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We suggest that a phase transition between ordinary hadronic matter and quark matter is detectable in heavy-ion
collisions by observing lepton-pair production spectra. Pair production rates are estimated on the basis of a "fireball
model" of nuclear collisions. The presence of quark matter in the initial fireball should be revealed by an
enhancement of the lepton-pair production rate at invariant masses between 200 and 600 MeV. Observation of
lepton pairs within this mass interval is expected to serve as a sensitive diagnostic tool for probing the properties of
bulk hadronic matter at high temperatures and compressions.

I. INTRODUCTION AND SOME QUALITATIVE
CONSIDERATIONS

It is expected that hadronic matter undergoes
a phase transition: At high temperatures and
densities it appears as a gas composed of quarks,
antiquarks, and gluons, whereas under "normal"
circumstances (moderate temperatures and den-
sities) it can be viewed as a fluid composed mainly
of baryons and pions. ' Both the existence and the
nature of such a. phase transition are a matter of
conjecture at present. Under normal circum-
stances, the quark phase must be a highly un-
stable one; hence it is not expected to be seen on
time scales much larger than the characteristic
time of hadronic reactions, t, =m, '=. 3x 10"sec.
Although the quark phase of hadronic matter may
become stable in "exotic" environments (such as
in the interior of heavy stars), a direct observa-
tion of the existence of this phase under terrestrial
circumstances would be,very desirable. As em-
phasized by Chin, ' Olive, ' and other authors, the
quark phase of hadronic matter is likely to be
present (for times of the order of 10 23 sec) when
heavy nuclei undergo central collisions at suffi-
ciently high energies.

he observation of the quark phase is made
difficult by the fact that the dynamics of the col-
lisions tends to mask its presence. In particular,
physical hadrons emerge from the collisions as
a result of complicated, multiple interactions.
Even though the quark phase may be present at
the initial stages of the collision, the final had-
rons are unlikely to retain a memory of that
stage. ' It is physically plausible that a, signature
of the quark phase is carried by those reaction
products which emerge from the initial "fireball"
essentially without rescattering. This suggests
that one should try to detect a phase transition
from hadronic to quark matter by observing the
production of photons, leptons, etc. , in central
collisions of heavy nuclei.

In this work we investigate lepton-pair produc-
tion from such collisions, since, on intuitive
grounds, heavy virtual photons are the .most likely
candidates for transmitting information about the
initial stages of a nuclear collision. It is imme-
diately obvious that —due to the extremely com-
plicated dyna. mics of the collisions —some dra, stic
simplifying assumptions have to be made in order
to make the problem tractable. 'To this end, we
imagine that the collision process between heavy
nuclei can be broken up into essentially three
stages; also, for the sake of simplicity, we treat
only collisions between two equal nuclei of atomic
numbers A/2. (The last assumption is inessential
and it could be easily discarded within the frame-
work of our three-stage scenario; however, no
essentially new physics would be learned there-
by. ) The stages of the collision process are the
following.

Stage 2. The colliding nuclei penetrate each
other and the nucleons begin to exchange energy
and momentum.

Stage 2. The colliding nuclei completely lose
their identities and they merge into a hot initial
fireball of baryon number A, which is at rest in
the center-of-mass system (c.m.s.).

Stage 3. The fireball expands and cools, even-
tually ending up in nucleons, pions, etc. , emerg-
ing from the collision.

We assume that at stage 2 the initia. l fireball is
essentially in thermal equilibrium at a tempera-
ture which is determined —via. the equation of
state —by the available energy in the c.m.s. Its
initial volume can be estimated by assuming that
(after merging into a fireball) the hot hadronic
matter is contained in the volume appropriate
for A/2 nucleons in their ground state. The ex-
pansion process following this stage can be ap-
proximately described by means of classical rel-
ativistic. hydrodynamics: this corresponds to
stage 3 above. We thus estimate the initial volume
of the fireball by the standard formula
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where y is the Lorentz factor in the c.m. s., »z-,

(1.2)

A being the kinetic energy per nucleon of the pro-
jectile measured in the laboratory system, m„ is
the mass of nucleons, while xp is the length deter-
mined by the equilibrium density (n, = 0.17 fm ')
of normal nuclear matter: yp= 1.12 fm. As indi-
cated before, we expect &p = 2; however, in order
to allow for the fact that nuclear matter may be
excited during the penetration stage, we leave /(p

as a free parameter. We remark in passing that
spy is the compression ratio of the hadronic
matter enclosed in the initial (Lorentz-contracted)
volume, i.e. , n/n, = g,y; thus g, would be the com-
pression ratio corresponding to two nuclei
squeezed together at zest. Within this framework,
we expect that timelike virtual photons (manifest-
ing themselves in lepton pairs) are predominantly
radiated during stages 1 and 2 of the collision pro-
cess. Indeed, if phase transition into quark matter
is taking place as expected, the dominant source
of lepton pairs should be the annihilation of quark
pairs into virtual photons during stage 2. The pen-
etration stage (stage 1) is expected to contribute
a background of lepton pairs which is unavoidably
present, but it is irrelevant from our present point
of view, whereas stage 3 is not expected to con-
tribute substantially to the creation of lepton
pairs.

