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Diagrammatic derivation of the eikonal formula for high-energy scattering in Yang-Mills theory
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A new calculational scheme for unitarizing S-matrix amplitudes in the high-energy limit is applied to a Yang-Mills
theory with SU(2) symmetry. The vector-meson —vector-meson elastic scattering amplitude is calculated' through the
tenth order in the coupling constant and the result agrees with the expansion of an eikonal formula in the impact-
distance space, S = exp(iV). The potential V is an infinite-dimensional matrix whose entry for a given process is
related to the sum of the lowest-order amplitudes for that process, with the exchanged vector mesons Reggeized.
This result is explicitly unitary.

I. INTRODUCTION

Quantum chromodynamics (QCD) is widely re-
garded as the leading candidate for the description
of the strong interactions. In much recent work
QCD perturbation theory has been applied to deep-
inelastic, large-momentum-transfer scattering
processes. However, the overwhelming body of
high-energy scattering occurs at small momentum
transfers, and if QCD is to describe strong inter-
actions it must accurately account for these pro-
cesses as well.

Qualitatively, many physical features in the
small-angle, high-energy regime are explained
naturally by gauge f ield theories. The exchange
of a particle with spin J contributes a factor s~ '
to the scattering amplitude (logarithmic factors
of s ignored). Thus, the slow variation of the to-
tal cross section with the energy indicates that
high-energy scattering is mediated by particles
of spin one (vector mesons). The lowest-order
elastic scattering is the one-vector-meson-ex-
change amplitude and is real. Thus the observed
smallness of the real part of the elastic scattering
amplitude suggests that the one-meson- exchange
process is forbidden. This can come about if the
vector meson involved carries some forbidden
quantum number, such as color. There are, in
addition, the approximate conservation of the hel-
icity and the smallness of the amplitude for quan-
tum-number exchange, both of which are qualita-
tive features of gauge field theories.

However, to truly test QCD in this small-mo-
mentum-transfer region it is necessary to develop
quantitative predictions. Toward this end we have
been pursuing an extensive program of diagram-
matic calculations. There are significant theo-
retical and technical difficulties which must be
overcome. On the theoretical side, one .problem
is that nonperturbative effects (such as quark con-

finement'P ) which are not accounted for may be im-
portant. Another problem is that we believe the
perturbation series itself is divergent. Hence it
is necessary to calculate to all orders in the cou-
pling constant and to then reexpress this infinite
series in such a way as to make meaningful. Even
then it is necessary to assume that the sum of the
terms ignored, which individually are large, is
small compared to the sum of the terms kept. On
the technical side, the high-energy amplitude due
to the exchange of vector mesons is always pro-
portional to s times a power of lns. For most
diagrams, this power exceeds two. Thus, the
scattering amplitude from a single Feynman dia-
gram often violates the unitary (Froissart) bound
s in~a. Since the sum of amplitudes from all dia-
grams must satisfy the unitarity condition, exten-
sive cancellations occur in the summation. There-
fore, a rigorous way to obtain the asymptotic be-
havior of the scattering amplitude is to calculate
all coefficients of s ln"s, n=0, 1,2, 3, ... for all
diagrams, to verify that as we sum over all dia-
grams, the terms larger than s ln's cancel, and
finally to evaluate what is left after cancellation.
This is an impossible task.

Although the difficulties mentioned above exist
for all gauge field theories, Abelian (QED) or non-
Abelian (Yang-Mills theories), we have been able
to overcome most of them for the case of QED.
In QED, we have formulated a new approximation
scheme for high-energy scattering. ' A procedure
was developed to generate a set of diagrams which
incorporates s -channel unitarity and t -channel
unitarity at every step and which treats elastic and
inelastic scattering processes side by side. We
calculated the leading terms of these diagrams and
found that the amplitudes obtained (elastic and in-
elastic), though formally divergent, are analytical-
ly summed into a single eikonal formula which is
explicitly unitary. It then became possible to
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show, under general high-energy assumptions and
without resorting to diagrams, that the S matrix
in QED is of the eikonal form. '

Technically, : the calculations in Yang-Mills the-
ories are more difficult than those in QED. First
of all, the vertex of interaction ia Yang-Mills
theories is complicated. Second, the Yang-Mills
vector meson carried color [or isospin if the gauge
group is SU(2)],and may emit other vector mesons.
This contrasts with the situation in QED, where
the photon is ehargeless and cannot emit other
photons. Consequently, all Feynman diagrams of
a given perturbative order in Yang-Mills theories
are related by gauge invariance, and, unlike QED,
it is not possible to single out a set of diagrams
for summation.

In this paper, we shall devise a scheme of dia-
grammatic calculation for Yang-Mills theories.
This scheme is a generalization of the method of
summing leading terms, and is the counterpart of
the diagrammatic procedure in QED. We have not
found a justification for the mathematical validity
of this scheme. However, because of its close
similarity with. the scheme in QED, which has
been justified under general assumptions, it is
likely that such a justification can be made in the
near future. Most gratifying, the terms we obtain
from this scheme again coincide exactly with the
corresponding terms of an eikonal formula.

II. SCHEME OF CALCULATION

In the design of a scheme of diagrammatic com-
putations of amplitudes in gauge theories, the most
difficult general principle to incorporate is uni-
tarity. It is not hard to understand why. Disper-
sion relations are automatically incorporated into
individual Feynman diagrams and crossing symme-
try ean be satisfied by including crossed diagrams.
But the unitarity condition interrelates the ampli-
tudes of an infinite number of Feynman diagrams.
Consequently, any approximation scheme which in-
cludes one Feynman diagram must include all
others related to it, if the scheme is to be unitary.

To see this in more detail, we note that the
scattering matrix S and the scattering amplitude W
are related according to

(2.1)

where P, and P& are the total four-momenta of the
initial and final states, respectively, and where

—"for a fermion with energy E„and mass m„

, 2E„ for a boson.

The product II„f„in (2. 1) is over all external par-
ticles. In terms of art, the unitarity condition is

imOn„, =-,' g (2v)'~'"(I, -I „)—'" "', (2.2)

where there is a kinematic factor f for each par-
ticle in the intermediate state.

Because of the nonlinear nature of (2.2), past
schemes of diagrammatic calculations often fail
this unitarity condition badly. One such example
is the scheme of summing leading logarithms. In
this scheme, one calculates, in each finite per-
turbation order, only the largest term in the high-
energy limit. In Yang-Mills theories, the leading
real terms are of the order of g's(g'Ins)", n
= 0, 1,2, ..., and the leading imaginary terms are
of the order of ig4s(g'1ns)" '. The terms which
are of the same perturbative orde, r but are smaller
than the leading terms by a power of lns or more
are neglected.

In both QED (Ref. 3) and the Yang-Mills theory4'
it has been shown that the amplitudes in the lead-
ing-logarithm approximation violate the Froissart
bound. In particular, for an SU(2) Yang-Mills
theory with an isospin- —, Higgs doublet, Fadin,
Kuraev, and Lipatov and Cheng and Lo' have
separately found that for vector-meson-veetor-
meson elastic scattering, 5'+ S'- 8'+8', the
sum of the leading logarithmic terms violates the
Froissart bound in the I= 0 channel (no exchange
of isospin).

