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A graphical parallelism between (J¢)p> and (¥y)¢ interaction theories is investigated by means of skeleton
diagrams. It is shown that the nonrenormalizable (1)$ > theory can be made renormalizable, provided it contains a
bound state expressed by the composite field y = y¢. In order for the quartic interaction theory to be
renormalizable it is necessary that the renormalization constant for the y field vanishes in the corresponding
Yukawa-type theory. A concrete example in which such a situation is realized is given by a new soluble model—a
hybrid of the Lee model and the Ruijgrok-Van Hove model. The corresponding quartic interaction model is seen to
be renormalizable due to the renormalization scheme presented here.

I. INTRODUCTION

In recent years several a.uth/orsl'2 have suggested
that some types of nonrenormalizable theories,
such as the Nambu~Jona-Lasinio theory,® can
be made renormalizable, provided the theory
contains bound states. The essential points com-
mon to those works are (1) they use the auxiliary
field method and (2) if the four-fermion coupling
constant G is expressed as G =g°/6u? with a dim-
ensionless constant g and a dimensional para-
meter 54%, then g plays the role of Yukawa coup-
ling constant in the Lagrangian for the auxiliary
field.

Eguchi1 observed the possible renormalizabil-
ity of the Nambu—Jona-Lasinio theory by com-
paring it with the linear o0 model. He compared
formally the Lagrangians for the two cases, and
concluded that the Nambu—Jona-Lasinio theory
can be renormalizable if the renormalization
constants for the composite field and for the
four-meson vertex vanish.*

His formal comparison, however, suffers
from obvious defects.

(1) The induced four-meson vertex coupling
constant A® has no corresponding parameter
in the original Lagrangian; there exists no graph-
ical parallelism at this point between the two
theories.

(2) The comparison is ambigious due to the
Fierz identity.®

Furthermore, it is an open question whether
the vanishing of the renormalization constants
can occur at all.

Tamvakis and Guralnik? developed a renormal-
ization scheme of four-fermion theories by means
of a mean-field expansion. They adopt a vac-
uum with a spontaneous breakdown so as to allow
the massless fermion to possess a nonvanishing
mass m proportional to the mean field. Using

the path-integral technique they succeed in ex-
pressing the meson mass and the induced me-
son-meson coupling constants in terms of the
fermion mass and the renormalized coupling
constant g¢®’. Thus, their work is free from
the defect (1) in Eguchi’s paper. Instead, the
renormalized Yukawa coupling constant g(R)
depends on: the cutoff parameter.

In this paper we investigate in detail the graph-
ical parallelism between the Yukawa theory and
a quartic interaction theory. To avoid the prob-
lem of the ambiguity due to the Fierz identity,
we adopt a nonrenormalizable model with the
Lagrangian density

2
L=(if = m )+ 30,000 - w'e’) - K- yo?.
(1.1)

We arrive at a conclusion similar to that sugges-
ted by Eguchi: In order for the theory to be re-
normalizable it is nece'ssary that the renormal-
ization constant in the corresponding Yukawa
theory vanish. This vanishing guarantees that
the theory is free from an ultraviolet cutoff. It
is our belief that our criterion of renormaliz-
ability is valid for more general cases.

To accomplish the renormalization we must
assume the vanishing of the renormalization con-
stant. It is, however, a hard task, since the
problem should be treated in a nonperturbative
way. Therefore, to obtain a vanishing renormal-
ization constant, we present here a soluble toy
model—a hybrid of the Lee model® and the
Ruijgrok—Van Hove model.” In this toy model
the renormalization constant for the composite
field does vanish if the renormalized charges
satisfy a specific relation, and the correspond-
ing quartic interaction model turns out to be re-
normalizable due to our renormalization scheme.
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Unfortunately, one of the elementary fields should
be a ghost, and we need the indefinite metric.

II. ANALOGY IN THE SKELETON GRAPHS

The quartic interaction theory (the “Q theory”)
described by the Lagrangian density (1.1) is not
renormalizable in accordance with simple power
counting. Nevertheless, if we regard the prod-
uct ¢ as a composite field, the theory is graphi-
cally analogous to the renormalizable Yukawa-
type theory (the “Y theory”) with the Lagrangian

£ =P - m)p+ 59,00 p — ul¢?
=X(if - mx +Ppx + Xy . (2.1)

In Egs. (1.1) and (2.1) we have suppressed the o
term which is not essential in the following dis-
cussions though it is necessary for the theory
to be renormalizable.

