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Generation of the D* meson in the NlD formalism
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The generation of the D~ meson due to the exchanges ofp and D~ in the crossed channels is studied in an N/D
formalism; the channels considered are m.D, gD, and y'D. The D~ parameters calculated in this way are in

reasonable agreement with theoretical expectations.

I. INTRODUCTION

The bootstrap mechanism came up in the six-
ties, which helped a great deal in ascertaining the
dynamical properties of strongly interacting par-
ticles, the basic concept' being that all such par-
ticles are bound states or resonances of one an-
other and are held by forces generated by the
cross channels. First calculations were done' in
this spirit, for the mm —nw interaction, from the
requirement that if a p particle actually existed,
it would generate itself by a bootstrap mechanism,
by producing the necessary force between the
pions. Attempts to calculate the &* parameters in
a similar way were done by a number of authors. "
In a determinantal approach, Diu et al. ' estimated
the K* mass and width from one-particle-exchange
forces and obtained results which were in reason-
able agreement with experiment. For heavier
mesons, not many calculations exist; however,
some time ago, Campbells considered an SU(4)
bootstrap model to study the mass spectrum of
heavy particles in a single-baryon-exchange pro-
gram. The results obtained at this level were
quite encouraging.

Recently, we have considered' the generation of
D*, the charmed d = I, I= —,

' vector meson, in N/D
formalism, by the exchange of a p particle in the
cross channel. It was found that such a generation
of D* depended on the relative sign of pen and pDD
coupling as was in the K* case. The width of D*
turned out to be-56 keV, which is well within the
present experimental upper limit, while the mag-
nitude of g„,g»v/4ft came out to be smaller than
that of g„,g«r/4ft by about a factor of 2.

In this paper, we take up a more generalized
treatment for the generation of the D*, by con-
sidering other appropriate channels, and observe
how their effects modify our earlier results. Ac-
cordingly, we consider the following channels:
ttD, tiD, and rf'D, which we label as (I), (2), and

(3), respectively. In Sec. II, we give the formal-
ism and write the relevant N/D equations. Section
III deals with the domain of cuts, and numerical

results are presented in Sec. IV. A brief discus-
sion of our work is given in the concluding Sec. V.

II. FORMALISM

Defining the partial-wave scattering amplitude
t by

A, f= 0,f+2i(p,.pf)sf' t...s

where s is the total energy squared and P, the
momentum in the center-of-mass system of chan-
nel k, we express the amplitude, following
Zachariasen and Zemach's N/D determinantal
bootstrap approach' as

t=ND ' (2)

s —so pf (s') (tc(s )]ffds'
Vs' (s' —s)(s' —sc)

(4)

where s, is the subtraction point, and s,. are the
threshold points given by

s, =(m, +ma)s,

s, =(mo+m„)',

s, = (ma+ m „,)'.

As shown by Bjorken, ' we generalize the N/D
method to matrix amplitudes and thus treat sever-
al channels at one time. Projecting the results on
J = j., I= & channel, and noting that in nD- mD,
crossing leads to mD-mD as well as mm-DD, so
that one can have exchange of the D* and the p, re-
spectively, in these channels, while in mD-gD,
wD —q'D, gD - qD and q'0 -g'0 pr ocesses, only
one-particle intermediate state, viz. , the 0* is
allowed, we write the following matrix:
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(t ) gD Dr ~(pDS +D3) +grrr gPDS ~(pP L3P )L ll *2 4~ 11 P 11 4m ll & 11Pl

gD¹Dn 1
(I L}22 2 4 (P22& 22} 28P2 4m cosa '

1 gD¹Dn' 1
L}33 2 4 +(P$$$ 33} ' 28P3 r sin

(I ) (I ) gD DrgD Dny(p 12 }12 L 21 p p 4w 12~ 12 cose

(t ) -(I ) gD Dr gD Dn' y(p L$ )L 13 L $1
p p 4$ . 13& . 1$ sine

(I ) (t } gD DngD Dn' ~(P 12 )
p p 41/ "' "sin8cose'

