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Within the quantum-chromodynamic jet-calculus formalism, we deduce an equation describing recombination of
quarks and antiquarks into mesons within a quark or gluon jet. This equation relates the recombination function
R (x,~,~ I used in current literature to the fragmentation function for producing that same meson out of the parton
initiating the jet. We submit currently used recombination functions to our consistency test, taking as input mainly

the u-quark fragmentation "data" into m
+ mesons. The qq~m recombination functions popular in the literature are

consistent with measured fragmentation functions, but they must be supplemented by other contributions to provide
the full D„+.We also discuss the Q

' dependence of the resulting fragmentation functions.

I. INTRODUCTION

Over the past few years, the success of parton-
model calculations in current-initiated reactions
has led to general acceptance of quarks and gluons
as useful calculational descriptions of hadronic
structure functions. Clearly the next step is to
use these same quark-content functions to pre-
dict purely hadronic reactions. Use in high-trans-
verse-momentum (P, ) reactions for prediction of,
e.g. , jet cross sections, is well advanced; how-
ever, the application of these ideas to other re-
gions of multiparticl. e phase space is still in its
infancy.

A very intuitive approach applying parton-model
concepts to low-P& inclusive reactions was sug-
gested by Das and Hwa' to explain the empirical
observation of Ochs' that inclusive pion produc-
tion at large x and small P& in proton-proton col-
lisions reflected the proton structure function.
Various versions and applications of this recom-
bination model, as it has come to be called, have
appeared; most of these resemble the original
Das-Hwa paper in essential concept although there
are differences in implementation. The basic idea
is: Forward nondiffractive meson production can
be calculated by assuming that most of the mo-
mentum in the meson came from a valence quark
in the beam particle. This quark recombined
with a sea quark of low momentum, also from the
beam, to create a meson.

To compute the x distribution of the mesons

from this process, two hitherto unstudied func-
tions were introduced: E(x„x,), describing the
probability that the incident beam has a quark of
the correct flavor at x, and an antiquark of the
correct flavor at x„and a recombination function
R(x„x„x)which tells how the two constituents
join to create a meson of momentum x, +x, =x.
Originally, both functions were created from
various physical arguments; a fair number of the
improvements of subsequent paper s are directed
towards refining these arguments.

One should be careful about specifying parton-
model functions entering in such a calculation,
however, since the functions are not completely
arbitrary. The Q' dependence of hadron structure
functions, and presumably of other quantities re-
lated to hadronic wave functions, is known. Ac-
cording to quantum chromodynamics, which pre-
dicts the various couplings among quarks (q), anti-
quarks (q), and gluons (g), a very energetic quark
generates a cloud of partons (q, q, and g) that
accompany it. The development of this cloud
(with the Q' of the probing current) is described
by the Altar elli-Parisi' evolution equations. The
application of the physics in these equations to the
description of jet production from quarks was
formalized by Konishi, Ukawa, and Veneziano""
(KUV). With their jet calculus, it is possible to
calculate quickly various properties of a jet in-
cluding the distribution of multiple constituents
in longitudinal momentum fraction.

We adopt the basic ideas of jet calculus to get
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an expression for the probability of finding a quark
at x, and an antiquark at x2 and then require that
they recombine to make the final-state meson with
momentum fraction x. The resu1ting function must
be an important contribution to the fragmentation
function for the quark that produced the jet, that
is, the probability that a given quark mill mater-
ialize into a specific hadron with momentum frac-
tion x. Such quark fragmentation functions have
been phenomenologically determined by Field and
Feynman from electron-positron jet production
and hadron leptoproduction data. "

Hence, as a matter of principle, the recombina-
tion function A is +0t completely independent of

other functions used in parton-model phenomen-
ology. In fact, it is related to the fragmentation
function D. This relationship will be derived in
Sec. II, and although the general solution for 8,
in terms of D is difficult with present popular
forms for B the moments of D ean be written in
terms of the moments of R (Sec. III). The result-
ing D has a Q' evolution somewhat different from
that proposed by Owens, " especially at small Q'.
Results of our calculations are presented in Sec.
IV where a detailed comparion with the fragmen-
tation function of the u quark into positive pions
is made. Section V contains our conclusions and
discussion of impl. ieations of our results.