In order to see the graphical analogy between
the two theories we compare their generating
functionals. For the @ theory we have

wlJd, £ E,n,n]= f DYDIDP exp(i f .cd4x)
xexp [z'(J¢> +i(7ig) + i)

~i(E g v0) - i(30 5t

—i( éﬂ g)] (2.2)

where we introduced the source terms for the
products ¢ and Y¢ to investigate the dynamics
of the collective motion of this type.® Here and
afterward the parentheses, e.g., (J¢), stand for
integration over space-time. They will also be
used for integrations including a two-point func-
tion:

(42B)= [ dxd' yA(DAx, )Bly) . (2.3)

With the same notation we can write for the ¥
theory

LACAR R T f Dy DY DX DX DP exp (i f s’d“x)

x exp[i(Jp) +i(ny) +i(yn)
+i(Ex) +i(Xe)]. (2.4)

We may also express the actions in the same way:

s=f,cd4x

' 2
== (@S, - 5(9a5"9) —( Vo ¢¢) , (2.5)

S’ =f£'d4x
=- (-0[31,.-14’) = (Xs2, %) = 3(pap"0)
+g(@ox) +g(Xdv) (2.6)

where S; » SZF, and Ay are the free propagators:

1 4, _mitp ~ipCxmy)
SiF(x_y)"'(zw):i fdP mi-pt —ic®

(i: 1, 2)1 (2~7)

- ___1_ 4 ,_____1'_____ =iR(x=y)
AF(x—y)_(Zﬂ)4fdkH2—k2~i€e .

(2.8)

To compare the two generating functionals we
perform the path integration with respect to the
x field in W, to obtain

Wy=[ DYoT D6 expl- 1ilas"6) = iFS:,™ ¥)
+ig"([T6Sp 9]
x exp[i(J¢) +i(Tn) +i(TY) + ig(ES; Y9)
+ig(FoS; £) +i(ES; £)]. (2.9)

Obviously, the quantity —1/6m in W, plays the
same role as Sy in W,.

For the Yukawa-type theory we know that the
dressed inverse propagators can be expressed
by means of proper self-energy parts

St B)=m{® = f+2(p) = my, (2.102)

S5, 7 (D) =my '™ = B+ Tolp) = 6mz, (2.10b)
and

A,’,"(kz)—_— umﬂ - kz +H(k2) - 5112 ) (2.10¢)

The proper vertex part T'jy(p, p’), as illustrated
in Fig. 1, has the structure

Tpp,p') =1+ g‘: Ayp(SY) (2.10d)
= r21(PI; P) ) (2.10e)

where A,(S?) ia a functional of dressed propa-
gators and vertices inserted into a skelton dia-
gram §'. If S has 2n +1 vertices, A,,(S') is pro-
portional to (g)” and contains » Sj_ functions,
n S, functions, n A% functions, and 2z +1 T,
functions.

The resemblance in the structure of the two
generating functionals W; and W, suggests that
we write

Spr () =Zp(p) = 8m (2.11a)
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FIG. 1. The vertex parts (a) I'jy and (b) T'y.

for the propagator of the composite field in the
nonrenormalizable @ theory. For the other func-
tions in that theory we write

St (D) =m{® = f=,(p) - omy (2.11b)
AL D) = p® = R T - 51, (2.11c)

and
f1B(p:pl)=1+SE‘.K13(S{) (2.11d)
=T,.",p), (2.11e)

where f“, and f‘m stand for the vertices illus-
trated in Fig. 2.

We note that the functions £, =, T, and T,
should have the same structure as Z;, Z,, II; and
I'y,, respectively, with respect to the dressed
propagators and vertices.

1. RENORMALIZATION AND THE NECESSITY
OF THE VANISHING OF THE RENORMALIZATION
CONSTANT

It is well known that any Yukawa-type theory
has the renormalization scheme by means of the
Ward-type identities. In the case of our Y theory
we can write

9

aly Eap,, (s;F'l)z_ Y+ Al (3.1a)
gggt%(s?{;):-ywz\;, (3.1b)
VP %
¥ @ @9 (9 @ v
Te o1
(@) (b)

FIG. 2. The vertex parts (a) Tyg and (b) Tgi.