This violation is not unexpected even without any
detailed calculation. To see this, let us replace
5R, for example, by the one-vector-meson-ex-
change amplitude and substitute it into the right-
hand side of (2.2). What we obtain is not the im-
aginary part of the one-vector-meson-exchange
amplitude weQut in, but a new term which is equal
to the imaginary part of the two-vector-meson-
exchange amplitude. This means that the one-
vector-exchange amplitude alone does not satisfy
the unitarity condition. How about the sum of the
one-vector -meson-exchange amplitude and the
two-vector-meson-exchange amplitude P If we
replace% by this sum, the right-hand side of
(2, 2) is not equal to the imaginary part of this
sum, but contains terms related to three-vector-
meson exchange and four-vector-meson exchange.
Repeating this process, we obtain an infinite set
of diagrams which are related to the one-vector-
exchange amplitude through the unitarity condi-
tion. In QED, the leading-logarithms approxima-
tion does not include these diagrams.

The situation is similar in Yang-Mills theories,
but with an interesting modification. To be expli-
cit, consider the Yang-Mills theory of SU(2) with
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an isodoublet of Higgs mesons. The sum of the
leading real terms for the elastic scattering am-
plitude is equal to the one-vector-meson-exchange
amplitude with the exchanged meson Reggeized'.

2 2so( ~)2g s T (,) T~(2) (2.3)
h~ +A.

In (2.3), g, A, , and Z, are, respectively, the cou-
pling constant, the vector-meson mass, and the
momentum transfer, n (Z) is the Regge trajectory
on which the vector meson lies:

(Z, '+ x')g '
n n=1-

2jr

X 2 -~2r cPtgg 1
(2v)2 (q, '+z'K(Z, -q )'+y2] 2.4

and T'" and T "are the isosyin matrices asso-
ciated with the external particles. It is under-
stood that they are inserted between the isospin
wave functions of these particles. We note that,
if we replace n(Z) by unity, (2.3) becomes the
lowest-order amplitude of one-vector-meson ex-
change. The leading real terms from high-order
amplitudes modify n(Z) into the expression given
by (2.4). For inelastic processes, the leading
real terms similarly sum into Reggeized forms of
the corresponding lowest-order amplitudes. ~ '
In contrast, the photon in QED is not Reggeized.

Upon replacing OR by these leading real terms of
Reggeized amplitudes, the right-hand side of the
unitarity condition (2.2) becomes, in the high-
energy limit, the leading imaginary terms calcu-
lated in Refs. 4 and 5. For the same reason as
was given above, the sum of these leading real
terms and leading imaginary terms does not satis-
fy unitarity. Consequently, this sum does not have
to obey the Froissart bound.

A scheme of calculation consistent with unitarity
must therefore go beyond summing leading terms.
At first sight, this is a nightmarish prospect, as
it is extermely difficult to calculate nonleading
terms from any diagram, let alone all diagra, ms.
It proves helpful„however, to look at the leading-
logarithm terms calculated from another vantage
point. Mfe shall concentrate on the elastic scat-
tering amplitude only. The scattering amplitude
OR for each diagram is the product of an isospin
factor I and a space-time factor M (which is inde-
pendent of isospin), OR =M ~ I. The isospin factor
I for the leading real terms is equal to T '" ~ T"'
as given in (2.3). Let us denote the isospin of
the external particles by T. (For example, T =
for an isodoublet, but here we keep T arbitrary. )
Then T ' "' T "' is a second-order polynomial in
T. The leading imaginary terms are obtained by
squaring the leading real terms, and are hence
fourth-order polynomials of T. The leading real

terms and the leading imaginary terms can there-
fore be viewed as the leading terms for the coef-
ficients of T' arid T, respectively.

If we replace W by a sum in the form of e,T'
+ e4T and substitute it into the right-hand side of
the unitarity condition (2. 2), which is quadratic in
OR, we obtain, in addition to a T term, T' and T'
terms. This is another way to see why a sum of
this form cannot be unitary. This consideration
further leads to a minimum requirement for a un-
itary result: terms of T'", n=1, 2, 3, .. . must be
included.

Consequently, it is natural to propose the fol-
lowing scheme: calculate the leading-logarithm
term. s for the coefficients of T'", n=1, 2, 3, .. . .
The coefficients of n=1 and 3 are the traditional
leading-logarithm terms for the real part and the-
imaginary part of the scattering amplitude. The
rest of the coefficients are nonleading in the tra-
ditional sense [see (2. 5) below for the order of
magnitude of these terms]. Our scheme is there-
fore a generalization of the scheme of summing
leading-logarithm terms.

What is the justification of our schemeg Math-
ematically, there is none. The main objection to
our scheme is the same as to any scheme of dia-
grammatic calculation: we have neglected infinite-
ly many terms which are larger than the Froissart
bound s ln's. It is possible that the sum of these
neglected terms entirely invalidates the result in
this payer.

We believe, however, that there are merits in
our scheme. This belief is based on the following
two findings.

(i) While the leading terms of T'", n = 1,2, 3, ...
are necessary for a unitary result, it is by no
means clear that they are sufficient. Let us de-
note the sum of the T'" leading terms for the I= 0
channel by e„, n=2, 3, ... . Then, while c, is
large enough to violate the Froissart bound,
c„c„.. . , etc. are even larger, with ic,
«(c, l« ~ in the high-energy limit. It is, there-
fore, remarkable that these terms are equal to the
corresponding terms of an eikonal formula, which
is explicitly unitary. This has been verified up to
the tenth order, passing 27 nontrivial tests on the
coefficients. Such a spectacle is not likely to be
accidental, but should be due to a higher wisdom
we still fail to grasp.

(ii) The terms calculated in our scheme are the
counterparts of the terms calculated from dia-
grams in QED. ' Since the general validity of the
eikonal formula in QED has been established in a
nonperturbative approach, it gives us impetus to
make a similar investigation in the Yang-Mills
theories. For this purpose, the Reggeization of
the vector meson will serve as an important clue.
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Finally, there is a way to classify the terms we
have calculated. The leading T'" terms are of the
order of

(Tg)'"s(g'Insf, m=0, 1,2, ... .
In other words, these terms can be factorized into
powers of (gT) and powers of (g'lns ), with no ad-
ditional factors of g' left. The terms neglected
are of the order of a yositive power of g' times
(Tg)z"s(g'Ins) . We may therefore think of the
terms calculated in our scheme as those which
should be kept if g' is small, while (Tg) and g'lns
are both of the order of unity. Although the math-
ematical basis of this scheme is yet unknown, ' we
emphasize that the purpose of our scheme is to de-
rive a unitary result which may provide us with a
hint of the correct answer. Vfe may then proceed
to find this answer by more rigorous methods.
The variable T is merely a guide to identify the
terms we must keep.

III. THE EIKONAL FORMULA

Since we shall have to present a substantial
amount of calculations, which are more compli-
cated than the final answer, it appears desirable
to give the result first. Vfe shall do this in the
present section. Vfe shall also discuss the sig-
nificance of the result here.