It is obvious that without a detailed knowledge of
the dynamics of heavy-ion collisions, it would
be an entirely futile effort to strive for an accurate
quantitative description of lepton-pair production
in those collisions. Rather, we concentrate on
what we believe to be the qualitatively important
aspects of the problem at hand. Accordingly, in
Sec. II we briefly review the statistical mechanics
of hadron matter at high temperatures and den-
sities from an e lementary point of view. The
production rate of lepton pairs from quark pairs
annihilating in thermal equilibrium is estimated
in Sec. III, while, for purposes of comparison,
the same production rate is estimated in Sec. IV
under the assumption that a phase transition to
quark matter is not taking place. Section V is
denoted to an elementary discussion of the ex-
pansion of the initial fireball; as a result, we are
able to integrate our thermodynamical formulas
over the history of the expanding fireball. More-
over, we acquire a refined and somewhat more
reliable picture of the expansion; hence, the qual-
itative picture sketched above receives some sup-

port from actual calculations. The results are put
together and discussed in Sec. VI.

II. STATISTICAL MECHANICS GF HADRON MATTER:
AN ELEMENTARY REVIEW

There is no truly satisfactory theory of the phase
transition between normal hadronic matter and
quark matter available. However, normal hadron-
ic matter can be satisfactorily described by
Walecka's effective field theory' supplemented by
the explicit contribution of pions to the free ener-
gy. ' Alternatively, one may use an effective
chiral field theory, together with a neutral vector
field. ' (The latter is necessary in order to pre-
vent hadronic matter from collapsing at high den-
sities. ) On the quark side, some truncated ver-
sion of quantum chromodynamics (QCD) is
used"'; the equilibrium between both phases is
then determined according to Gibbs' rules. (An
exception to this practice is the calculation by
Dicus et al. ' These authors discover a phase
transition in quark matter by using a self-consis-
tent calculation based on truncated QCD alone.
However, no detailed properties of ordinary had-
ronic matter are available from this calculation. )

'The heating curves of hadronic matter as a func-
tion of the incident laboratory energy, K and the
compression ratio, n/n, were calculated by Chin. '
We recalculated these heating curves by taking
into account the fact that the compression ratio
itself is a function of the incident energy (see Sec.
l). Thus, the heating curves are conveniently
parametrized by A and the compression ratio at
x'est, gp. Our results are shown in Fig. 1, for gp

near its conjectured value (z, =2). We observe
that the limiting temperature (T„=190MeV) is
reached somewhat slower than according to Chin's
calculations. This is due to the fact that the com-
pression ratio increases with the incident energy.
At moderate values of n/n„ the effective attrac-
tion dominates over the short-range repulsion;
this tends to decrease the temperature of hadronic
matter.

Critical baryon densities as calculated in Refs.
2 and 6 are plotted in Fig. 2. We also plot there
the relationship between the density and tempera-
ture for &p= 2, as computed on the basis of Eqs.
(1,1) and (1.2) and the heating curves shown in Fig.
l. (The latter curve is parametrized by the inci-
dent energy K.) The results of Chin' and Kuti et
al. ' differ substantially. We believe that this is
due to the fact that Chin takes a phenomenological
approach to the long-range part of the gluon-med-
iated interaction between quarks (and he fits some
low-lying hadron masses), whereas Kuti et al.
calculate the properties of quark matter from
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FIG. 1. Heating curves of hadron matter in heavy-nu-
cleus collisions based on Ref. 2. Chin s heating curves
are recalculated by taking the Lorentz contraction of the
volume into account.
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FIG. 2. Critical baryon densities according to Befs. 2
and 6 (dashed curves). Continuous line: density-temp-
erature relationship of hadronic matter, parametrized
by the incident laboratory energy per nucleon.