and
W“Eé—:—u(A};-l)=—2k“+A“, (3.1c)
where
A= 5, (3.22)
9y
AY =2 2, (3.2p)
apl-"
and
A =2, (3.2¢)
ok, :
With the help of the identity
o S¥{) = S£(p)r* Sl (3.3)

the auxiliary vertex parts Af, A}, and A" can
be expanded into the skeltons

Af= DoAY, (3.42)
Si
A‘z‘=2 A5 (S, (3.4b)
St
and
A = Z A*(SY) . (3.4c)
St

For a skeleton diagram S* with 4n + 3 vertices,
AY(S') contains a factor g%, 2n S{, functions,
2n+2 S;, functions, (4n+ 2) functions, 2n+1 AL
functions, and one I'j function. If the number of
vertices is 4n+1, A¥(S') contains a factor g,
2n S{F functions, 2« S;QF functions, 4n I';; func-
tions, 2n A% functions, and one I'{ function. It
is easy to give similar statements about A% and
A*,

For the @ theory we write, corresponding to
Egs. (3.1), (3.2), and (3.4),

— 0 ,—= —
Ti=g, (i )=-7v"+A&f, (3.52)
1’3
% =—2 (S5,7) =A%, (3.5b)
op,, .
and
— a —_—
W =— (A;"") = - 2" + 2", (3.5¢)
ok,
where
_ 9 — o
Ab=— 5, =D Ak 3.6a)
1 31)“ 1 T 1( ) ’ (
°] .
Ab=— 5, = 0 ALSY, (3.61)
8p,, st
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and

9
A= on 0= § a*(SY) . (3.6¢)
w

From the graphical consideration, A{, A%, and a
have the same structure as A}, A}, and A",
respectively, regarded as functionals of the
dressed propagators and vertices.

Next we introduce the multiplicative renormal-
izations. For the Y theory we set

$1,=Z:8", (3.72)
Sy,=25,", (3170)
Bp=Z, A8, (3.7¢)
Tp=2Z,'T{, (3.7d)
and
gzéjzéz%m —g® ’? (3.7¢)
12
and
Y=z, 'rE*, (3.82)
ry=2,7'1y"", (3.8b)
and
Wh=2Z,twR (3.8¢)
EQuations (3.1) and (2.10d) are now rewritten as
CRs = Z*
+A‘1L(g(R);S;};), SZ(R)’ A;;-R), rf}zﬂ’ P{R)u.’ I'!;‘R)M') ,
(3.92)
LR = o Z,h
+A(g RSB, SR AR, TR TR, T RI)
(3.9p)

W(R)I-L= - 2Z°k“
+ A“(g(R);S(,‘;’,S(z‘?, A(}Q), r(llg), r\(lR)u’ F(ZR)u) ,
(3.9¢)
and
r®=Zz,+A,(g® ;S‘{;’,S‘zi’, A® T®) . (3.9d)
These equations, the subtractions on the mass
shell, and the differential equations

8

Egﬂ)-x(p)__.r(lmu(p) , (3.10a)
9 - u

5 S (P)=T (™ (p), (3.100)
9 A LRIk = W BH (k) (3.10¢)

3k

13

completely determine the divergent constants Z,,
Z,, Z,, and Z;, and all the renormalized propa-
gators and vertex functions as finite quantities.

We now try to follow the same procedure in the
Q@ theory. We set

Sip= 315‘{;’, (3.11a)

Spr= 35559, (3.11b)

Bp= 3,847, (3.11c)

Tp=3,,T,P, (3.114d)
and

22380 g re (3.11e)

2
aJI.B

Corresponding to Egs. (3.9) we have

T(R)u — i

ot =-3y
Te( (R .TR) QR KR TR p(R) (R)
+A5 (g™ ST, Sars AT TR, T4, TFH),

(3.12a)

Ty = Ag(g ®55(R, SE, KR, TLE, TR *, 1g)
=A R (4,2 ®), (3.12b)

WRE=_23 k*
+ Z“(g‘R’; §{§’,S‘§}, K}‘?R’, i—-‘{g), f{mu, F(BR)M) ,
(3.12¢)
and
Ti5= 2.0+ Kuinlg ‘™10, 543, 50, TP
(3.12q)

We also have the differential equations corre-
sponding to Eqgs. (3.10).