Here g„, can be extracted from the experimental"
p width as

gI r~ 12' p

4w (1 —4m '/m ')' 'm

pl p2 p3 the center -of-mass m omenta given
by

2 1
p, '=—[s -(mD+ m,)'] [s —(mD —m, )'],

p, =—[s —(mD+m„)'][s -(mD-m„}'],1

1
p, '=4 [s -(mD+m„, }'][s—(mD-m„, )'],

where the g's are the strong VPP coupling con-
stants, defined by the Hamiltonian X as'" 8, the g, g' mixing angle" defined as

(
gprr p + gpDDI p 'D — —

p

+gDSDr Df7' (DB„1/ Tr B„D)-

+ gDSD„D„*(DB„q—qB„D)

+ gDSD„.DS(DB„q' —q'B„D)+H c. (6)

[q& = cose [8& —sine )0&,

q'& = sine
~

8&+ cose I0&,

Z(P, ~)=-', (~ P+) 2-PLn )
P+1)

and the n's and P's are

Q' =ll

.Q22 =

QSS =

(mD' —m.')' pD* mD
' (&o» —1D,)'

P 11 2p 2 11 2p 2 2p 2' y2 & 11 2p 2 2p, 2

1 (m '-m, ')' 1
2 n & p22 1 2[mD (+n ~DS) ]

P2 - md -' 2P.

1 (mD' —m„, ')' 11+, s — D,"', p$$= 1+ 2[mDS —(&o„, —(DDS) ],
2PS mDS 2PS

Pl P2 ( D2 r}(+Dl™n) 2
P1IP2 mD¹ J

1 [P'+P2'+ mD+'- (~D —~ )'],
2pl P2

1
13 2p p

2 2 (m D' —m, ')(m D' —m „')
P3 ( DS r}( Dl n'} 2

mD ~sl

1
p13 [Pl +P3 ™D ( DS + '} ]

2plPS

1- 2P P.
1

P2'Ps

P,'+P, '+ ((D»+ 10„)((D»+ (O„,)—
m D

p2 +p$ +mDn' —((DD —07„)

with

(p 2+m 2)1/2 2 1 2 2 ~ (p 2+m 2)1/2 ~ (p 2+m 2)l/2 and ~ (p 2+m 2)1/2

We now write the condition for the (IL),/
matrix defined in Eq. (2), having a D pole:
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[Re (detD)], „,= 0.
The elements of (ReD} may be written, using Eq.
(4}, as

ReD j gD Dw ID g P$1r+PDDIP ReD j + ~D Dn
g ReD j +g D Dn' I 1

ll 4 g 11 47T
~ 22 477 22COS28 33 4F 3sln28

V 3 gD Dr gD DnI ReD —~ggD DrgD DnI ReD ~g gD DrgD Dn '
I

j
12 4m "cos8 '

4m "cos8 4m "sin8 '

(i3)

(14)

~ggD Dr gD Dn' I ReD Vt 3 gD DngD Dn' I 1
ReD = ~3gD

31 47t "sin8 ' " 4m "sin8 cos8 ' 4p "sin8cos8 '

where
"

P '(s') F[(P (s'), «(s'Q) d,
w „.p, (s')Ws' (s'-s)(s'-s, )

We next compare" gi with the scattering amplitude

2gD Ds' +D DfI +D Dn

4n 4w
g Q g

4~

gD DrgB Dn.1
s —m e' —An +I' * &3 47t

2 +D Dn

3 4n

2

v3 4w
(16)

gD*D gD*Dn. -2 I"D*DngD*Dn
42 v3 43.

for the D pole, which appears in the direct channels. This leads to three more conditions when the di-
agonal terms are compared:

g-2 D D' X=N (D D —D D )+N (D D —D D )+N (D D —D D ),
4m

2gDD X=N21(D31 D23 —D21 D33) + N22(D11 D33 D13 D31) + N23(D13 D21 —Dll D23) i

" X=
N31 (Ql D32 —D31 D22) + N32(D31 D12 —Dll D32) + N33(D22 Dl1 —D21 D12),

where X = (Re detD)' and

ll 12 13

detD = D„D„D,3
D31 D32 D33

(ia)

