cross section is a good benchmark for all the
other cases. Then we proceed to give results
for proton and neutron targets, using the standard
dipole form factors (t = q' &0)

.11 0 .)f nG G t
--2

2.79 1.91 0.71 GeV

G~ „=0.

(2.1)

F(j') = exp(--'a'
~
j (')

with

a = (—')' ~'(1 3A'~') x 10-" cm

(2.2)

where & is the atomic number. Of course, one
should multiply the final result by Z' to get the
total coherent cross section. This exponential
is not a good fit to the real Fermi form factor,
which has oscillations caused by the sharp edge
of the nuclear charge distribution. When experi-
mental cuts are imposed, the momentum transfer
to the nucleus is larger and these secondary oscil-
lations become important. Ãe have studied this
effect primari|y using an iron target because this
is the material used in the muon experiments,
and we find that we can easily be wrong by a fac-
tor of 2 in the cross section if the secondary peaks

These will be referred to as the incoherent proton .
and neutron form factors. The resulting inco-
herent cross sections are given per proton or
per neutron.

Next we turn to the coherent scattering from
a nuclear target. For this case we use the expo-
nential form factor
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ter known experimentally this can ban e «ncorpor-
ated in the calculation. The latest status on R
can be found in the review article by Drees"
We have compared our p. 'p cross-section re-
sults with those of Barger et al.' and find good
agreement.

Note that the integration over the invariant mass
W is started at the pion threshold W= M~+ m„
so that the incoherent and coherent cross sec-
tions can be treated independently and added to
get the total cross section. Our fit to the struc-
ture functions is supposed to average over the
contributions of the low-lying resonances.

In Sec. III we present the results of the calcul-
ations for an incident muon beam 'the m wi energy
ranging from 50-600 GeV. For completeness
we include some results for muon d' tn ra ia ive pro-
duction in scattering on nucleons and nuclear
targets. Cross sections for Compton radiation
have already been given in Ref. 6.

III. RESULTS FOR CROSS SECTIONS
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tive orders of magnitude. 'The energy variation
of the trimuon total cross section is rather weak
and reflects a growth as a power of lns. For
this reason we do not expect the distributions
to change dramatically once s is sufficiently
large that threshold effects can be neglected.
In the case of &'7 and L'L cross t' thcross sections these
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The C-odd muon radiation diagrams lead to
cross sections which are approximately a factor
of 100 less than the cross sections for the C-even
diagrams. These cross sections are plotted in
Fig. 5. The suppression is due to the lepton pro-
pagators in Fig. 2(a) being pushed away from their
mass shells. This effect gets worse as we change
the mass of the radiated pair from rn „ to m„
or I«. The latter cross sections are so small
that they can be safely neglected from further
consideration.
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FIG. 7. Total cross sections for the charge-conjuga-
tion-even production of L+L, pairs. The notation is
identical to that in Fig. 4.

threshold effects are very important. The re-
sults we give are accurate to approximately
five percent.

A. Pointlike cross section

Here we give results for the p, 'p. total cross
sections for the C-even diagrams in Fig. 4 and
the C-odd diagrams in Fig. 5. The values ob-
tained give a very good estimate of the basic size
of the cross section per proton. Due to the aver-
age momentum transfer. being so low, we expect
the form factors to have only a small effect on
this basic cross section. Corresponding results
are shown in Fig. 6 for the C-even pointlike pro-
duction of 7+v pairs and in Fig. 7 for I.'I. pairs.
We take m, = 1.VB GeV/c' and M~ = 4.8 GeV/c'.
These values are also close to the masses of the
charmed and bottom quarks, respectively, so
with the minor change of substituting a color fac-
tor rather than the square of the electromagnetic
charge, these cross sections give approximate
QCD predictions for typical gluon-exchange mod-
els. To be quantitative, of course, the actual
gluon distribution functions must be added, as,
for example, in Refs. 7 and 15.

The heavy-lepton cross sections are reduced
near threshold by the limitation on the minimum
momentum transfer at low energies. However,
the QCD color factor gives a large increase, so
it turns out that the cross section for, say, D-

B. Proton and neutron dipole form factors

We first note that the p. 'p. cross sections per
proton are not much lower than the point-proton
cross sections. This is because the point cross
sections fall off rather severely in q' due to the
photon propagator and thus only the low-q' regions
contribute. This also explains why the neutron
cross section is so low. The neutron undergoes
only magnetic scattering which is dominant only
at wide angles or large q'. We see from the re-
sults in Figs. 4-7 that the incoherent cross sec-
tion for scattering per neutron is generally negli-
gible compared to the incoherent scattering from
protons. This conclusion may not be entirely
correct in the case that cuts remove the low-q'
region of phase space. Then the neutron scat-
tering could be more important relative to the
proton scattering.