Let us begin with a discussion of the eikonal
formula of Moliere. ' Consider the scattering of a
fermion by a potential V(z, y, z). The scattering
amplitude is obtained by solving the Dirac equa-
tion. Except for a few special cases (Coulomb
potential, square-well potential, etc.), this cannot

be done in a closed form. However, in the high-
energy limit, a remarkable simplification takes
ylace and it becomes possible to express the S
matrix at fixed impact distances as

g(b )
~ @iv) b~) (3.1)

where

V(bi) = V(x, y, z)dz

with

b =x, +y5' .
In the above, the z axis is taken to be in the direc-
tion of the incident momentum. %'e note that,
since V(b, ) is the lowest-order term in the scat-
tering amplitude, (3 ~ 1) says that, in the high-en-
ergy limit, all the higher-order terms in the scat-
tering are included by simply exponentiating the
lowest-order term. The usual scattering ampli-
tude for fixed momentum transfer is related to
S(b~) by a Fourier transform:

gg=2is d'be' ~'"' 1-Sb, (3.3)

In QED, particles can be created or destroyed-
a phenomenon not present in potential scattering.
However, it is possible to show that (3.1) still
holds, where V involves creation and annihilation
operators. ' In particular, if we restrict our-
selves to a set of diagrams generated by a unitar-
ization scheme, V is the (Hermitian) operator
whose matrix elements V~ are the lowest-order
amplitudes for the scattering from state ne to state
n.

If we neglect all matrix elements of V except the
one for elastic scattering, we recover Moliere's
result. The infinitely many terms due to pair
creations and yair annihilations, most of them
larger than s les, simply sum up to produce the
inelastic matrix elements of V. Since V is Her-
mitian, e' is unitary. This is a most natural way
for the infinitely many large terms to cancel.

It is tempting to conjecture that the scattering
amplitude in Yang-Mills theory is also equal to
e', where the matrix elements of V are again
equal to the lowest-order amplitudes for the cor-
responding processes. Although this exponentia-
tion formula is unitary, it does not agree with the
diagrammatic calculations. For example, this
exponential formula does not generate the leading
T' terms which- Reggeize the vector meson; neither
does it generate the other leading T'" terms. In-
deed, because of the non-Abelian nature of the iso-
spin matrices, the leading T'" terms have far
fewer cancellations of the lns factors, and are
much more complicated than the corresponding
terms in QED. The exponential of the lowest-order
matrix elements, correct for QED, does not pro-
duce the multitude of uncanceled logarithmic terms
in Yang-Mills theory. Fortunately, we find that
the exponential formula works if we make a slight
modification: making the matrix elements of V

equal to the lowest-order amplitudes with the
exchanged mesons Beggeized.

Before writing down the explicit form of the
eikonal operator V in the Yang-Mills theory, we
need some preliminaries. In the center-of-mo-
mentum system, where the total energy is Ws= 2&d,

s —~, precisely two particles have energies -~,
and any other particles have much smaller ener-
gies. Thus, the extremely energetic particles
have approximately equal and opposite momenta
of magnitude -&. Let these momenta be oriented
predominantly along the z axis, and for an ar-
bitrary four-vector k = (k„k„k„k,) define k, = ko

Then one of these extremely energetic par-
ticles has plus momentum -2~ and minus momen-
tum O(1/&d), and vice versa for the other one.

At high energies, the helic ities in the c.m.
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system are conserved. Let e„e, (e, ,e„)be the
polarization vectors for the incoming (outgoing)
extremely energetic particles. If the vector me-
sons are transversely polarized, then in each am-
plitude there is a factor of (e» e,„)(F& a~i),
which will hereafter be suppressed. (We will treat
the case where the 8' mesons are transversely
polarized. )

The result of calculation is that for elastic scat-
tering through the tenth order, the scattering am-
plitude can be written in the eikonal forms (3.1)
and (3.3), where V is an operator given by

„..„ (OR(s, &,))y~
( (b„s))&,—-',

(2 ),
'- e '

(3.4)
where the matrix elements of ~ for a given pro-
cess are given by the sum of the lowest-order am-
plitudes for that process, with the propagators of
the exchanged vector mesons Reggeized. For
example, the matrix element of gR for elastic scat-

I

tering is given by (2. 3). Before giving the matrix
elements of gq; for inelastic processes, we note that
the dominant contribution to the elastic scattering
amplitude OR in (3.3) comes from those intermed-
iate states in which the plus (or minus) momenta
of all particles are far apart. Therefore, we
need only consider the w matrix elements between
such states. As an example of an inelastic matrix
element, consider scattering from a state of three
particles to a state of three particles. Let k, and

k, be the momenta of the created and annihilated
particles, respectively, and let p, and p, (p, , and

p„) be the momenta of the incoming (outgoing) ex-
tremely energetic particles with large plus mo-
mentum and large minus momentum, respectively.
[These states are normalized so that (k~k')
= (2n')'5'"(k —k'). j The OR matrix element for that
process in which k, «k2 is represented sche-
matically in Fig. 1 and equals (suppressing iso-
spin and polarization indices of the external parti-
cles)

~rt

n(hy) 1

(p, , p, , ,k, ~oR~p„p„k,) =2g'sg p - gV„(b, „n.„k,)
a~1 b=l c=1 ~y + ~

L

e ( b2)-1

2L 3j

In the above equation A. is the mass of the vector meson;

~1 ~l ~1' ~

3 2 ~2 ~2s ~2 0

1 (Pl' ki) 4 kl

sm= (k, + k, )' -k~, k~,

(3.5)

(3.6b)

(3.6c)

(3.Va)

and '

s,= (k, +p„)'-(uk,. (3.7c)
are the squares of the energies of various pairs of particles in their respective c.m. systems; a. (Z) is
given by (2.4); and

+Xie„,&(&„g) ~(k)=i~,„, ~, . (Z, +&, ) -e, k
~ 2—

al

I Q„+y if a vector meson. with isospin c
is created

2 + 2

V„(&„g,k)=
( ie„,&(&„&,) e(k)=fe„, e, (&„+-Z„)-e, k

k, +y
+&2

+e.k, —— ", if a vector meson with. isospin c
k +y' is annihilated,

-X5„ for a scalar 8 .
(3.3b)

(3.sc)
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P)
s)

(T(2)) '+ijk
Qg&f C

Pp

FIG. 1. A schematic representation of a matrix ele-
ment of gg. Both the space-time and isospin factors as-

'
sociated with this amplitude can be represented dia-
grammatically by precisely this diagram.

For a created or annihilated vector meson, e(k) is
one of -the three polarization vectors such that
e(k) 'k=0, e'(k)= -l. T'" and T'" in (3.5) are
the isospin matrices associated with the top and
bottom high-energy lines, respectively. The iso-
spin factor for this amplitude is the same as the
isospin factor of a tree diagram with all external
particles represented by horizontal lines ordered
vertically according to their minus momenta and
all exchanged mesons represented by vertical
lines. An example is given in Fig. 1. The form
of the vertex (3.8) is based on the calculation of
the two-body to three-body scattering amplitude. "
Note that l' k=0. Equation (3.5) also gives the
matrix element of 3R when any number of inter-
mediate energy particles pass through without in-
teracting. The Xt matrix element for any other
inelastic processes in which the plus (or minus)
momenta of all particles are widely separated is
found by generalizing (3.5) by including the ap-
propriate number of Reggeized propagators and
vertex factors.