II. DERIVATION OF THE RELATION BETVfEEN FRAGMENTATION AND RECOMBINATION FUNCTIONS

We briefly sketch the logic behind our relation: R measures the probability that two quarks mill stick
together to form a meson and D measures the probability that a meson will be found in a particular quark
jet. If we can compute from first principles the probability that the quark jet in question contains the two
partons necessary to form the meson, we can multiply this probability by R to obtain D. (This fragmen-
tation function will be denoted D„;.)

The jet calculus'o'" leads to the probability for finding bvo partons a„a2 with momentum between x, and
x, +de x2 and x2+&'2 respectively, when they originated from parton i,

1 do(i - a,a, +X) . -(X X
1 2

dy dxdz dw, dw+, , (w„y)D, , (w„y)
b, b, j

&& P, » (x)D&&(x, I y)5(x-, - xmas, )5(x, —x(1 -g )w2). (2.1)

The cross section for parton i to produce a jet is &;;„,with .D. .~( „xxQ2) the joint probability distribu-
1 2

tion for parton i with four-momentum squared Q to produce in its jet partons a, and a, at longitudinal mo-
menta x, and x, . The functions D„play the role of parton "propagators" in the variable I'= ln(lnQ') of the
Altarelli-Parisi equations, the vertices P are the fundamental quantum-chromodynamics (QCD) vertices
(quark- quark+gluon, etc. ) as used in those equations. The partons a, and a, can then be dressed into
hadrons of interest by use of phenomenological functions; the resulting dihadron distributions possess
reasonable size and properties. '4 The 5 functions impose momentum conservation upon the momentum
fraction variabl. es x, z, sv„and ze2. The KUV variabl. e" is

I'= (2mb) ' in[i+ nob ln(Q~/A )], (2 2)

where 12wb = 1lN, —2NI for N, colors and N& flavors, and A" =A' exp(-I/bno) is a constant determining the
strength and scale of the QCD coupling, o., =1/b ln(Q'/A").

If me then require that partons a, and a2 recombine to make a meson, we obtain an expression for the
fragmentation function D„; for quark i making meson M,

Y 1

D„,(x, I") = dy df, dz dw„dw, dx,dx~f, (x„x„x)D,, (w„y —y, )D, , (w„y —Y,)
ai, bi, j YO( Qo2) o

&P; » (g)D, ;((, I'- y)5(x, —)zw, )5(x, —$(1 —z)w, ). (2.3)

The integral over y in (2.3) has a lower limit Y',

determined by Q' = Q,' in Eq. (2.2), consistent with
the requirement that some minimum energy is
needed to make meson M. A pictorial representa-
tion of Eq. (2.3) is given in Fig. l.

This equation has a flam, however. It requires
D„&(x, Y'0) = 0, where I; is the lower limit of a
region I;~ y ~ I' in which leading-logarithm QCD
has been assumed to describe the jet evolution.
While it is possible that there is a Fo at which
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Q)
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I 2

where

f„,( ,{))f dzdw, dw, R", {z.w„((-ztw{)

FIG. 1. Schematic representation in the jet calculus
for the fragmentation function of parton i into meson M
as given by Eq. (2.3) of the text. The circular blobs on
the parton lines i, b&, b2 stand for the complete QCD
evolution of a parton cloud out of which partons j, a&, a2,
respectively, are selected. The partons a& and u2 are
recombined to make the diparton state M through use of
B.

N f n n n

dY Aii Dz f +f{d,i ) (2.4a)

(0)
I
I

I

b, Q

(b)

FIG. 2. Pictorial representation of contributions to
changes in the fragmentation function as the Q2 interval
is lengthened: (a) Owens-type contribution and (b) the
recombination process discussed in the text.

the fragmentation functions vanish, there is no
reason why this Yp should be large enough for the
KUV assumptions about jet evolution (a, small) to
hold. We must therefore modify Eq. (2.3}to allow
for this.