In terms of the coupling constants gDnD, /4m=a, gD*D„'/4w= b, gD*D, , 2/4n = c, and g»Dg„, /4m= d, the above
equations become

1+ [bI»+ cI» —aI„—dI,', ]+ [bcI» I» —3bcI» I» —ab(ID» I»+ 3I»I») —dbI,', I» —ac(ID I»+ 3I» I») —dcI'„I,]
32 23 ll 22 33 11 21 13 32 13 12 23 31 13 22 12 21 33

+ bcdI»(3I, 3I32 I22I33)] 0,

-2aXp, ' = a[F1D1 + dI,', ][(1+bI»)(1+ cI») —3bcI»I»] —(p, /p2)3abF»p3cI23I» —(1+I»c)I»]
—(p, /p, )3acF» [W3bI21 I32 —(1+bI22)I3, j,

-', bxp, ' = b F„[(l—aID —dIr, )(1+ cI„)—3 acI„I„]+( p, /p, )3ab F„[~3cI„I„—(1+cI„)I„]
+ (p2/p3) bc F23 [WSaI13 I21 (1 —aI» —dI11)I23],

(19a)

(19b)

(19c)
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2 cXp22 = cF»[(1+bI22) (1 —ai2s2 —dE,'2) —3abI» I2,]+3ac(p2/p, )F» [fbi» I2, —(1 + bi22)I»]

+3b (p /p, )F [ 3 I I —(1 —al —dI,')I ] ~ (19d)

A. xD~nD process

(i) p exchange H.ere we need to solve Eq. (9)
and

t+2P, '(1 —cos8) =0, ~cos8
~

- 1, (20)

which give the position of the singularities in the
complex plane. Equations (9) and (20) then give

s2+2s —(m~ +m, ') +(ms -m, ')=0.
1 —cos8

(21)

To get now the p-exchange region we set' t = (2m, )'
and solve for s from Eq. (21); we find

s = 0.9; 4.5 (22)

indicating a cut from -~ to 0 and from 0.9 to 4.5.
(ii) D* exchange. Here the singularities are de-

termined from the following relation between s
and u:

s+u = 2(m~'+ m.') + 2p,2(1 —cos8)

substituting p, 2 from Eq. (9), we get

[(1+cos8)s'+ 2s [u —(m s2+ m, ')(1+cos8)]

(23)

—(1 - cos8)(m~2 -m, 2)2 = 0, (24)

which leads to the following solutions:

(m ~2 —m, ')'s= ' &0 and —~ for cos8=-1,
N

s=2(m~'+m, 2) —u&0 and 0 for cos8=+1.

B. Dq~Dq and Dq'~Dq' process@8

(25)

In order to find the singularities for these pro-
cesses, we replace m, by m„and m„, in Eq. (24),
the solutions turn out to be

IH. DOMAIN OF CUTS

In this section, we find out the various domains
of cuts for ~D-wB, gD-gD, and g'D-q'D pro-
cesses.

for p=g or g'.
Thus, we find that in all the three processes

described above, the left-hand cuts run from -~
to 0. However, the position of the right-hand cuts
might vary between (1/u)(ms2 —m22)2 and 2(m ~2
—m22) —u accordingly as p= v, q, or q' for various
values of u. For the problem at hand, the three
threshold values are u, = (ms+ m, )', u, = (m~
+ m/2, and u, = (m~+m„, )', so that our range of
interest for the variation of u =m~~' would be be-
tween 4 and 7.9 GeV. The system of Eqs. (19) may
now be solved by treating m ~+' as a parameter and

varying it in the region discussed above. Obvious-
ly for each value of m~*' one would get a prediction
for the couPling constants gs2»/4w(P = w, q or q'),
g„,g,»/4w and the decay width I'(D*-Dv). How-

ever, it may be noted that although the experi-
mental mass of D* is known, a precise value of
F~+ is still awaited. In view of this, we solve the
system of equations taking ms*2 as (m~22)„„
= 4.024 GeV to predict F~+. Regarding the location
of the subtraction point, we choose it at the start
of the left-hand cut in keeping with the convention-
al practice.