Because of the Reggeization of the vector me-
son, each V goes to zero as we fix n and m and
let s go to infinity. This does not necessarily
mean, however, that the scattering amplitude OTt

goes to zero. This is because the matrix ele-
ments of exp(iV) are not simply related to those of
V. For example, if we expand the exponential,
the V'term is

(3.9)

where the sum is over a complete set of states.
The smallness of each term on the right-hand side
of (3.9) is compensated for by the large number of
terms, i.e., the large number of intermediate
states. In fact, the V' term corresponds to the
imaginary part of the leading-logarithm approxi-
mation which we know violates the Froissart
bound —thus the sum in (3.9) is very large

In Sec. IV of this paper we outline the diagram-

(o) (b) (c) (d)
FIG. 2. The isospin factor associated with each ver-

tex. (a) Vertex on the top high-energy line, Q) vertex on
the bottom high-energy line, (c) internal three vector-
meson vertex, (d) internal vector-meson-scalar vertex.

matic verification of the eikonal formula. We con-
clude in Sec. V with a discussion of the advan-
tages, domain of validity, and generalizations of
the eikonal formula in Yang-Mills theory and also
compare its physical significance with that of the
eikonal formula found in @ED.

IV. VERIFICATION OF EIKONALIZATION

The calculation via Feynman rules had previous-
ly been done through the tenth order in the coupling
constant' —but only in the traditional leading-
logarithm approximation, which corresponds to
the real T' and imaginary T terms of our new
scheme. We have now calculated the 7.', 7.', and
T" terms up to the tenth order.

We will discuss the diagrammatic calculation
through the fourth order in some detail. We also
discuss the new techniques necessary in the high-
er-order calculations. The results of the calcula-
tion by Feynman diagrams are given in Table II
and further details of the calculation are rele-
gated to Appendix B. For a fuller discussion, see
Refs. 11 and 12.

A. Isospin calculation

The isospin factors wi11 be calculated diagram-
matically. " This procedure has the advantages
of (i) easy comparison with the eikonal results,
(ii) not having to separately check the I= 0, l,
2, ... channels of isospin exchange, . and, most
important, (iii) being generalizable to other gauge
groups, since most of the manipulations of the
isospin diagrams involve the identity illustrated
in Fig. 4, which is valid for all such groups.

The isospin factor associated with each Feynman
diagram can be represented by precisely that dia-
gram. Each line then carries an isospin index
and the indices corresponding to all internal lines
are summed over, from one to three. Each ex-
ternal line also has an isospin wave function, de-
noted g. And each vertex has a numerical factor
associated with it, as shown in Fig. 2. There,
T, are the isospin matrices which satisfy the
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commutation rule

[T~ T~]="waTa

and where

(T,T, )~, = T(T + 1)6».

(4. 1)

(4.2)
FIG. 4. The diagrammatic representation of the com-

mutation rule (4.1).

In Eqs. (4. 1) and (4.2) and in the sequel a sum
(from one to three) over repeated indices is as-
sumed. If T=1, (T,)» ——-ie,». Then the assign-
ments given in Figs. 2(a)-2(c) are all consistent.

As an example, the isospin factor corresponding
to the diagram in Fig. 3 is

-(Xl T;"'X,)(Xt~T,'"X,), (4.3)

=2~~~~&(Z&Ui i)= — r. (4.4)

This is expressed diagrammatically in Fig. 5 and
is called the triangle contraction. [For SU(n),
there is a factor n/2 multiplying the right-hand
side of Fig. 5.] Both of the identities in Figs. 4
and 5 can be turned upside down and remain valid.

B. Second- and fourth-order calculations

and is, of course, O(T').
The diagrammatic expression of Eq. (4. 1) is

given in Fig. 4. Another useful identity, derived
from (4.1), is

ie,q, T,T~=2i~M, (T,T, —TqT, )

of isosyin factors whose corresponding diagrams
have only vertical and horizontal lines; for purposes
of future identification these isospin factors will
be called "box" factors. [For example, the dia-
grams in Figs. 3 and 6(a) are box factors, where-
as the diagram in Fig. 6(b) is not. ] The advantage
in this procedure is that the isospin factors gen-
erated from the exponential formula are all box
factors and so the result of the Feynman-diagram
calcuLation can be easily compared with the result
from exponentiation. Furthermore, the box factor
with a total of 2n vertices on the top and the bot-
tom lines (which carry isospin T) is of the order
of T'". Thus, the leading T terms are easily ob-
tained from the leading coefficients of the box fac-
tors. Now the sum of the fourth-order amplitudes
equals

(M, +M, ) x [the isospin factor represented
by Fig. 6(a)]

—M, x (the isospin factor represented by Fig. 3).

(4.6)
One second-order Feynman diagram contributes

when the high-energy particles are transversely
polarized. It is shown in Fig. 3 (which is also a
diagrammatic representation of its isospin factor).
Its space-time amplitude is

From the leading-logarithm calculation"
2

M -2 ~ Z lns K (4.7)

2sg' (4.5)
~,'+ e

The two fourth-order Feynman diagrams which
contribute are shown in Figs. 6(a) and 6(b). Call
their space-time amplitudes M, and M„, respec-
tively. Using the isospin identities of Figs. 4 and

5, we may exyress the isosyin factor of the dia-
gram shown in Fig. 6(b) in terms of the isospin
factors of Figs. 3 and 6(a). This is illustrated in
Fig. 7. This identity exemplifies the general pro-
cedure to be used in this calculation. All isospin
factors will be represented as linear combinations

M, +M~ -ig sK, ,

where

d 1
(2v)' (q, '+x')[(Z, —q, )'+ Z']

(4.8)

(4.9)

The integral K, can be represented diagrammati-
cally by a transverse-momentum diagram; see
Appendix A for details. Note that the T' terms in
(4.5) and (4.7) are real whereas the T~ term in
(4.8) is imaginary and contains no real terms
proportional to s.

It is interesting to compare the fourth-order re-

FIG. 3. A diagram whose isospin factor is given by
{4.3). Equivalently, this may be considered as a dia-
grammatic representation of this isospin factor.

FIG. 5. The diagrammatic representation of the iso-
spin identity given in (4.4).
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(b)
FIG. 6. The fourth-order Feynman diagrams which

contribute to the high-energy limit.

suits of Yang-Mills theory and QED. There are
two terms in (4.6), the first one is proportional to
~ while the second one is proportional to T'lns.
W'e wi.ll see below that the lns term in Yang-Mills
theory contributes to the Reggeization of the vec-
tor meson, and is part of the potential V, where-
as the first term in (4.6) contributes to the V'
term. In contrast, because QED is Abelian, the
lns terms in QED cancel, and the fourth-order, am-
plitude in QED contributes only to the V' term.

C. New techniques in higher-order calculations

In this subsection we shall discuss the new tech-
niques in evaluating higher-order diagrams. Each
of the Feynman amplitudes is equal to an isospin
factor multiplied by a space-time factor. Vfe first
express the isospin factors of all Feynman dia-
grams which contribute in the high-energy limit in
terms of the "box" factors. This is done by util-
izing the commutation relation (4. I) and the tri-
angle contraction (4.4). (For the 20 contributing
sixth-order Feynman diagrams this is done in
Table I.) Then we can rewrite the sum of the
Feynman amplitudes for a given order as a sum of
box factors each multiplied by a linear combina-
tion of space-time factors. Finally, we calculate
the leading logarithmic term for each of these
combinations.