first principles, by taking the normalization mass
A (and the value of the strong coupling constant at
A) from high-energy data. . At present it is hard
to estimate the accuracy of either calculation;
however, the difference between the two critical
curves leads to dramatic consequences. By look-
ing at the intersection of the heating curve with
that of the critical density, we discover that ac-
cording to Chin's calculation, the critical density
is reached at an incident energy of about 2.4 GeV/
nucleon. By contrast, using the critical curve of
Kuti et al. , we would predict that the critical den-
sity is not reached until an incident energy of about
24 GeV/nucleon. Chin's semiphenomenological
theory is parametrized so as to fit low-energy
data; therefore, in what follows, we continue to
use his results, despite the fact that the calcula-
tions reported in Ref. 6 are somewhat more sa-
tisfying from a theoretical point of view. (The
calculations reported in Refs. 2 and 6, respec-
tively, represent two extreme cases. Results
obtained by other authors' tend to lie between
these two. )

We take into account quarks of two flavors' and

of three colors; gluons are assumed to be mass-
less (hence transverse), forming a color octet;
hence their degeneracy factor is G =16. Neglect-

ing the short-range part of the gluon-mediated
interactions entirely, the thermodynamic poten-
tial of the qua, rk-gluon system becomes

1p= ——= —B+
V 6n'

00

x e~" I"'+1 et'«&'+ 1 et'& —1,
(2.1)

In this equation, P = T '. T' he first term on the
right-hand side is proportional to the density of
condensation energy needed to form hadrons out
of quarks and gluons; we treat this term as a
phenomenological parameter, independent of the
temperature and chemical potential. (This amounts
to assuming a constant "bag pressure" in the bag
model of hadrons. Presumably, such a term ac-
counts for the long-range part of gluon-mediated
interactions in a, mean-field approximation. ) The
three terms of the integrand in (2.1) correspond
to the contributions of quarks, antiquarks and
gluons to il/V, respectively, p being the chem-
ical potential corresponding to baryon charge.
No chemical potentials are introduced for flavor
and color quantum numbers. 'The contribution of
gluons to the pressure is easily evaluated; we
find p(glue) = 8v'T'/45. Turning now to the contri-
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bution of quarks and antiquarks, we put pq=x,
JLI p, = y, and g = 12; this gives

8T4 ", 1 1q(q+q)=, dqq', „+,„)0 q

where

8T4
= 3,, l&', (y)+&' (y)],

(2.2)

" dxx'

0

We substitute new variables by t =x *y, respec-
tively, which gives

"dt(t+ y)' 'dt(t —y)'
e'+ 1 e"+ 10 0

The combination occurring in (2.2) can be eval-
uated in closed form because the sum of the in-
tegrals over the interval (O, y) reduces to the in-
tegral of a polynomial. We find

4 7 2 P 1
P (q+ q) = T' —))'+—+

30 T 2w2 T (2.3)

Thus, the expression of the total pressure be-
comes

, 37 p' 1 p4P=T' —+ —+ —-B
90 T2 2~2 T4 (2.4)

The temperature and the chemical potential can
be determined by means of standard thermody-
namic arguments from the conservation of the net
baryon charge and energy. We have

3A. Bp Z ap epg:——=-p —P —+ p, —
y e~' y ap s) ' (2.5)

where E=. m„yA is the total energy available in
the c.m.s. 'This leads to the equations

9yy„2 1= 2$T 1+
4m' '

7t T'
0

m, y'&0

4py 90 3777 T 37/~ T

(2.6)

Gbviously, these equations make sense physically
only at sufficiently large temperatures and/or
compressions; otherwise matter exists in its
hadronic phase. On keeping q0 fixed and letting
y —~, we discover that p, tends to a finite value,
given by

9 74~3 1/2 1/2

„12 =(196 MeV)w, 'i'.
Bm 45 '

v, r,m)q)' '
(2.7)

This formula can be used for 90').„'/37''T' ( 1,
i.e. , for T& 130 MeV. We determine the value of
the parameter B by matching the temperatures of
the quark and'hadronic phases at the point where
the heating curve intersects Chin's curve of cri-
tical baryon density. ' In this way we obtain B'
= 180 MeV. This is to be compared with the value,
B"'=190MeV, used in Ref. 2. 'The difference
of about 10 MeV is a rough measure of the short-
range contribution to the thermodynamic potential.
It is completely neglected in our calculations,
whereas it is included in Ref. 2 in its Akhiezer-
Peletminskii form. " We see that the short-range
contribution to 4 is quite small; this fact is
easily understood in qualitative terms. At high
temperatures (Tz 130 MeV), the Fermi sea is
not completely depleted [see E(l. (2.7)]; this is
due to the fact that with rising temperatures the
quark ga.s is also increasingly compressed. 'The
low-momentum components of the single-gluon-
exchange (Akhiezer-Peletminskii) contribution to
&~ are therefore suppressed due to the Pauli prin-
ciple, whereas its high-momentum part contri-
butes little due to the rapid decrease of the Fermi
distribution for q& p,„. In concluding this section,
we notice that the equation of state reads