IV. NUMERICAL CALCULATIONS

Wraith the location of the subtraction point fixed,
it is now possible to solve the system of equations
given by (19) for the coupling constants gs2 s,2/4w,

gs2~„2/4v, g~2 ~.2/4s, and g„,g~sn/4w. We be-
gin by considering the one-channel process zD- vL) where the D* meson is generated in a direct
channel through the exchange of p and D* in the
crossed channels. In our previous analysis, ' we
had neglected the effects of the D* force; for the
present work, we include its effects as well.

Setting b=c=0 in Eq. (19), we get

1 —OI11 —DI11 0, (27)
-2aXp, '= a&11 +4~»,

which when solved, yield
2

g&*&r =1 5 andg~«g» = 5 9
4m 4m

and

m 2-m22
&0 and -~ for cos8=-1,

Q

(26)

F~* may now be calculated from

gD Br Pl
2 3

4mn wD
(29)

2(m~2+ m22) —u &0 and 0 for cos8 =+ 1 For g~2 s,2/4m= 1.5, I' s* turns out to be- 50 keV,
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-db(I»I» -I»I») (so)

Equations (29) and (30) are now solved for a, b,
and d. It may be remarked that for points below
s„ the second threshold point p, is imaginary and

E» is taken as

F =--/a+b/ 1-/bltan-'-112
1,bl

(31)

so that F»/p2 is always real. Using either the
form (8) or (31) a,s the case may be, the I's may be
calculated in a straightforward manner. We have
evaluated the I's numerically up to 20000 m, and
the remainder using asymptotic expressions. The
results obtained are

2' =a=0.06, implying I'(D* -Dw) =3 keV
(32)

" =b=26. 6, Si~gpDD=-1. 7
m

' ' 4g

The asymmetric parameter P =
~ f»/T» ~

turns out
to be -1.1, thereby indicating that the t matrix is
an approximately symmetric one.

We thus find that the width of the D* is cons id-
erably reduced from what was obtained in the one-
channel case. It is not possible at present to say
whether this reduction is in the right direction
since only a upper limit on ~,„„is available. "

g~+D„'/4w turns out to be rather large in com-
parison with gD*n, '/4w. It indicates that a large

which is not much different from what was cal-
culated with the p force alone. However, the
product of the coupling constants remains in-
sensitive to the addition of the D force, and in-
dicates that g„,'/4w is of the order of 10 (using
symmetry relation (g»J=-'(g„,)) in contrast to
its experimental value of = 3, given in Eq. (7).

We next investigate the effects of the inclusion
of other channels such as Dg or Dg' on these re-
sults and find out whether such channels reduce
significantly the product of the coupling constants
g„, and g»D so that a better agreement of g„,'/4w
with experimental value is obtained.

We consider first the effect of the inclusion of
Dq channel. The governing equations may easily
be read off from the relations given in (19), which
are

1+bI» —dIf, —ab (I,D I»+ 3I» I») —dbI'„ I„=0,
-', Xpa' = sa(p2/p-i)F»In+ Faa(1 Mii —dI,',), (29)

——', Xp, =(aF~, +dFf, )(1+bI»)+(p, /p, )sabI» F»,
where

amount of c leakage may be present in the q state.
'The product of the coup). ing constants g„, and

ppp continues to remain negative. However, the

magnitude has shrunk a good deal which is wel-
come. Using SU(4), this value now predicts g„,'/
4z = 3.4, which is in very good agreement with the
experimental value of g,„'/4w = 3.

However, the value of g„,g,»/4w as obtained
above is very sensitive to the choice of any partic-
ular channel. This can be seen if we introduce the
channel Dg' in place of Dq and solve the equations
as before. The relevant equations in this case are

2p 2X = -3a— I3~ + F33(1 —aI» —dI f~),
P p

1 3

——', XP,'=(aF» +dF~»)(1+cI,3)+P,sac "I»,
P3

"'
X= -aI,', —dI,', + cI,',

,"+—"[1 + cI» —dI f, —ac(I~» I» + 3I»I»)].I I
(34)

It is interesting to note that for a fixed value of
a, the right-hand side of Eq. (34) involves terms
which are linear in c and d. Thus, when Eq. (34)
is substituted into E|ls. (33) one gets a couple of
linear equations which can be solved for e and d.
The solutions turn out to be