The last step requires some elaboration. The
leading logarithmic term of a space-time factor is
best evaluated by the infinite-momentum technique,
This involves expressing a propagator in the form
of

and carrying out all integrations of the plus and the
minus components of all loop momenta explicitly.
These integrations give rise to logarithmic factors
of s, the coefficients of which are integrals of the
transverse components of all loop momenta. All
this is standard except in one aspect. Here we
must evaluate combinations of space-time factors
corresponding to different Feynman diagrams. It

I

I

2
0 I

0 I 0

I 0

0 I-

0 I 0

II I2 I3 14

I 0

0 0 0

l6

I?

20

-2

proves helpful to rewrite each combination into
sums of subcombinations. Each subcombination
includes the contribution of only theFeynman dia-
grams which differ by a permutation of the order
in which exchanged vector mesons are attached to
the top (or bottom) horizontal lines, each weighted
by a number coming from the box isospin factors.
It therefore facilitates the calculation if we first
perform the summation over the products of such
factors. There is an approximation which we can
make for the propagators on the top (or bottom)
lines. This approximation is based on the fact
that, for the leading term, almost all of the inci-
dent plus (minus) momentum 2&v flows through the
top (bottom) horizontal line. Thus, referring to
Fig. 8(a), we may write, for example,

TABLE I. In the left-most column are the 20 con-
tributing sixth-order Feynman diagrams (or equiva-
lently, their corresponding isospin diagrams). The
isospin factors are expressed as linear combinations
of the box-isospin factors with coefficients given above.
The first box-isospin factor represents the T terms,
the next two represent the T4 terms, and the last rep-
resents the Ts terms. [Diagrams 5a and 5b (sa and 6b)
are topologically equivalent but are distinguished by the
fact that the top and bottom horizontal lines always
carry very high energies. ]

In

OFS
Fe ynm

0 0 I

FIG. 7. An isospin identity, expressed diagrammati-
cally.

(p, +q, )'-m'-2(oq, ,

(p, +q, +q, )'-m'-2(u(q, +q ),
etc.
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Thus the product of propagators on the top lines
of the diagrams in Fig. 8(a) is proportional to

1 1 1

(q~ + jg) (tf~ + 4'~ + 'l6) (&f& + qg„+ tee + SE)

2 3
P P+q~ P~+Xq~ P, +Zq~ PlI I

(o) (o) (c)

The simplest example of summation occurs when
we sum over all the permutations of the order of
the exchanged vector mesons with all weighting
numbers equal. " In this case we wish to evaluate

FIG. 8. Examp]. es of the four classes of eighth-order
diagrams which contribute convergent transverse-
momentum integrations.

(
1 . 1

(«&.&
+ &~) («» +& (2 &

+ f~)
qa (a)+ '~

(4. 10)

where v is the permutation of the integers (1,2, . . . , n) which takes i into o(i), the sum in (4.10) is over all
n. permutations, and q is an abbreviation of q . Consider the Fourier transform of a single term in
(4.10):

I
~ q

~

~

~

~

~

I

~

I ~

i~
~

~

~i1
~

I
I

I ~
I

1 1
~ ~ ~

tf &
+ ZC gg + &f2 + gE qg+qg+ ' ' '+q ~+ gQ

q-1 n-1
e-1 (x ~- xn)q

j=1 j=l,
(4. 11)

qg+S6 qj. +qg +$6 qy+q2+ q„y+SC

If x„)x, the contour may be closed in the upper half of the complex q„, plane to give zero; and if x„y
by closing in the lower-half-plane, (4. 11) equals

n-2

(-2»i)
j~l

1

q, +is q, +q +is
1

~ ~ ~

q, +q, + ~ +q, +i& ' (4. 12)

Continuing in this manner we find that (4. 11) equals

(-2&M) if Xg & X2 ) ' ' ' & X„&)X„)

0 otherwise.

Therefore, summing over all permutations,

~ ~ ~
n-1

Q q, (,.&+ ze
f =1

= (—2»i)" ' (4. 14)

and taking the inverse Fourier transform, (4. 10) equals

(-2»i)" ' 6(q, ) .
j=1

(4. 15)

We give another example from the sixth-order calculations. From the third column of Table I, one of
the subcombinations involves diagrams 16, 1S, and 20. When we calculate this subcombination, we need
to evaluate

~ ~ ~ ~ ~ ~ ~

1 1 1

(q, + ie)(q, + q, + ie) (q, + ie)(&q, + q, + ie) (q, + ie)(q, +q, + i&) &~

(4. 16)

If we define
if X&)Xz)

&P'u ' ' '&„)= (4. 17)
0 otherwise,

then the Fourier transform of (4. 16) is

(-2»i)'((321) + (312) + (231))= (-2»i)'(3l),
(4 ~ iS)

and the inverse transform of (4. 18) is

(-277't J
de. dXQ X3 fg q~4, f» q + )g3qsll P. 2
27r 2' 27t

= (-2&&i) . &(q, + q, )5(q, ) ~ (4. 19)
1

This illustrates the general idea: transform to
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x space, simplify, and transform back to q space.
This method can be applied even if the nonzero
weighting factors are different, which happens in
our calculations.

D. Higher-order calculations

The sixth-order diagrams contain six vertices
and hence do not contribute to T', T",... terms.
In fact, only the three-meson-exchange diagrams
(diagrams 15-20 in Table I) contribute to the T'
terms (they also contribute to the 1"terms) ~ The
rest of the diagrams in Table I contribute to the
T and T' terms.

The details of calculations can be found in Ap-
pendix B and we shall discuss only the results
here. The sum of the T' terms of the second
through sixth orders are equal to the first three
terms in the power-series expansion of

2g g g & ~~J. +~ ~~ ~ +~+12 2 2

g 2+yQ

x(the isospin factor of Fig. 3). (4. 20)

This indicates that the vector meson Reggeizes.
The remaining terms, while complicated, simply
produce the sixth-order terms in the Reggeized V'
and V' terms in e'~. In particular, the sums of
V and V' terms are real, and the sum of V2 terms
is imaginary. All divergent transverse-momentum
integrals cancel upon summation.

For the eighth and the tenth order, we assume
that the divergent transverse-momentum integrals
also cancel upon summation. (See, however, Ref.
5 for the cancellation of divergent integrals of T'
and T, up to the eighth order. ) In the eighth
order, there are four, classes of diagrams which
contribute convergent transverse-momentum in-
tegrals. Examples are shown in Fig. S. All
other diagrams of these four classes can be ob-
tained by up-down inversion, by replacing a hori-
zontal vector-meson line by a scalar or by a four-
vertex, by rearranging the order in which the
mesons attach to the high-energy lines, or by any
combination of these processes.

Diagrams of the class exemplified by the dia-
gram in Fig. 8(a) contribute to the T', T', and T
terms. Diagrams such as that in Fig. 8(b) con-
tribute to the T' and T terms. Diagrams such as
that in Fig. 8(c) contribute to the T terms. Dia-
grams such as that in Fig. 8(d) contribute to the
T4 and T' terms.

Similar classifications can be made for the tenth-
order diagrams. The results of the eighth-order
calculations are given in Table II. The tenth-order
results are given in Refs. 5 and 16.