& = 3p+ 48 . (2.9)

III. PAIR PRODUCTION FROM THE QUARK PHASE

4p(y2 2m 2
I 4m 2 1/2

1+ (3.2)

We compute the rate of lepton-pair production
arising from the annihilation of quark pairs in
the fireball. We use a semiclassical approxima-
tion, assuming that the fireball can be subdivided
into portions which are locally in thermal equil-
ibrium. This implies that the phases of the quark
wave functions are random, hence, the produc-
tion is predominantly incoherent. Under these
assumptions, the number of lepton pairs in a
space-time volume element d4x and of invariant
mass M is given by the elementary formula

q. „M. =q Zf q'qq'qo(q')q(q )q,q.q(q, )q(q. )

&& Q, ' vn, (q, )n, (q, )5(M' —(q+ q)') .

(3.1)

In this equation, 0 is the elementary annihilation
cross section into leptons of mass m, :

In the high-temperature limit we have the useful
estimate

(2.8)

n, (n~) stand for the distribution of cluarks (anti-
quarks) of flavor, color, and helicity 0 and of
charge Q~, whereas n stands for the relative ve-
locity of the annihilating quark pair. It is given by
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Q' '
Q

q0q0
' (3.3)

x 8(4q,q,
-' s ) n(q, ) n(q, )

5 M'(7 "
dq„dq„8(4q„q, -M')

)
3 (2)))', (e() «o-»+ 1)(e()«oe) )+ 1)

'

We introduce dimensionless variables by the sub-
stitution pq0=x, pq0=y, pp=z, and pM =u. We
have then

5 0+2~2
d'xdM' 3 (27()'

where
" dx dy 8(xy -u'/4)

(e -z+ 1)(e'en+ 1)
.

(3.5)

The function E(u , z) canno. t be evaluated in terms
of known transcendental functions; however, it
can be approximated by a simple and convenient
interpolation formula. 7o this end, we notice
that E(u, z) can be explicitly computed in the
limits u-0 and u-~. We have by elementary
integration

8' 82
E(u, z) ~ ln2 cosh — ——=ED(z) .

(u ~0)- 2 4
(3.7)

In order to evaluate E(u, z) in the limit as u- ~,
we first integrate over y. I'his results in the
following expre ssion:

F(u, z) = „, ln(1+ e ~~ ')dx 4x

0

8 ~ u /8'dX 2
X' 8

(u ) 0 ~ +

In the last integral, contributions from small
values of x are exponentially suppressed. I'here-
fore, we may replace the first factor of the inte-
grand by its Boltzmann approximation. This
gives finally

E( , x) efdxe * "'e = -ee, (x) X( ): (8.8)=—

here are many formulas which interpolate be-
tween Eqs. (3.7) and (3.8). A reasonably accurate
and convenient interpolation is provided by dia-
gonal Pade approximants to E,/E„; on choosing
the (1,1) approximant for the sake of simplicity,
we get the following approximate expression for

We take into account two flavors (u, d); heavy
flavors are suppressed at the temperatures of in-
terest.

With this, Eq. (3.1) is reduced to the following
expression:

dq, dq, ds s5(M' —s)dN 30 ~g20

E(u, z):
u+ (ln2 coshz/2)' —z'/4

A+

We can now put our results together; the pro-
duction rate of lepton pairs from the quark phase
of the fireball is given by the approximate for-
mula

dN 5 M'vT' u+ (ln2 coshz/2)' -z'/4
d'xdM' „-. 3 (2)))' u+1

(3.10)

It is worth noting that the (1,1) Pade approximant
is found to be quite accurate in the high-tempera-
ture region, where z -0. More accurate results
can be obtained by numerical evaluation of the in-
tegrals; however, the present approximation is
simple and adequate.

IV. LEPTON-PAIR PRODUCTION
WITHOUT PHASE TRANSITION

Lepton-pair production from the normal ha-
dronic phase can be computed along the same
lines as outlined in the previous section. There
are several processes which can give rise to
lepton pairs from the hadronic phase, for in-
stance,

ll +X,
m'N- ll +X,
NN- ll +X .