Owing to the graphical parallelism, the only
discrepancy between the two theories consists in
the term - 357" in Eq. (3.12b). Therefore, Eq.
(3.12b) does not determine the constant 3, as Eq.
(3.9b) does for Z,. Instead, the requirement of
the on-mass-shell condition for (3.12b) gives a
relation between the renormalized coupling con-
stant g ® and the bound-state mass m,. Since
the perturbative expansion of A{P* contains ultra-
violet divergences in each order of g ‘®, this re-
lation between g ‘® and m 5 depends on the cutoff
parameter A, giving rise to the nonrenormaliz-
ability of the @ theory.

If, however, the condition

Lim AP (m 5, g ®)= =y

A

(3.13)

happens to be fulfilled for some finite values of
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m g and g ‘®, the renormalization procedure turns

out to be valid as in the case of the Y theory.
Comparison of (3.9b) and (3.12b) shows that the

condition (3.13) is equivalent to the condition

lim Z,=0 (3.14)

Ao
in the Y theory. Namely, our @ theory is re-
normalizable, if (3.14) can be fulfilled for phys-
ically admissible values of the renormalized
masses and charges.

IV. GENERALIZED SOLUBLE MODEL

In this and Sec. V and VI we attempt to construct
a soluble toy model in which the vanishing of the
renormalization constant is realized for one of the
participating fields.

There exists a class of well-known soluble Yu-
kawa-type models: the neutral scalar model,®
the Lee model,® and the Ruijgrok—Van Hove (RVH)
model.” These models are soluble in the sense
that one can explicitly construct the one-particle
states.

Among these models the vanishing of the re-
normalization constant is realized in the neutral
scalar model and the RVH model. However, they
are not adequate for our purpose: In the neutral
scalar model the Z vanishes for the nucleon which
is the only fermion in the theory; in the RVH
model the vanishing of Z occurs simultaneously
for all the participating fermions. In both cases
there is no room for the elementary fermions.
Therefore, we seek another soluble model which
is compatible with our renormalization scheme.

A. A generalized soluble model

We consider a system of n different spinless
fermions (nucleons) interacting with a neutral
scalar particle (meson). We assume that the nu-
cleons are heavy, and neglect the momentum de-
pendence of their energy. The Hamiltonian is
given by

H= "M+ (a'Qa) - P'[G(af) +G(a*)]y, (4.1)

where
()
Yo

= |, (4.2)
LwnJ

rml 0 W
Mo= * ] (4‘3)
0 my,
L J
(@'0)= [ @ a @@, s
o) = (u 22,
and
(@)= [ ek a@D,
(4.5)
> 1
T8 e e@rT
The nucleon fields ¥, and ], (u=1,2,...,n) and

the meson field operators a(k) and a'(k) satisfy the
conventional commutation rules of the annihilation
and creation operators.

This model, characterized by the arbitrary
coupling matrix G, contains all the soluble mod-
els mentioned above as special cases.

(i) The neutral scalar model:

n=1, G=g. (4.6)
(ii) The Lee model:
n=2, G= |, o]- (4.7)
(iii) The RVH model of order #:
- N
0 g, 0+ 0
0 0g O
G=1|. e e . . (4.8)
0
0o - 0 g,
g 0 « - .00
. J

B. . The solutions in the one-nucleon sector

Since we are interested only in the bound states
with the nucleon number N=1, we confine our-
selves to the one-nucleon sector. It is then con-
venient to write the Hamiltonian (4.1) as a matrix
in the nucleon charge space:

H=M,+(a'Qa) - G'(af) - G(d'f). (4.9)

We define a new meson operator a(ﬁ) which is a



matrix in the nucleon space

a®) =a) - Gf&)/wE) (4.10)
- ec(a*n-lﬁa(ﬁ)e-c(afn-lf) , (4.11)

and rewrite H into a much simpler form:

H=M +(a'Qa), (4.12)
where

M=M,-AG'G (4.13
and

A= (fY) =k deE L (4.19

(2n)? 2w (k)

is a divergent integral.

In order to make the model soluble, it is neces-
sary to restrict the renormalized mass matrix M
to be a multiple of the unit matrix!°:

If the bare nucleon masses are so chosen to guar-
antee (4.15), we only have to solve the eigenvalue
problem of the second term of the Hamiltonian
(4.12).

Since the operator (¢'Ra) is a non-negative def-
inite, we can easily see that the states |J),
(u=1,2,...,n) defined by the condition

a®|[P,=0 (n=1,2,...,n)

are the degenerate ground states of (4.12) repre-
senting the physical one-nucleon states with mass
m.

