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The zero in the angular distribution of the process gg—y W (discovered by Brown, Mikaelian, Sahdev, and Samuel)
when the magnetic moment of the W has the Yang-Mills value, is shown to be a consequence of a factorizability of
the amplitude into one factor which contains the dependence on the charge or other internal-symmetry indices, and
another which contains the dependence on the spin or polarization indices. In gauge theories generally, this
factorization is found to hold for any four-particle tree-approximation amplitude, when one or more of the four
particles is a gauge-field quantum. The factorization hinges on a “spatial generalized Jacobi identity” obeyed by the
polarization-dependent factors of the vertices, in analogy to the generalized Jacobi identity obeyed by the charge-
index-dependent factors. We emphasize that observation of the process gg—yW in pp collisions or the decay
W—qqy provides a direct test of the prediction of gauge (Yang-Mills) theories for vector-vector-vector couplings,

just asmuchas wouldete —»Z—->WtW .

Brown, Mikaelian, Sahdev, and Samuel' (BMSS)
discovered that the angular distribution of the
process g7 — Wy in lowest order has a zero (at
an angle which depends on the charge of the quark
q) if the magnetic moment of the weak boson W
has the value given by the standard electroweak
model. This value is equivalent to the fact that
in the model the W-W-y vertex, like all vector-
vector-vector vertices in gauge (Yang-Mills)
theories, has the Yang-Mills form, symmetric
in the three vector particles. Therefore, the
study of the angular distribution of the process'?
q7 — Wy, or the energy distribution® in W - qgy,
directly probes the gauge structure of the theory
in the same way that measurements of processes
such as e*e"~Z - W*W~ would.

The BMSS zero is surprising, because the dif-
ferential cross section of the process g7 ~W,
is the sum of many partial cross sections for the
different spin (polarization) states; these must
all vanish together for the (unpolarized) cross
section to vanish. Why does that happen? The
answer is that the lowest-order (tree-approxi-
mation) amplitude for the process can be factored
so that all the charge-index dependence is in one
factor and all the polarization dependence is in
another factor. The BMSS zero is in the first
factor, and is thus common to the amplitudes of
all polarization states.

We shall show below* that in any gauge theory
such a factorization of the internal-symmetry-
(charge-) index dependence and the polarization
(spin) dependence into separate factors holds for
any tree-approximation four-particle amplitude
when one or more of the four particles are gauge-
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field bosons. For clarity, before doing the general
case, we first do a simple example.

Consider a vertex of three charged scalar par-
ticles. To get the scattering amplitude for these
particles plus a photon, we attach the photon to
each leg in turn and sum the diagrams, getting

A.B
> <1>

We have separated each diagram into a charge
factor (A4,), a polarization-dependent factor (B,),
and the propagator denominator (C;). Their ex-
plicit expressions are listed in Table I, using
the kinematics defined in Fig. 1. [In Eq. (1), as
throughout this paper, we omit from amplitudes
overall constant factors, such as the coupling
constant of the three-vertex of the three scalar
particles.] Notice that

2 A=) B;=) C;=0 (2)
i 1 1
from charge conservation, energy-momentum
conservation »J.p;=0, and the massless p>=0
and transverse p - € =0 properties of the photon.
The relations of Eq. (2) allow us to write 4 in
factored form,

TABLE I. Factors for the processes of Fig. 1 for
three charged scalar particles and a photon. The ampli-
tude is given by A= E,-A,-B/C,-.

Diagram A; B; C;
1 @ b€ b1°p
2 Q b€ ba2ep
3 —(@1+Qy) p3- € p3p
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(p1'€|'°1)

(p,€,0)

(p; ,e;,u;)/

(p ,83,03)

(p2’£2'°2)

FIG. 1. "A tree diagram; the p; are (incoming) four-
momenta, the €; are polarization vectors and the q; are
internal symmetry charges. In each of the other two
tree diagrams the photon, labeled (p,€,a), is attached
to another particle, 2 or 3, respectively.

...AlBl +A2B2 + A3B3

Aot

or in equivalent forms in which 1, 2, 3 are per-
muted. Equation (3) exhibits the factorization
described above, in which the charge dependence
(in the A,) and the polarization dependence (in the
B,) of the amplitude occur in separate factors.
Inserting the expressions from Table I, we have

c )0 — (b - pYo.f(PanE _PrtE
A= (6,00 - 0 P)Q2]<p2,p pl,,p). @)

The amplitude and therefore the cross section
vanish at the angle

)
D2d Q" )

For massless particles this can be simply written
in terms of Mandelstam variables as

A=(Qu- ta)[‘ﬁzi”-ﬂ‘—’“], (49

stu

which vanishes at the angle ¢/u=Q,/Q,.