TABLE II. A summary of the Feynman-diagram cal-
culation through the eighth order. The amplitudes on
the right-hand side come from the prototype Feynman
diagram and all others related to it by up-down in-
version, by replacing a vector meson by a scalar or
by a four-vertex, or by any combination of the processes.
These amplitudes are written in terms of transverse-
momentum diagrams and isospin diagrams.

Prototype Feynman Diagrams Scattering Amplitude %

-lg"s &'" +
&

&

+-' g '"'
),' +g s

g s

+2ig4s ',

+O)' +)'

Igs 2 2~ +k

p g~lns

-igss(s '"') (2 Q+)ps):
+"~"(' "')( p + 'p) H

g Ins 2

I

-~s~"(','"') ( Hl+ I+I+ I H )

+gss (' '"') ll I

~~ss(', '."') ( l=l —& H +
I I )

E. Calculation from the eikonal formula

The high-energy elastic scattering amplitude ~
is the sum of infinitely many terms coming from
infinitely many Feynman diagrams. We believe
that the summation of the leading T~ terms can
be performed and the result expressed in closed
form. To demonstrate that this is so through the
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TABLE III. The results, through the tenth order, of the calculation from the eikonal formula. On the left-hand side
are the eikonal diagrams which generate the V, V2, . . . , V5 terms in the expansion of the eikonal formula. The de-
gree of Beggeization is indicated by multiple lines. On the right-hand side are the amplitudes which come from the in-
dicated eikonal diagrams and aD others related to them by rearranging the order of the factors or by up-down inversion.
These amplitudes are written in terms of transverse-momentum diagrams and isospin diagrams.

Eikonol Oiogren Scottering Amplitude %

2 lg S 2i

g2I

ZZ Ig's () jT

-ig S 2 )P

Q eg
Qeg I 4 Q Ihs

-ig's (','"') 8 ZL
g lhS )P

2

-J k'N)

X p )P

8 ~ e) II

g~lns ~2

lgS 2

I; e (j Ins)~ g+ )

~lg4S g2lna & 4 2

g~ Ins
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TABLE HI. {Continued)

Q llll ) )R
'

)R

j3

W %%4

Q lll0 gR ) )2

I~')) E
Is% (9

I )n

Z ZeZ
Z ~3KZ
XZT

--,Ig"8 Il?

6$ g Ins ~
ggs(9 Ihs) ~

I g $(g Ihs)

g6$(9 Ins)(-2 y I 8
+Z~I2)x(~+ P[+)H )

I n, gInsig g) III2 2v' '

6$(9 Ihs) (2 e I

I p)x(@+)H, +)

,s"(",'."')' e )

e 6
(g Ins)2&R(H) ~

g6$(9 Ins) (2itI+ 2 8
— @—,' ~'8) (K+3K 1E)

6$(g hs)2~& jjT
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TABLE IH. (Continued)

- $f g) - —,'„4 g
x (g[+ N +

I 0 )

g )As ) )2 J

+ )~k x + + -»ia's Q

' g' --g s
~ig's'z"' (Ql IIII

gss -~" -5 +

+ )'(H) + a + ~'

-P -4X -- —8

+r', &*8)"(HII +II

+ kW + IHI + II+I + IIH

8 g+)9' s (Q) IIIII

tenth order, we have shown that the (Tg)"(g'lns)"
terms from the Feynman-diagram calculation
agree with the corresponding terms of the eikonal
formulas (3.1) and (3.3).

The techniques of the calculation from exponen-
tiation are discussed in Appendix C. The results
up to the tenth order are given in Table DI.

V. CONCLUSIONS

There are two major advantages of the eikonal
form. First, it is explicitly unitary. Second, it
expresses the scattering amplitude in closed form.
This is important because we believe that the per-
turbation series is itself divergent. In Appendix
D we give an example of a model in one space and
one time dimensional in which the infinite series

(i V)n
exp(i V) =g.=0 n!

does diverge. This illustrates the danger in deal-
ing with only a finite number of terms in the expan-
sion (5.1). But if the perturbation series is di-
vergent, what is the meaning of the eikonal form&
Consider a complete set of orthonormal eigen-
functions f~ p, )) of the potential V,

&p, V v)=V„6„„~
If we expand each matrix element in terms of these
eigenfunctions, then

(5.3)

and this is a convergent series.
In what energy region do we expect this eikonal

formula to be a good approximation to the true an-
swerP The answer is: when the energy is large,
but not too large. " The set of diagrams we have
considered includes interactions between the two
extremely energetic particles, but does not include
interactions between the yionization products.
Another way to say this is that Reggeon number in
the t channel is conserved. This means we expect
the eikonal to be valid when g'1ns =O(1) but g'1ns'
«1, where s' is the subchannel energy between
two created particles. Since at Brookhaven and
even intersecting storage rings (ISR) energies
there is only a small energy dependence in the
total cross section, it is reasonable to suppose
that g'lns is still small. Thus we can expect
that this eikonal form will be valid at the energy
ranges of the larger accelerators now being built.

%e have verified that the leading T'" terms cal-
culated from the Feynman diagrams agree with
those in the eikonal form for elastic scattering
(through the tenth order at least), and we believe
that it is valid for two particles scattering into n
particles. However, it is not correct for proces-
ses in which both the initial and final states con-
tain more than two particles. This is because the
eikonal describes scattering which takes place in
a very short time period compared to the time
scale of the particles' self-interaction, for exam-
ple. Thus, it cannot remain valid for a scattering
process which takes ylace over a long time. Now
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consider a scenario in which three particles scat-
ter into three particles. First, two particles
come together, interact, and separate. Then, at
a later time, one of these two particles scatters
off the third particle. The correct way to de-
scribe such a process is by two eikonals separated
by particle propagation.

There are important differences between the ei-
konal forms in QED and in Yang-Mills theory. In

QED, the potential V may be thought of as a gen-
eralized static field (elastic and inelastic) due to
the target electron, so that e'~ is then the ampli-
tude for the scattering of the projectile electron
from this potential. Such an interpretation is pos-
sible because the target electron remains an elec-
tron after the emission of any number of photons.
In Yang-Mills theory, however, the target parti-
cle carries isospin and its charge state changes
as it interacts with the projectile. Thus the con-
cept of a static field no longer applies.

This difference can be seen directly from the
diagrammatic calculation. The QED counterpart
of the Yang-Mills isospin T is the charge Z of the
incident particles. In diagrammatic calculations
in QED, the power of Z is always equal to the
number of vertices on the high-energy lines. But
in Yang-Mills theory the non-Abelian nature of the
isospin means that there are many more terms
present. For example, the T' terms come not only
from the one-meson-exchange diagram but from
the tower diagrams as well. Physically, these
terms represent the effe'ct, mentioned above, of
the changing charge state of the target particle.

This explains why in QED, but not in Yang-
Mills theory, the potential consists of the lowest-
order amplitudes for each process. In particular,
in QED the elastic part of the potential represents
the exchange of a photon and is related to the Cou-
lomb (or Yukawa) potential between the two high-
energy electrons. The counterpart of this term
in the Yang-Mills potential is not the exchange of
a vector meson, but rather of a Regge pole on
which the vector meson lies. Thus, the potential
V is a function of the energy of the projectile.