To improve our understanding of the physics
involved, let us look at the differential change in
probability as the Q' interval under consideration
is lengthened. As shown in Fig. 2, there are two
possible contributions to a change in D as the
interval in Q' is lengthened. The contribution of
Fig. 2(a) is that discussed by Owens. " Here the
meson was already formed at Q,', and the ad-
ditional vertex added with the lengthening of the Q'
interval is just the familiar Altarelli-Parisi
"bremsstrahlung" matrix A», Figure 2(b), on the
other hand, contains the basic process discussed
above. In this case, the vertex added by lengthen-
ing the interval produces two partoris whose pro-
ducts later recombine according to R.

Thus we have a differential equation for the
evolution of the jet. For each moment,

x D, ~ (w„y —I'0)D, ~ (w„y —Yo}

xPi~, , (z). (2.4b)

The solution then becomes

Did, ;(Y) =Did i(Y))f~" ) ],;
Y

+f&'" "'l fz.fe "' "{'1dy.
Y~

(2.5)

%e see that in general we will. have two contribu- .

tions to the fragmentation function. One, with
A"(Y- Y )Owens-type behavior, D(Y,)e" "&, arises from

single Altarelli-Parisi evolution of the "boundary
value" D(Y, ). The other term comes from re-
combination. It is very similar to the form de-
rived in Eq. (2.3). In fact it becomes exactly
Eq. (2.3) provided the recombination functions
satisfy the "scaling" law

(2.6)

This property is possessed by the Das-Hwa func-
tion discussed bel.ow.

In principle, the two parameters Y, and Y;
appearing in Eqs. (2.4b} and (2.5) are unrelated.
Equation (2.5) has the property that if D satisfies
it for any Y„ it also satisfies it for Y, & Y» with

Yp fixed. The parameter Y, is thus an initia l
point for the solution of the equation, whereas Y,
is a measure of how far off shell the recombina-
tion occurs.

While we have focused out attention on the "two-
particle" recombination of qq into a meson, it
is clear that there must also be "higher-order"
recombinations such as qqg, qqgg, etc. Al.so, we
should presumably allow for the possibil. ity that
q(x, )+g(x,)-M(x)+Z, wherex, +x, ~x, and Z is
undetected. This is implicitly included in Eq.
(2.4b); the region of integration there is
zw, + (I - z)w, 0 t.

As pointed out by KUV, the average I'~' between
the two partons cal.culated in their jet calculus
grows with Q' like Q'/(InQ'). This might appear
to be a barrier to recombination of these partons
into a pion, with its small mass. To have a the-
oretical. ly correct model. , we should be sure that
we are recombining qq (+I gluons) in a color
singlet with small invariant mass. This can in
fact be done, using the extended jet calculus of
Bassetto, Ciafaloni, and Marchesini, "and these
calculations are underway.
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If we ignore the color-singlet problem, and
limit ourselves to the KUV color-averaged for-
malism, we would in principle have a formula of
the form

t dp~2D, , .;(x„x„pd2, Q2)R (x„x„x,pd )dx,dx, ,

(2 '7)

where R(x„x„x,pd ) peaks at small p~. This would
constrain the invariant mass to be small. How-
ever, the function D. ., .((x„x„P ', Q2) is plotted
by KUV in their Fig. 8. We see that it peaks at
small P~, so one does not need much additional
peaking in R(x„x„x,pd ) to ensure that the im-
portant contributions to Eq. (2."t) come from a
region where the invariant mass of the pair is
limited. Since nothing in the applications to strong
interactions constrained the invariant mass of the
pair to be recombined, the p, dependence of R
is not measured. Thus, we take the point of view
that the R of Das and Hwa is a phenomeno1. ogical
average over Pj which includes the desired peak-
ing in such a way that we can limit ourselves in
E(ls. (2.3) to integrals over x.

Our attitude here has some precedent. KUV
need a two-hadron fragmentation function
D,' 2(x» x,) describing the fragmentation of a
single quark into two hadrons. As shown in their
E(l. (5.8), this has an implicit p ' dependence
which in fact is quite important for its physical
interpretation. The contribution must be impor-
tant only when the invariant mass of the hadron
pair is small. However, this dependence is not
displayed or used in their equations (2.15) and
(2.16) where this function figures prominently.
The P~2 damping of our recombination function
is of exactly the same nature.