C. Coulomb scattering

The scattering from the Coulomb field of the
nucleus produces the largest cross sections for
muon tridents. This is only partly due to the
additional factor of Z relative to the incoherent
proton and neutron results. Note that in Figs.
4-7 we have only added one factor of Z, so that
both O„„and 0~ are given per proton. We see
from Figs. 4 and 5 that the total cross sections
on Al, Fe, and Pb targets are approximately
seven, eleven, and twenty-three times the point
cross sections per proton in the asymptotic re-
gion. As far as the various form factors are con-
cerned, there is little difference in the total cross
section because all fits cover the small- Iq I'-re-
gion rather well. Once higher-

I j I' values become
important we expect changes due to the approxi-
mate nature of the expotential form factor relative
to the real behavior of the Fermi form factor.
In those regions there can be differences by fac-
tors of 2 between the cross sections, depending
upon the choice of form factor.
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The Coulomb scattering is not the dominant
mechanism for producing &'T and L'L pairs
because of t,„effects. The severe suppression
at low energies can be clearly seen in Figs. 6
and V. The coherent T+7 production cross sec-
tion is only appreciable for muon energies above
300 GeV. The coherent L'L production cross
sections are small below 1 TeV.

D. Inelastic scattering on an isoscalar target

The total inelastic cross sections per nucleon
computed with the structure functions given in
Eq. (2.4) are shown also in Figs. 4-7. Most of
the cross section is in the region of low-momen-
tum transfer due to the photon propagator. There-
fore, if we do not impose a cut to force Q' to be
large, the inelastic cross sections are small and

generally fall somewhere between the proton and
neutron results. At very low beam energies they
are actually larger than the neutron cross sec-
tions, but in that region, all cross sections are
too small to be of interest.

The basic cross sections per nucleon for T-pair
production are approximately several picobarns
at 500-GeV beam energy. This is a factor of 10'
smaller than the cross sections for p. 'p, pairs.
The corresponding cross sections for L-pair
production are several times 10 "cm', which
means that they are probably unmeasurable with
present muon-bea. m facilities.

To summarize thj.s section we give the formula
for the total cross section arising from the addi-
tion of the various contributions. On a nucleus
with atomic number A. and charge Z the final cross
section is

= Z „„+Z +(/I-Z)o„+A

The deep-inelastic cross section, which is multi-
plied by A. , is therefore just as important as the
proton cross section for T-pair production and
L-pair production. The coherent nuclear cross
section is important for ~-pair production on an
Fe target but is negligible for L-pair production.

IV. RESULTS FOR DISTRIBUTIONS

We will now present some results for differ-
ential distributions. Barger ef, a/. ' have given
results for regular )U, 'p, production at 280-GeV
beam energy so we concentrate on the results
for heavy leptons and their decay products. The
incoherent and inelastic cross sections only vary
slowly above an energy of, say, 500 GeV, so we
choose this value for the beam energy. At this
value the total coherent cross section for 7 pairs
is approximately twice as large as the total in-
elastic cross section before any cuts are made.

However, the distributions for the decay leptons
are remarkably similar, due primarily to the
large value of T,„. In the case of L-pair pro-
duction, the total deep-inelastic cross section
is much larger than the corresponding coherent
cross section. For this reason we only present
results for deep-inelastic scattering which allows
us to reduce the number of plots. Any experi-
mental group which requires more detailed in-
formation can receive a copy of the computer
program upon request.

The decay modes considered are &'- v, p. 'v, ,
7 —v, p, ~ with corresponding decays for the
L leptons. We assume that the final daughter
muons are detected together with the fast scat-
tered muon at the primary vertex. The addition
of the V-A decays is standard, so we do not need
to discuss it. The normalization is done with
respect to the total decay rate, so there are two
additional factors of the branching ratio into the
muonic channel. We normalize the differential
distributions to the production cross section so
that we can easily compare the shapes of the plots.