As we will show further on, the structure of
Egs. (1) and (2) remains unchanged when the par-
ticles are given arbitrary spins 0, 3, or 1, and
thus the factorization Eq. (3) continues to hold.
In the process! gg —yW, if the g7 and W are la-
beled 1,2, and 3, respectively, the B; are

B, =v(p2)I‘u(ﬂ1 +#)’Yv“(p1)<':;€ it
Bz=U(p2)'yv(ﬂ2+p')l"uu(p1)€;‘€", (6)
By =0(p,)T?u(p,)C,,,, (= (05 +), 05, P)E5 €,

where

Cmv(plspZ,ps)=gxu(p1 _pz)v'l'gu W2 _ps)x
+gvx(ps"'p1)u ’ ‘

where T, =y, (a+by;), with ¢ and b arbitrary. For
simplicity we have taken the quarks to be mass-
less; in the massive case, B, would have an ad-
ditional term ~m,? [ see Eq. (11b)] because of
nonconservation of the axial-vector current. Note
that in B, and B, the coupling of ¥ to a quark has
been taken to be the minimal (Dirac) coupling,

and in B, the coupling of y to W has been taken

to be the Yang-Mills coupling. The relation
72,B,=0 and the consequent zero of the differ-
ential cross section would not hold if we used
different couplings, e.g., different magnetic
moments of the quark or W, rather than the
minimal couplings required by the Yang-Mills
gauge theory. In this sense a reaction such as

qq —Wy provides a direct test of the underlying
gauge theory.

As another example covered by our general
theorem, we mention ¢7 -gg, where q is a qliark
and g is the color gauge boson (gluon). The
color-charge factors of the three tree diagrams
of Fig. 1 are (T°T?)/t, (T°T%)/u, and [T°,T®)/
(u+1), respectively, and the cross section is

do _ (T"T"u + T“T%)z_qg
o u+t g

_ (7
Abelian
which again displays the structure of Egs. (3)—(5).
Oabelian iS the e€ —-yy cross section.

We now turn to the general result,* which we
state as follows:

Let 1, 2, 3 be three particles which have ar-
bitrary masses, spins <1, and (belong to) rep-
resentations of a local (gauged) semisimple in-
ternal-symmetry group G. (Any of the three
particles may be the massless gauge boson g
of G.) Let the three particles have a coupling
(three-vertex) which is invariant under G as well
as the Lorentz group, is minimal (= renormaliza-
ble), and which factorizes. Then the tree-diagram
S-matrix (mass-shell) amplitude for the four
particles 123g, constructed from the minimal
gauge-boson-particle couplings and the 123 three-
vertex specified above, factorizes.

The demonstration of this result hinges on a
property of the three-vertices which has not been
previously recognized, to our knowledge. It is
a kind of Jacobi identity for the polarization-de-
pendent parts of the three-vertices [Eq. (14) be-
low], analogous to the Jacobi identity of the
charge-index-dependent parts [Eq. (12) below].

No physical significance or general demonstration
(as opposed to case-by-case verification) of this
identity is known to us.
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By our assumptions, the three-vertex of part-
icles 1, 2, 3 has the form

I VIR(p.p,0,,€,656,), , (8)

where the a; are internal-symmetry (“charge”)
indices (each a, stands for several numbers if
G is of rank higher than one), the p; are incoming
four-momenta (23p; =0), and the €, are polariza-
tion “vectors”, viz., four-vectors for spin-1
particles, spinors for spin-4 particles, and (trivi-
ally) scalars for spin-0 particles. The factor
I“ffa +5 18 @ Clebsch-Gordan (CG) coefficient of
G. The factor V'* ig a Lorentz invariant and is
linear in each of the €,. For the various spin
possibilities we give the minimal V% in Table
1I.

The three-vertex of the gauge-boson minimal
coupling to, say, particle 1, is a special case
of (8), namely,

T, Vi (ippy, €56, ®
J

TABLE II. Minimal (=point=renormalizable) coup-
lings.

VIB(pipaps, €1€2€3)

0 0 0 1

0 0 1 (p1—paee

0 1 1 none

1 1 1 (p1—pre€ser €&
+(py—p3)- €1 € €
+(p3—p1)- € €3¢ €1

L% 0 Frve, v=at+bdys

L1 Ghre

Since g belongs to the adjoint representation of
G, the CG coefficient I‘,lz.i'tal is a matrix of the
generator J, of G.