III. REDUCTION TO MOMENTS

We now need a form for A".- In this paper we
concentrate our attention on the form used by
previous workers in the field, although it is a very
special one and perhaps should be generalized or
altered as we discuss later. The recombination
function of 13a,s and Hwa, ' and the more general
form of Van Hove, ' can be written as

1

R(x„x„x)=x dqP. .., „(q)5(x, —qx)
0

x 5(x, —(1 —q)x). . (3.1)

When this is substituted into E(l. (2.5) and the 5
functions removed, we find

'dt xD„;(xy),= dy D—t, —,F y)—yt(t, y)
j F x

where

+D„,(x, Y), (3 2)

x Pg (t 2 (z)
1 2

(3.3)

1
D"„;(1')= x"D„,(x, F)dx,

0

then (2.5) becomes

D" „(y)= Z f dyD" (y y)ty)(y)-
j F1

~D"„,(1;)D", , (Y'- r, )

with

1 1

f&(y) = dh, d5. ~(1 5, —h. )(-$, + h. )"
0 0

(3.4)

(3.5)

and

a&a2t(d D D kala2j(~ly ~2) 3 }y
bl + S2

(3.6)

' '2 dza. t((„l., y)= Z,(,D. ~ y —y)1 2 —~)
1 2 1

( g,

xP;,1, (z).
The special case proposed by Das and Hwa and

used by most other workers in this field has

(3 't)

p hl f152»ala2()a( (g )2 ala2~dd (3.8)

This has the virtue, for our purposes, that the
moments f" reduce to double moments of ()):

We find it most convenient to work with moments
of these functions rather than with the functions
themselves, since for the simple R under study
this removes all integrations over the x variables.
If we define the moments as

1fJ(y) = Q ~

d$, d(2 (1- t', —$2)h,
" '

52 "(t)...,J(5„(„y)C...m)' (3.9)
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which can be calculated explicitly,

C, , ~D,"~' (y —Y)

x D11l+1(y Y )ptl 1 1t4, nl+g (3 10}

Thus the moments of the fragmentation functions
can be calculated from Eq. (3.5) using only the
known moments of basic D;& parton propagators
and the known vertices p, plus knowledge of which

quarks combine to make which mesons. We also
need the boundary values D"„;(Y,).

The coefficients C are typically determined by
recombination modelists as follows: Only the
valence quarks in the produced meson are con-
sidered as it is believed that the sea develops
later from gluons spawned by these valence
quarks. Then, the constraint

(3.11)

is either imposed or approximated. This forces
all such pairs to make pseudoscalars rather than
the other possible mesons which could be formed,
e.g. , vector or tensor mesons. Hence, the size
is fixed. Typically, therefore,

on the other hand, increases with Q' as Y in-
creases from the boundary value F, . Hence the
net fraction of the incident parton's momentum
which appears in hadrons increases as a function
of Q'; this may be interpreted as a "pumping" of
momentum into the hadrons from the extra re-
combination mechanism.

Needless to say, the momentum fraction which
appears ultimately in hadrons must not exceed
unity; hence the increase with Q' of the first mo-
ment of the (sum over hadron) D functions cannot
go on indefinitely. The Q'dependence of the recom-
bination term is shown for a typical recombination
function in Fig. 5 (Ref. 17); we see that it has the
expected behavior. More quantitatively, if

where q is the "valence" quark in the jet, then

(taking Y, = Y, for simplicity) the momentum into
hadrons from recombination is

lo-l

C~,+ =C~„,+ «6. (3.12)

Most applications choose 6 for this, to satisfy
Eg. (3.11), although Van Hove' chooses 4.0.
More recently, Hwa, using different arguments,
has settled on 1.0,"but he has also allowed for
the more general recombination functions R~ and

Rgg with x, +x, - x. We discuss the implications
of these values in the next section.