In Fig. 8 we show the distribution of the fast
scattered muon for the reactions leading to p, 'p. ,
~'&, and L'L final states. The trend in the plots
is obvious: as we produce heavier leptons, the
energy available for the primary muon falls se-
verely. In the same figure we also give the vis-
ible-energy distribution. For muons this is a
6 function at 500 GeV. The other processes lead
to four invisible neutrinos, which carry away a
significant fraction of the beam energy, so &„,
does not add up to 500 GeV.

In Figs. 9(a) and 9(b) we compare the energies
of the produced parent p, , 7, or L with those of
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FIG. 9. {a) The energy distribution of the parent slow
leptons. {b}The energy distribution of the daughter
leptons. The notation is the same as in Fig. 8.

FIG. 11. The transverse-momentum distributions with
respect to the beam direction of (a) the parent leptons,
and (b) the decay leptons. The notation is the same as in

Fig. 8.

the daughters. Note that the scale changes in

going from (a) to (b) and we show the scattered
muon energy in both plots. Obviously the primary
lepton carries more energy as its mass is in-
creased, but because it then shares the energy
among three daughter particles, the second-
ary-muon energy peaks at smaller values.

From a study of the invariant masses we found that
the3p, , p. 7'T, and pL'L invariantmasseswerenot
significantly different from the masses of the
jL(, 'p, , v'7, and L'L pairs. Therefore, we only
give the distributions for the latter. The curves
for the parents can be seen in Fig. 10(a) while
the daughter distributions are given in Fig. 10(b).
Note that the thresholds in Fig. 10(a) are caused
by the particle masses and they disappear in Fig.
10(b).

The transverse-momentum distributions, which
we now show in Figs. 11(a) and 11(b), basicaliy

reflect the large masses involved in the reaction.
The P, distributions are given with respect to the
beam axis and have tails stretching out to several
GeV/c. It is debatable whether the daughter P,
distributions can distinguish between heavy-lepton
production and charm production at the hadronic
vertex. A cut on E „would be helpful to separate
these two signals because the c& events tend to
be very inelastic and lose energy into two neutri-
nos while the 7'7 events have four missing neu-
trinos.

For completeness we have examined other dis-
tributions to see if there is any characteristic fea-
ture which can be exploited. The azimuthal-
angle distribution between the P~ of the leading
scattered muon and the sum of the other two p,
vectors may turn out to be useful. These distri-
butions are given in Fig. 12(a) for the parent
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FIG. 10. (a) The mass distributions for the produced
parent leptons, and {b) the mass distributions for the
daughter muons. - The notation is the same as in Fig. 8.
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FIG. 12. The distributions in the azimuthal angle
P =P~ &2+3~ between the p~ vector for the fast primary
muon andp~ vector for the secondary pair. The parent
distribution is shown in (a), and the daughter distribu-
tion in (b). The notation is the same as in Fig. 8.
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FIG. 13. The x = Q~/2Mv distributions for the three
reactions. The notation is the same as in Fig. 8.

tion mechanism seems to be of a diffractive, low-
x behavior. The 0& distributions were very use-
ful in distinguishing between different trimuon
production mechanisms in neutrino physics. "

Finally, for completeness, we plot the theo-
retical x = Q'/2Mv distribution for the reaction
in Fig. 13. Q' and v refer to the momentum
transfer and energy transfer at the photon-hadron
vertex. The normal p. 'p. pair cross section peaks
sharply at small x. As we produce heavier mas-
ses the effective Q' is larger so the important
region moves out to a larger x. The reason we
stress that this distribution is only theoretical
is that there will be missing energy when heavy
leptons are produced so the actual plot will in-
volve a visible x rather than a real x. Also, the
experimenters will probably define x with respect
to the leading muon and that is a different vari-
able entirely.

The distributions we have presented above may
be useful in trying to extract a heavy-lepton sig-
nal in pP reactions. However, the largest cross
section in this field is for heavy-quark production
because the QCD coupling constant is larger than
the QED." In the event that some peculiar tri-
muon events are seen with large energy loss, then
there is a good probability that heavy-lepton pro-
duction and decay is responsible.

particles and in Fig. 12(b) for the daughters. The
sharp peaking in Fig. 12(a) is caused by the p,
balance between the two leptons and the scattered
muon. This peaking is substantially reduced when
we look at the daughter distributions. The corre-
sponding cb plots for cc production probably re-
flect similar features because the basic produc-
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