The generalization from boson-boson scattering
to fermion-boson or fermion-fermion scattering
is trivial. For each fermion replacing a vector
meson the space-time factor is multiplied by a
factor of 1/2m, where m is the fermion mass.
The generalization to groups other than SU(2) is
also simple, "since the majority of the isospin
manipulations involve only the commutation rela-
tion (4. 1).

After the results in this paper were obtained,
Lo devised a method of generalized leading-term
approximation" in an attempt to overcome some
of the limitations with the present work. His

method and results are the main content of his
paper published in this issue. His results and ours
differ only in nonleading terms. However, the ex-
tra terms included in his scheme of approximation
leave him with an S matrix which is not explicitly
unitary.
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APPENDIX A: TRANSVERSE-MOMENTUM
DIAGRAMS

Transverse-momentu~ diagrams stand for inte-
grals over the transverse momenta. Each dia-
gram consists of a series of vertices arranged
vertically connected by line segments. Trans-
verse momentum 4, flows into the bottom vertex
and out of the top vertex; and in between the mo-
mentum is conserved at each vertex. The inte-
grals which the diagrams stand for are deter-
mined by the following rules:

(i) a factor of (Q'+Am) ' for each line segment
carrying momentum Q, unless there is a hori-
zontal bar through that segment, in which case
there is no factor,

(ii) fd'k, /(2n)' for each closed loop, and
(iii) for each horizontal bar through a vertex, a

factor of (Qm+Z') where q, equals the sum of the
momentum coming into the vertex from below.
For example, the diagrams representing Ky,
(Z„'+A.')K~', and Ks are shown in Figs. 9(a),
9(b), and 9(c), respectively. K, and K, are given
explicitly by (4.9) and (810).

APPENDIX B THE SIXTH-ORDER
FEYNMAN-DIAGRAM CALCULATION

In this appendix we give in more detail the cal-
culations of the sixth-order amplitudes from
Feynman diagrams.
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where

d'q, 1

(2n)'
q 2+F2

' (B6)

(a) (c)

Thus the space-time part of (S1) equals

g 1"s ~2+12 2 (B7)
FIG. 9. Exaxnples of transverse-moxnentum diagraxns

which represent the integrals (a) Xg, (b) (b~ + ~ )Xg,
and (c) X3.

From Table I, the sum of the T' terms is

(-M2-M4 Mll M& M 13 M 14+M16)

x (the isospin factor represented by Fig. S).
(s1)

From the previous leading-logarithm calcula-
tion' 4 it is known that

(B2)

M4-2gs -

2
~K

Notice that the divergences in the transverse-mo-
mentum integrations coming from the integral K,
cancel out exactly.

Next consider the 7." terms. From the third
column of Table I, one such term is

(M~ +M2 Msg Ms~ MBN M8~ + M» +M~9 + M~0)

x [the isospin factor of Fig. 10(a)]. (S8)

We know that' " '

4 g lnsM~+M2--2ig s
27r

x[2(l,'+X )K,'+y K, -4K,K,], (B9a)

4 g lns
M5a+M5~ ™M6a+M~1, -ig s K~K»

M~~ -M,2-M»-M~4-=2 g s
~

(K~K~) ) (B4)
(g'lns

4 g lns
MM+M~9+M, 0-2zg s (S9c)

M,B=O(lns), (B6) where

(B10)

ln deriving (B9c) it is necessary to use (4. 16)-(4.19). Separately M, and M, each contain real terms Pro-
portional to ln s and lns but they cancel out in the sum. Further, M„, M», M~, and Me~ each separately
contain real terms proportional to 1ns, but they too cancel out in the sum. The divergent parts of (B9a)
and (B9b) also cancel. Therefore, the space-time part of (B8) equals

2

ig s [-(Z, +X )K, --g K +2K]. (B11)

The other term proportional to T4 is, from column two of Table I,

(M S + M~ +M~ + Msq + M~ + Me~ + M7 +M8 +M~ +M ~0 +M„+M» +M» + M ~4

sM» M/7 ™&,—2 M» —2 M „)x [the isospin factor of Fig. 6(a)] . (B12)

These amplitudes are given by" ~

4 g lns y 2 (S1Sa)

M, +M„-M, +M (a) (b) (c)

-M 9+Mgs-Mj, a+M~4- —2ig s K Kg lns
2m

(slsb)
FIG. 10. Box isospin factors of order (a) T4 and (b),

(c) Te.
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21'ig4s g (-,'Z'Z, ' —2Ãs) .'~'
2m

(B14)

Again the divergent terms and real lns terms can-
cel out.

FinaQy, we consider the Te terms. From col-
umn four of Table I they are

(M ts + Mt s +Mt~ +M~s +M ts +Mao)

x[the isospin factor of Fig. 10(b)]. (B15)

Using (4. 10) through (4. 15), we find that the space-
time part of (B15) equals

-3 g sK3, (B16)

g lns
-SMqq -M~ -M ~8-2M~9-2M20--2' 8 K3.7 8 27r

(Blsc)

Thus the space-time part of (B12) becomes

2
sel(1 e &'et)( Z',"&1'"&)

2+3.a

where

(B1V)

o.,= 1 g'(Z, '+)&.')—It, .2r (B16)

which is pure real as expected. This completes
the calculation through the sixth order. Note that
in the traditional leading-logarithm approximation,
the amplitude given by (815) is dropped. This is
the first difference between our present scheme
and the traditional leading-logarithm calculation.

If we project these amplitudes into t-channel
isospin-exchange channels we find that the T' and
T terms are predominantly I= 1 while the T4

terms are predominantly I=0 and I= 2. For ex-
ample, if we look at the I= 1 projection of the T
amplitudes given by (4.8), (B11), and (814), they
are in fact of order T' and precisely give the im-
aginary part of the signature factor of the Regge-
polq term

APPENDIX C: CALCULATION FROM THE EIKONAL FORMULA

As an illustration of the techniques involved in the calculations from the eikonal formula, we wiQ cal-
culate its (Tg)s(g'ins) term. Because there is a factor of T' from each V, only the (iV)s/3! term from
the power-series expansion of e'~ contributes. Besides the g' factor associated with the T' factor there
is an extra g' factor which can come either from the Reggeimation of one of the exchanged vector mesons
or from the creation and subsequent annihilation of a W meson or Z scalar.

Suppose first that one of the exchanged mesons Reggeizes; the isospin factor associated with this process
is given in Fig. 10(b), and the space-time amplitude is (see Fig. 11)

-i3
d'b, e'" "~(pt, p'

~

V'I p.,5')
~3 2~

( deb &Q b 4 $gn b ORts qlL) %lJ. pg b OR(+ pat) d Q@ & b OR(8 qa)

1= --'g's ", q ""(2v)'6's&(q + + ~-Z )(2»')' (2w)' (2v) n ~ ~ ' (- s+)&s)(» a+as)(t&1 s ~)&s)

x [1 —(1 —o.'(2f,~))lns + ][1—{1—o,'(q~)) lns + ][1—{1—n(q„)) lns + '] ~

Keeping the g' terms in (Cl) we get

, g'lns d4qt, dg tf'g, d&f]~ (2v) 5 (q»+Ca&. +qa+g~ -&,) s g'1ns
2v (2v)' (2»)' (2v)' (2v)' (qn'+)&. ')(q„+)&.')(qa'+)&. ')(q4, +)&.') 2&t

(C2)

The integral K4 is represented by the transverse-momentum diagram in Fig. 12(a). Notice that we started

i&q Qx iq Ox
2

i&, q

P2I

(b) (c)

FIG. 11. Schematic representation of a V term calcu-
lated from the eikonal formula.