Qo-2=

Qo=2=

Qo=2=

IV. RESULTS FOR QUARK FRAGMENTATION

A. Momentum conservation

The recombination term in (2.5} has a different
Q2 dependence from the first (Owens-type) term.
The consequences of this are perhaps most clear
when the fraction of the momentum of the quark
that appears in hadrons is calculated. Owing to
the properties of the Altarelli-Parisi matrix, if

Qo=2=

gD'„, (Y, ) =P&1, independent of i
lO &

6 8 IO 20

then the Owens-type term preserves the net mo-
mentum appearing in hadrons as a function of Q',

1 'dg x
dxx —D@ ~ —,F j9~, g, P- p

N p x

(4.1)

The momentum of the recombination contribution,

FIG. 3. The fragmentation function versus moment
number n for a u quark at, Q =4 GeU producing a n+

meson for various choices of Qo . The dashed curve
corresponds to the Feynman-Field parametrization of
this fragmentation, reduced by 0.1. Note that a value

Qo between 0.8 and 1.2 GeV becomes parallel to the
0-FF curves at large n.
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xdx dxidx j), , .;(xi, x2, Y'- Yo)R, .~(xi, x, x)
0

=2 Z c'„'f dx, x,f dx, a;, ,(x„x„F-F,)
N, q p p X '+X

1 1 x1
~ 2 C~' dx, x, dxj);, ,(x„x2, Y Y-,) =2 C'„'D';,(Y- Yo) . (4.2)

N, a 0 0 N, q

The last equality uses the "flavor-conservation
sum rule, " Eq. (3.25) of KUV. Since

Y. 3+/ 1 e-xs/9( r ro)-
(16+3')(2'�) 2'

16 16+3'
(16+3')(2') 9

where Nf is the number of flavors, we see that
our bound on momentum due to recombination
rises from zero at ~0 to an asymptotic value of

Cq q 3'
g ~ 16+3Nf 2' (4.3)

This then gives a bound on Q„C„. For three
flavors we have, for each q,

2 C"——'& 12 25 (4 4)

or Q~;C„'l ~ —, , whereas for two flavors(s)

g„;C~„'~~ —, . In either case all the possible val-
ues suggested at the end of Sec. III are allowed,

although smaller values would seem to be pre-
ferred. One should bear in mind that, if the
Owens-type term gives momentum fraction P, the
recombination term should tend asymptotically
to 1-P [i.e., the right-hand side of Eq. (4.4)
should be 1 —P rather than 1; this will reduce the
values allowed to the recombination parameters
C].

More generally, suppose we allow for
„(x„x„x)with x, +x, ~x. One example of

,1 2.'
this is the construction used by Chang and Hwa. "
Having found that qq recombination alone did not
suffice to fit low-energy e'8 - data, they decided
to turn a1.l the gluons in the jet into qq pairs and
then recombine these quarks and antiquarks with
the ones already present in the jet. Their modus
operandi produces effective recombination func-
tions R, , „(x„x„x)for all partons a, and a, .

1 2'
These have the scaling property of Eq. (2.6}.

It would appear that the only overall constraint
on these more general recombination functions
would be that of momentum conservation:

1QZ
xch Dq —,F) D—;;(z, F—F )+ f f xdxdD. . . ;(,x„,x„Y—F)R, , (x„x„x) = 1

8 0 - x z z
1 2

(4.5)

The functions as used by Chang and Hwa for pions
seem at least consistent with the momentum-con-
servation bound; there is very little change in the
curve calculated with their functions from Q' =10'
to Q'=10' GeV', for instance (see Fig. 9).

B. Numerical results

We now direct our attention to numerical cal-
culations with this formalism. Since the param-
eter F, is arbitrary, we choose it to be equal to
Yp for simplicity. One may now ask whether there
is a value of Y; such that D(x, Y,) =0. If such a
value can be found, we can compute all. fragmen-
tation functions in terms of the respective recom-
bination functions, thus providing a link between
the two sets of phenomenological parameters.
More realistically, we can ask whether there is a
value of Fp such that the recombination term

al.one can mimic the data on D functions in cur-
rently accessible regions of Q'. This Y, would
then serve as a simple one-parameter substitute
for many unknown details of the confinement mech-
anisms. All. the results presented here were
computed using the values +0=10, A =0.25 Geg'.