In view of Eq. (4.11) the general solutions of
(4.16) are found to be

|3, =@ |y, vv

(4.16)

(4.17)
where |z[;)v’s are the bare nucleon states satisfying

a(®)|y),=0 (for all k). (4.18)

C. The wave-function renormalization

The matrix U in (4.17) should be determined so
that the |J),’s form an orthonormal basis:

“(P| Py, =0k (4.19)

(The raising of the index here implies adoption of
a general metric. In the next section we shall
need an indefinite one.)

If we define the “renormalization matrix” Z by

(z- )= w(p] ea* @=L 56 (@ta-15) | ), (4.20)
the orthonormal condition (4.19) reads

U'Z’1U=I (4.21)

or
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Z=UU". (4.22)

The matrix U can be chosen to be Hermitian: U*
=U.

The right-hand side of (4.20) can be calculated
to be

- —~ L"
(Zz-1)e = ,,Zo - (G*"G"),‘,‘ , (4.23)
where L is a divergent integral:
1 > 1
— -2£) 3
L=(2 =g [a% ey (4.24)

Let A; (i=1,2,...,n) be the eigenvalues of G.
For simplicity we assume that they are nondegen-
erate. Then we have the spectral decomposition
of G:

n
Gz; A (4.25)
=1
where
n
N-G
A, = (4.26)
‘ H A =N

(j#1)
is the projection to the eigensubspace belonging to
R( .11
The matrix Z-! can be expressed in terms of the
A;’s as
Zt= D ePNMALA, (4.27)
ij

D. The charge renormalization

The renormalized coupling matrix G(R), defined
by

G, =3l 6P, , (4.28)
can be easily calculated to be
GR® =U-GU, (4.29)

owing to Egs. (4.17), (4.20), and (4.22). Using
Eqs. (4.27) and (4.29) we obtain the expression for
Z in terms of the renormalized coupling constants
(see Appendix):
Z= e R (4.30)
iy
where A {?)’s are the eigenprojection of G®;

AR =y-IzDT. (4.31)

V. A SPECIAL SOLUBLE MODEL AND RELATED
QUARTIC MODEL

In this section we are to specify the coupling ma-
trix G so that the generalized soluble model dis-
cussed in the previous section may have the de-
sired properties. Our requirements are the fol-
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lowing:

(1) The matrix G'G should be diagonal, in order
that the condition (4.16) may be satisfied.

(2) We regard one of the nucleon fields, say x,
as corresponding to the composite field ¢ in the
theory with a quartic interaction (y')¢?. Ac-
cording to the postulate of the graphical paral-
lelism the interaction of y should be of the form
(y'x)¢. This means that the x' —x diagonal matrix
element of G should be zero.

(3) The renormalization constant Z for x should
tend to zero as L — <, while the other Z’s remain
finite.

If n=2, we cannot find any model satisfying
these requirements. Among many possibilities
in the case of =3, a choice of special interest is
obtained by choosing G as

0 0 g~
(G4)=|0 0 g,| (g,8,=g%>0). (5.1)
0 g O

It is now straightforward to calculate the renor-
malization matrix Z. It will be seen then that Z is
diagonal, and that Z, becomes negative if we take
the limit L — « with the renormalized charges held
fixed. To remedy this defect we introduce in ad-
vance an indefinite-metric tensor

1 00
.. @v=|0 -1 0] (5.2)
0 0 O

Accordingly the commutation rules of the nucleon
operators are modified to

{9 =n,, - (5.3)

In the one-nucleon sector we replace the Hermi-
tian conjugation by the adjoint operation

A=nA". (5.4)
For example, we have
0 0 O
@) =((G™Mr)={0 0 -g|. (5.5)
& —& O

The eigenvalues A; of G and the corresponding
projections A; are given by

A’l—_"o, A, =g, Ag=-g (g:"gj.gz), (56)
A =(G-2(G+g)/(-g?,
A.=G(G +g)/2g?, (6.7

As=G(G -g)/2g*.