2
= c=1.26x102=4. 7gD+D '/4w,

(36)
AP&&gpDD g 6 4

4m

for a = 0.06, obtained in the earlier case.
Obviously such a large value of gD*D„/4w implies

that the cc leakage in the g' state is quite substan-
tial. The other parameter, viz. , g„,g,Dn/4w, also
turns out to be large, much larger than what was
obtained from Dm —Dq channels. This indicates
that the value of g„,g,~n/4w does depend on the
types of the channels used; a more complete set
of forces may therefore be necessary to generate
the D*. However, this problem cannot be taken up
right now owing to the nonavailability of sufficient
experimental informations on the parameters of
the D*.

V. CONCLUSION AND DISCUSSIONS

To conclude, we have considered in this paper
the generation of D* by the exchange of p and D*
in the crossed channels in an N/D formalism.

In the one-channel Dg- Dg case, where the D*
may be generated in the direct channel by the ex-
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changes of p as well as D* in the crossed channels,
we have found that the addition of the D" force does
not make any significant cpange in the value of I'~~
than when it is calculated using the p force alone;
I'~~ turns out to be -50 keV which is well within
the- present experimental upper limit" on I'D~ .
However, the product of the coupling constants

g„,g,Ds/4v comes out to be rather large in con-
trast to out usual expectations. It may also be
noted that although the sign of g„,g,»/4v comes
out to be negative which is similar to what had
been observed by Diu et.a/. ' for pen and pKX coup-
lings in the E* case, the magnitude of g„,g,»/4v
comes out to be smaller than that of g„,g, rX/4v by
more than a factor of 2. This is an encouraging
result, since this in turn indicates that

gfDD ~ gi &71

gpgg gpre

The inclusion of the Dg channel greatly reduces
the width of the D*, and the reduction factor turns
out to be -j.5. However, it is not possible to say
at present whether this reduction factor is welcome
until a precise experimental value on I'D* becomes
available. The product of the coupling constants

g„,g,»/4v is also considerably shrunk-corres-
ponding to the value obtained, SU(4) symmetry
gives g„,'/4m=3. 4 which is quite close to the ex-
perimental value of =3. However, g„,g,»/4w is
very sensitive to the types of channels used.

The gD~D„'/4v and g~~~„./4v couplings come out
to be rather large in comparison with g~*~,'/4w.
This indicates that a large amount of cc compon-
ent may be present in both g and q' —a theory ad-
vanced by a number of authors' to explain the non-
zero decay rates of 4 —qy and g -q'y processes.

sector. Following Gell-Mann, Oakes, and Hen-
ner" (GMOR), one can express the meson masses
as

m,,'=, (Wg, +g,),vT+ l
(Al)

m, '=-, (2W(, —~,), (A2)

m„=—,(sin8 —f cos8)(cos8$, —sin8$, )
Ie

r'

+I (cos i — i c os e —i s in e)

1x g, cos8+ g, sin8 —g, cos8

P+

, -( cos 8+l sin8)(sin8$, +cos8],)
laa

+ sinii - i sin9+ i cosH)

I'1
p, sin 8 —F„co8s—g, sin 8

(A4)

where 4 =(O~sc& ~0), f is a pseudoscalar decay con-
stant, / is a parameter corresponding to the sym-
metry-breaking Hamiltonian density 0= -u, —Eu,
and the u, 's are the scalar densities which belong to
the (3, 3) +(3,3) representation of chiral SU(3)
xSU(3) in the (u, d, c) quark" sector Equat. ions

(A1} and (A2} give the following estimate of i by
making the GMOR assumption that the vacuum is
SU(3) symmetric:
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APPENDIX

In this appendix, we shall determine the mixing
angle 8 appearing in Eq. (9) in the (u, d, c) quark

tyi 2-m 2

2' D
(AS)

(vY- f) —2' tan8+ W~an 8

m, , (W- l)tan28+ 2~l tan 8+~ '

8 may be calculated using Eq. (A5); 8 turns out to
be ='-26'.

(A6)

Eliminating f from Eqs. (A3) and (A4) which gives
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