1. QQ recombination

%e begin by studying the simple recombination
function of Sec. III. As "data" we take the
Feynman-Field D functions at Q' =4 GeV2. As
demonstrated in Fig. 3, adjustment of Fp and of
C can yield agreement with the higher moments;
however, the value of C required for this for
positive pions is l.arger than. the momentum con-
servation bound of Eq. (4.4}. This is unfortunate,
since of course one shouM have room for neutral
pions and mesons of higher mass. Even if this
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4 and 5 were performed for several other Qo'
values in addition to 0.3, 0.5, and 1.5 GeV'. On
the basis of Fig. 4, comparison of curve shapes
with 0-FF suggests Q,' = 0.3-0.5 is preferred. In
Fig. 5(a), it appears that the curves labeled Q

'
=0.3 and Q,

' =1.5 are least like 0-FF. From this
moment dependence we clearly prefer Q,'=—0.5.
The two cases u- s' and s-E in Figs. 5(a) and
5(b) from our jet-calculus recombination calcula-
tions are identical because of the assumed flavor
independence of the propagators and vertices.
The Owens-Feynman-Field fragmentation func-
tions become very similar also at this large Q'.
(We use the "effective" fragmentation functions of

Ref. 12, which include the consequences of vector
meson creation and decay. ) Notice that for large
moments the two curves are nearly parallel; they
differ by a factor of about 5.5 in the case of u m'

and a factor of 4-5 in the case of s-E . These
obey the constraint C & 6 following from Eq. (3.11)
and used by Das and Hwa; these factors are slight-
ly higher than the value C =4 adopted by Van
Hove. '

Thus we see that in spite of the apparently
ad hoc methods used by Das and Hwa to guess
their recombination function, it in some sense
passes our test of being consistent with the mea-
sured fragmentation functions given the following
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FIG. 6. Fragmentation functions times momentum fraction x vs x for u m+. The dashed curves labeled 0-FF are
calculated for the various Q =(a) 10, (b) 10, (c) 10, (d) 10, (e) 10, and (f) 10 GeV from Owen's evolution equations
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nation model with normalization of the recombination function fixed by the values C„z ~+ =4 or 6 as given in the litera-
ture (Ref. 17).
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caveats:

(i) The two cases shown in Fig. 5 involve re-
combination of the main quark in the jet with a
"created" quark; this is the case which recom-
bination modelists would term "valence-sea"
recombination. This is the major case addressed
in their works and there is some uneasiness on
their part about extending the model to other
cases. The "sea-sea" recombination case fol-
lows from qq recombination discussed brieQy in
the next section.

(ii) We have demonstrated agreement in the
region where the two approaches should have
similar Q' dependence, namely very large Q' and
large moment. The formula, Eq. (2.3), with the
naive form for R in fact generates fragmentation
functions which have rather different Q' depen-
dence from that normally assumed at low Q'.

However, at currently accessible values of Q',
the recombination term alone grossly underesti-
mates the fragmentation function at small x
(hence at small moment); see Fig. 6. We con-
clude, therefore, that use of Eq. (2.5) with only
qq recombination mill require the addition of an
extra Owens-type term, at least in the small.
moments. This then motivates the study of more
complicated recombination functions.

2. Recombination ofgluons into mesons

In a recent paper, Chang and Hwa" have dis-
cussed a fit to the e' e - I'X data using recom-
bination techniques. They emphasize use of the
Oas-Hwa recombination function with C =1. One
interesting feature of their calculation, which is
not stressed in their paper, is the fact that al-
most all of the fragmentation function which they
calculate comes from gluon-quark and gluon-
gluon recombination rather than from quark-
antiquark recombination. We show the breakdown
here to demonstrate its relation to the results
presented in the previous section.