The tree-diagram amplitude for the 123g four-
vertex is

A123g = ; s r\lglll[(2p1 D +P2 +P12 - m12)-1vl23((p1 +P)Pzp3 ) Eiezes)Vlgl("(pl +P)PP1 ) €—1'€€1)

Xazas xaa.

—€- aprlzs(plpzps,€1€2€3] s

where 2(3, means the sum over the three terms
resulting from replacing the role of particle 1
(to which g is attached) by particles 2 and 3, re-
spectively. There is also an implied sum over
the repeated indices of the intermediate particle,
namely, the charge index x and the polarization
€,; the sum over the latter means a sum over a
complete set of polarizations, with the results

€€, =m, +#, for Dirac particle, spin 3

=—m,+§, for antiparticle, spin 3  (11a)
and

€,€ =1-p,p,/m?* for vector particle, spin 1.
(11p)

The bars on ¥ and €, are relevant only if non-
self-conjugate bases are used. The last term
in (10) (which has no propagator factor) is a sea-
gull, resulting from the momentum dependence
Of V123

One can verify gauge invariance, i.e., that if
€ is replaced by p the amplitude (10) vanishes
when the particles 1, 2, 3 are real, i.e., on the
mass shell (p,? =m,?) and with physical polari-
zation. In all cases, this vanishing of (3) comes
about as follows: When € =p and 1, 2, 3 are real,
the quantity in the square bracket is the same
for all three terms; consequently (10) is propor-

(10)

tional to the sum over the charge-index factor,
which vanishes,
U2, Tl + T2, T8 4 TV rie
=) iz i =0. (12)

This vanishing is the statement that P},i:;zaa is an
invariant coupling of the three representations,
in view of the fact that the I'j% are matrix ele-
ments of the generators. In th{a special case
that all particles are gauge bosons, the I'}%, .,
= I‘;’fgzas are the structure constants and (12)
is the Jacobi identity. Hence we can call (12) the
generalized Jacobi identity.

We now come to the factorization. The tree
amplitude (10) has the form of Eq. (1), where
the A; are the charge-index factors I'2*I''¢!  the
B, are the polarization-dependent factors V%
Vigt and the C, are the propagator denominators
2p, - p+p*+p 2~ m;2. When all particles (including
the gauge boson) are on the mass shell, i.e.,
p2=m? and p*=0, the sum of the C; vanishes,

3Ci=Y 2,-p=-2p7=0. (13)

According to Eq. (12), the sum of the 4; vanishes.
When all particles (including the gauge boson) are
physical, i.e., on the mass shell, and the vector
particles are transverse, p;-€;=p+€=0, the sum
of the B, also vanishes, i.e.,
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%;[Vlza((fM +D) P, E16253)"15’1(‘(1’1 +p)pp,,€1€€,) — €+ 8‘,1V123(p1pzp3 »€1€2€,)] =0 (14)

This “spatial generalized Jacobi identity” is
easily verified for all cases, but we do not know
a more abstract demonstration. From the pre-
ceding, namely

© A=) B;=)C,=0, (15)

factorization follows, as previously described
in Egs. (1), (2), and (3), namely,

i;AIBi/Ci=f(A{7ci)g(Buci)a (16)
i.e., the dependence on the A, (containing the
charge indices) and the B, (containing the polari-
zations) occurs in separate factors.

We make a brief comment on many-particle
amplitudes. Consider a five-particle tree am-
plitude A,,,,,, which we construct as before by
attaching a gauge boson to a four-particle tree
amplitude A,,,,. The simplest case would be that
all four particles are spin-0, and are coupled
by a point four-vertex (i.e., we assume they have
no three-vertices). The above considerations
go through with the replacement of I''2 py 2
and V28 by V124 (=1); the sum 2,4, becomes 27,

in Eqgs. (10, (12), (13), (14), and the left-hand
side of Eq. (16). The vanishing of the sums,

Eq. (15), holds; the sole difference is that now
(with 7 running over four values instead of three)
factorization, Eq. (16), does not follow.

One also easily verifies that factorization does
not occur for the case that the four spin-0 parti-
cles are coupled by three-vertices, so that the
tree amplitude 4,,,, is a sum of three terms.

In the case that some of the particles have spin
greater than 0, the tree amplitude 4,,,, itself
does not factor in general (if one or more of the
particles are gauge bosons, the tree amplitude
A, .., factors, but only when all four particles are
real), so it is not unexpected that the amplitude
A, 434, does not factor.
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