FIG. 12. Transverse-momentum diagrams which ap-
pear in the evaluation of the (Tg) (g lns) term. (a) K4,
O i X„(e)Z,.
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with a three-Reggeon exchange term
Reggeized vector-meson propagator.

s- ('L) 1 g'lns d'q
Z2+z' Z'+y' » (27«)'

1 + ~ ~ I

(q,'+ x')[(Z, —q, )'+ x']
(c3)

(i.e., -V') and generated a four-meson exchange term by expanding the
This series expansion

may be expressed diagrammatically in terms of transverse-momentum diagrams, as shown in Fig. 13(a).
The elastic part of the three-Reggeon exchange can then be represented as an infinite sum of transverse-
momentum diagrams as shown in Fig. 13(b).

Suppose now that a vector meson or scalar is created and then annihilated. Ther'e are three ways this
can happen, as illustrated in Fig. 14. The amplitude for the process shown in Fig. 14(a) is

z g «g b d g~ d q~ d q3)2is
i , d b,e )'"«

(2 ), (2 ), (2 ), exp(-iq~ b, —iq~ b, —iq~ b, )

(2)))' -~ 2& (qua+&')[(q~'-k, )'+Z'](Q'+Z')[(@2+k, )'+z'](g~'+Z')
( 3

x~+I'(q„q, —k) e'(k)I'(q„q, +k).e'())I, +XI), (C4)

where E= (k,'+k, '+X2)'i' is the energy of the created particle, where the sum in i (i= 1,2, 3) is over the
three independent polarization vectors e «()t), where only the g' term has been kept (so that s,. (~4) ' has
been set equal to unity), and where I, and I, are isospin factors which are represented diagrammatically
by the diagrams in Figs. 10(c) and 10(b), respectively.

We make an aside to calculate the product of the vertex factors for the vector mesons,
3 3

g r, (~„~,) ~ ~ (a)r, (i),,', ~,) ~ ~'(n) = g r,„r,„~,~„
$-1

0 k„=r,„j. -g„„+, =-r, r, ==, j.„r --, j.", r„+r„r,
(c5)

where we have used the property of the vertex function, i @=0. This equals
2 + y2 2 2 2+ g2 &1 i '+ z'

.2 k'+y'i 2 k2yy2 J 2 k«'+ & 2

+ (Z„'+z') + (Z„'+x') + (Z,, ,'+ y') + (&, ,,'+ y') —(k,'+ y') -2[(Z„+Z„,)'+ y'] -z'

The only

Therefore,

——g S1 6
6

(Z„'+ z')(Z, ,'+ y') + (Z, , ;.+y')(Z„'+ x')

k ~+&l
dependence on the longitudinal momentum k, in (C4) is therefore through E, and

1 2" dL 1 1j.ns2E,1,„2m 2k 2 2m
'

the amplitude in (C4) becomes
2

[(4K,- 2 K, —Z'K, )I, Z+' IK,],

(c6)

(cv)

(cs)

where

(q +& )(q +A. )(q +X )[(q +q, -q )'+y'][(i ()l )'+~'] (cga)

dq~&dq»d q~ 1
)' (2~)' (2 )'

(q +~ )( +~ )( + )[( + ~ ) ][(- ~ ), ,
]

~ (CQb)
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g )fi~ ( g2 )fil :.2 -2

(0)

FIG. 15. A schematic representation of the product of
two three-vector-meson vertices.

g2~&s 2
I g2lns ~ .

~

The transverse-momentum diagrams corresyond-
ing to K, and Ke are given in Figs. 12(b) and 12(c),
respectively. The amplitudes for the processes
shown in Figs. 14(b) and 14(c) are also given by
(C8), with the isospin factors appropriately ad-
justed.

Equation (C6), which represents the product of
two vertex functions, can formally be represented
in terms of transverse-momentum diagrams as
illustrated in Fig. 15. In that figure, slashes on
a line mean that the corresponding propagator is
absent and the two vertices at either end of the
line are to be fused together into one. An example
is given in Fig. 16.

From the above example, it should be clear that
the following rules apply when calculating the
terms proportional to 7.'" via the eikonal formula.

(i) There is an overall factor of z '/n! .
(ii) There is a single factor of 2s from (3.3) and

PI q ir

q -It"
I

P2,

jism w mi

q f q2+k

(a)

PII
ql(

(b)

FIG. 13. (a) The expansion of the Reggeized propagator
in terms of transverse-momentum diagrams. (b) The
expansion of the elastic part of the three-Reggeon ex-
change amplitude.

n factors of 1/[2(g f„)'~'] from (3.4) where the
products are over the incoming and outgoing yar-
ticles in the appropriate initial, final, or inter-
mediate states; and there is a factor of 2s from
each of the n potentials. The net result is a fac-
tor of 2s/lI, (2E, ) where the product is over all in-
termediate-state particles which are created and
then destroyed.

(iii) These energy factors are integrated over the
longitudinal momenta to give a factor of

"dks 1, '" dk 1- g ins~
2w 2 E z(a„(2n)(2k ) 2" 2@i''

If the minus momenta are ordered there will be
additional factors, as the 1/2! in

dk 1 ~1- de 1 1 g- lns 'r2

2v 2k 2! 2

(iv) There is a factor of 1/(1„'+)ta) for each of
the exchanged mesons in a potential V, and an in-
tegration fd'k, /(2n)' over the transverse mo-
menta of each closed loop.

(v) From the Reggeization of a vector meson
there are factors of -g'ins/2v times the appro-
priate transverse-momentum integration (see
Fig. 13).

(vi) The squares of the vertex factors are given
in Fi.g. 15.

The results of the calculation from exponentia-
tion through the tenth order are given in Table
IQ, They agree with the results of the Feynman-
diagram calculation as claimed.

APPENDIX D

Here we present a simple model" in one space
and one time dimension in which the perturbation

(b)
6

(c)
FIG. 14. The three ways in which to generate, from

the eikonal formula, a term of the order {Tg) (g ins) if
a particle is created and then destroyed. The double line
stands for either a vector meson or a scalar.

=2~ ~ ~ +2~ 5 ~ —2

FIG. 16. An example of the use of the identity of Fig.
15.
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series for the eikonal diverges. There is no iso-
spin in this model and the vertex factor in the nu-
merator is just a constant, but the propagators are
Reggeized. For simplicity ere take g= A, = 1. The
scattering amplitude Slt is given by

Here e is a constant since there is no transverse
dimension. Then the elastic matrix element of 3R

is (see the rules for generating the scattering
amplitude from the eikonal, given at the end of
Appendix C)

The matrix elements of the potential V for a pro-
cess in which n yarticles (with energies E„ i
= 1,2, ..., n) are created or destroyed is

i" ' v" ~ [1ns/2(2m)]"
s mat

m-"1 m '

sim (n-1)/8r]-me
(D3)

~ mt

which diverges if s & 1.
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