As seen in Fig. 6, for Qo' =0.5 GeV' and C =6,
the curve calculated from qq recombination alone
falls below the data a, t Q' & 100 GeV' everywhere.
Chang and Hwa use Q, =0.82 GeV, which is rea-
sonably close to our value, but they have C =1.
Clearly, therefore, the contribution from qq re-
combination alone is very small and totally neg-
ligible at small x. In an attempt to capture the
momentum in the gluons of the jet (there are many
more gluons than antiquarks in the jet at this value
of Q'), they split the gluons into quark-antiquark
pairs and then recombine these with the other
available particles. As we show in Fig. 7, al-
most all of the function computed by them comes
from this contribution. This is especially im-

l 0,0

O

II

N
C3

Qp 0
+

(ud) 8(ud)

O.OI
0.2

& l

0.6 0.8

FIG. 7. Contributions to the x distribution of charged
pions produced in e+e"—x~X at Q =27.04 GeV . The
dashed line shows the n+ plus m distribution resulting
from direct recombinations of u with d and u with d
quarks. The dash-dot-dot curve depicts the m+ plus n

distribution resulting from two gluons in the jet, each
of which are converted to qq pairs with recombination
among these producing the pions. The dot-dash curve
gives the contributions to m+ plus m production from
gluon-quark (or antiquark) and quark-gluon with gluon
conversion to qq pairs followed by recombination to
form pions.

portant at small x.
Their success in fitting the data indicates that it

may perhaps be possible to dispense with Owens-
type terms in the fragmentation function if re-
combination of any two partons to make the meson
under consideration is allowed.

V. SUMMARY AND CONCLUSIONS

We see that qq recombination alone, using the
simple form for the recombination function pop-
uj.arized by Das and Hwa, cannot produce a large
enough fragmentation function at low Q' to agree
with the data. Such agreement can only be
achieved by either (a) adding an Owens-type term
to the recombina, tion function, or (b) generalizing
the recombination model to allow for gluon-quark
and gluon-gluon recombination into mesons. This
is not surprising, since the tests of the recombina-
tion function in strong interactions focused on
mesons with large x. As we see in Fig. 6, simple
qq recombination produces a shape at large x not
unlike the 0-FF fit to the data. The discrepancy,
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as seen here and in Fig. 7, is much greater at
small x than at larger x. If the normalization of
the qq curve in Fig. 7 is adjusted to fit the large-x
region, the small-x region still disagrees by
close to an order of magnitude.

One can apparently fit the present data either
by adding an Owens-type term or by allowing for
more general recombinations. The Owens-type
term could be read off from present data; its con-
sequences at larger Q' are then uniquely pre-
dicted by Eq. (2.5). There are many possibilities
for more general recombinations; the specific
example given by Chang and Hwa can, as they
point out, only by justifieda posteriori. In Fig. 8
we recalculate their prescription using our pa-
rameters (Q,

' = 0.5 GeV', A' = 0.25 GeV') and
compare with the large-x data of the Maryland-
Pavia-Princeton (MPP) collaboration. "

The Q' evolution of the Chang-Hwa prescription
is shown in Fig. 9. It is not unlike the behavior
expected from the Owens evolution equations-
the function rises at small x and drops at large
x as the value of Q2 increases. The "crossover"
point, however, appears at a larger value of x
than for the usual 0-FF cases.

Since completing this work, we received a new

paper by Chang and Hwa' in which they cut off
the Q2 integral in calculating the D... , function.
Their rationale for this is to prevent the p&' of the
partons being recombined from getting very large.
This has the remarkable result that for all Q'
larger than their cutoff (chosen to be 30 GeV')
the momentum into any particular final state de-
creases as Q' increases. This is somewhat dif-
ferent from the possibilities we have discussed

Q =10

IO~
0

I

0.2
I

0.4
I

08 1.0

FIG. 9. The Q evolution for the sum of positive and
negative pions produced in e+e annihilations calculated
with our parameters when we use the prescription that
all gluons in the jet are turned into qq pairs, either of
which can be recombined.

here, in which the momentum in a particular
final state tends to rise slowly toward an asymp-
totic value.

We see that the recombination model is com-
patible with present fragmentation functions, but
that there are several. different ways in which the
model can be implemented. These tend to differ
chiefly in their predicted Q' dependence. In

many cases, the differences are too subtle to be
detectable with the present experimental measure-
ment errors. Further theoretical work would
seem to be indicated, to reduce the possible num-
ber of models.
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