The Z-! matrix calculated by means of (4.27)

turns out to be diagonal:

Zt 0 0
(z*yp)=10 2z 0 (5.8)
00 0 Zzjt

with the eigenvalues
z =1,
Z,'=0%+(1 - o®)coshg?L - fPsinhg?L, (5.9)
Z;t=coshg?®L +(y%-1/6%)sinh g%L ,
where
o =—g—3-, B= (é—>”2, yz—;{:;——.
A & (g.82)'""

The renormalization coupling constants given by
(4.29) are

VA 1/2
g‘l’”=<;) g

(5.10)

(R) _ é& 12 (5 11)
g2 - Zz g29 .

and

g(aR):<%>1/2g3 .
Expressed in terms of these g{*’’s the renormali-
zation constants have the form
z,=1,
Z,=a®R?+(1-a %) cosh g2L
. +B8®’ginhg?L (5.12)

and

Z,=coshg?L + (B(lmz - y‘R’2>sinh g2L,
where a‘®’, &) and y‘® are defined by (5.10)
with g;’s replaced by the g{®)’s.

We now search for the desired situation in which
one (and only one) of the Z’s tends to zero as L
— o, This is realized by imposing the following
restriction on the g {®’s:

ﬁ_yoa)z:_l (5.13)
or

gP=gR R +gP). (5.14)
Under this restriction we have

Z,=1+p®* _ gRI gL (5.15)
and

Zy=e*L (5.16)



so that
Z,=1,
Zz_, 1 +B(R)2 ,

Zy—~0

(5.17)

as L— o,

To conclude this section we construct a quartic
interaction model in which the nucleon 3, is pro-
duced as a bound state of ¥, ,, and the scalar
meson. For this purpose we write the Lagrangian

L=L,+L;,

Ly=—-300) (MO - if;)w(t)

- (a'(t) (sz - i(%)a(t)) ,

L; =90)Gy@)a®)N + 3(8)Gyp@)(a' (£)f)

corresponding to the Hamiltonian (4.1) (but with
the indefinite metric). This Lagrangian is subject
to the graphical parallelism mentioned in Sec. II
with the Lagrangian

(5.18)

L'=Ly+Lj,
, d
L= _zp;(t)<m1 - zzt-)zpl(t)

+ 93 (2) (mz - i%)zl)z(t)

-(,a*(n(n - i%)a(t)),

L =[ g94(af) + (~gath + 2@ AT

(5.19)

X [g1¢z(a1f) + (~gx¥, +g3¢1)(af)] .

The theory described by the Lagrangian L’ is non-
renormalizable in the sense of power counting.
However, if the theory contains a bound state
which is expressed by the composite field

X =g1¢2(a*f) + (_gzzpz +g3¢1)(af) s (5 .20)

the renormalizability is guaranteed according to
the scheme developed in Sec. II and III.

VI. DISCUSSION

We have shown that the (J3) ¢ theory is renormal-
izable provided it contains a bound state expressed
by the composite field x =¢¥¢. The existence of the
bound state means that the self-energy part of the
composite particle is finite owing to mutual cancel-
lation of the divergences appearing in the pertur-
bative expansion. The graphical parallelism then
shows that, in the corresponding Yukawa-type
theory, the renormalization constant for the “com-
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posite” field vanishes, as was originally suggested
by Eguchi.

Although we worked in this paper with the () ¢?
theory, to avoid the troubles mentioned in Sec. I,
it can be expected that our scheme is applicable to
more general cases.

In Secs. IV and V we showed that in some type
of renormalizable models the wave-function re-
normalization constant can vanish for one field
while those for other fields remain finite in the
large-cutoff limit.

An undesirable defect of our model is that it
contains a ghost field. In the framework of our
generalized soluble model we could not avoid the
ghost for various choices of the coupling matrix
G. Although it is quite difficult to give a general
proof, the authors are inclined to believe that the
existence of a ghost field is a general feature of
the four-dimensional theories with vanishing re-
normalization constant. (If the space-time is two-
dimensional there exist some possibilities of real-
izing a ghost-free theory .!?)
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APPENDIX

In this appendix we prove the equality (4.30).
Since the similarity transformation (4.29).

GR =U-1GU, (A1)

does not change the eigenvalues of the matrix, the
eigenprojections for G®) are given by (4.31):

AR =U-1\U . (A2)
We choose U to be Hermitian and use (A2) to
write (4.217):

Zl= Z ebiihjU-lA;'R)TUUA(jR)U'l , (A3)

7
or, since Z=U?,
1= ;e RN (R ZA R, (a4)
1
Multiplying (A4) by A" on the left and by A{® on
the right we get-

AR R LA AR Z A (B (a5)
or

A{PTZA R = g INMA (RIA (R (a86)

On summing this equality with respect to ¢ and j
we obtain the result

Z= Ze'in"iA‘f”A;R’. (A7)
7
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