(4.1a)

(4.1b)

(4.1c)

Given the fact that the hadronic phase quickly
reaches a limiting temperature T„=190 MeV
and thus the average energy per particle is of
the same order of magnitude, the reactions (4.1)
can be safely replaced by their exclusive counter-
parts for kinematic reasons. 'The contribution of
(4.lc) is found to be negligibly small, essentially
because there are hardly any antibaryons present
at those temperatures. We also estimated the
contribution of lepton pairs from (4.1b) in its ex-
clusive forms, rN —l l + N, rN —ll + 4, taking
N and 4 intermediate states into account. 'Tran-
sition form factors were approximated as in Ref.
11. We found that the contribution from (4.1b)
is a small fraction of the pion annihilation con-
tribution, at least for invariant masses M & 100
MeV. This result can be understood on intuitive
grounds. The density of pairs of hadrons
(e.g. , wN) as a function of their invariant c.m. s.
energy v's is given by expressions of the same
type as discussed in the previous section, cf.
Eq. (3.4). Such densities decrease exponentially
for (vs -QM, )& T, where M; stand for the rest
masses of the initial hadrons. At small c.m. s.
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energies the process mN —ll +N is suppressed
by the large energy denominators in the matrix
element. Near the & —mass, where the cross
section would be enhanced by the resonance, the
probability of having a. sufficient invariant energy
is already in its rapidly decreasing tail.

With these considerations in mind, we estimate
lepton-pair production in the hadron phase by
computing the rate from the reaction m'v - ll .
(As discussed before, this is a slight underesti-
mate. ) The pair production rate is given by an
expression very similar to (3.3) with two impor-

I

tant differences: (i) the weight of a 7T'v pair
annihilating into a lepton pair is 1 instead of —",

(@ =1, but no spin, color, and flavor degeneracy);
(ii) the elementary cross section (3.2) is modi-
fied due to the presence of a pion form factor
E,(M') W.e estimate the number of annihilating
pion pairs of invariant mass M by the same pro-
cedure as in the previous section; however, now
the rest mass cannot be completely neglected.
After performing the trivial integrations, we find
the following expression for the lepton-pair pro-
duction rate from the hadron phase:

dN 1 o IE,(M') I', », " (M'
d'x dM' 2 (2v)'

M(M' —4m )' ' hdtv(E) (E)el ——m' —EX+)(E' —m'))X' —m'))' ')
2

M
&&9 m +EE+ E —m E —m

2
(4.2)

where m is the pion mass and v(E)= (-1+expPE) is the equilibrium distribution of pions. Again, we in-
troduce dimensionless variables by the substitution PE=x, PE=V, v'=P'(M' —4m'). We evaluate the re-
sulting integral in the high-temperature limit by neglecting terms of the order of P'm', this approxima-
tion simplifies the calculations considerably and its accuracy is adequate for our present purposes. In
this approximation we have

M(M 4m ) 9(M 4m )G (4.3)

where

G(v, Pm) = dx dy 9(4xy —v')v(x)v(y) . (4.4)

Elementary integration leads to the following expression:
v2/ 4j3m

G(v, Pm) = (jnPm)'9(2/m —v)+ 9(v —2)gm) lnPm ln(1 —e " '~
) — „ ln(1 —e ' ~) + O(P'm') . (4.5)

am

The last integral can be approximated by expanding the integrand as in the case of quark-pair annihilation.
A simple and reasonably good interpolation formula is

V2/ 48fff

ln(1 —e ~~) = -(v —2Pm)A, (v) .
~m

e" —1

Thus, we have finally

G(v, Pm) = (inPm)'9(2Pm —v)+ 9(v —20m)[lnPm ln(1 —e 'i ~ )+ (v —2)gm)K, (v)] . (4.6)

(The derivative of this approximate expression has a small discontinuity at v = 2Pm; however, this is not
noticeable for the temperatures of interest to us. )

The pion form factor can be well approximated by the Gounaris-Sakurai formula. " For our purposes,
however, a. simple pole approximation is adequate since pion annihilation near threshold is kinematically
suppressed. Therefore, we choose

rn 2

Z!M'}=
2 ~2 ~~ I

p p

with pFEp 776 MeV, I"= 155 MeV. Putting our results together, we have the following estimate of pair
production from the hadron phase:

(4.7)

d'x dM', „2(2v)' (m, ' -M') + m, '1'

x 1(lnpm)'9(8m' —M')+ 9(M' —8m')[1npm ln(1 —e '~ ~ )+ (v —2pm)E, (v)g . (4.8)
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V. EXPANSION OF THE FIREBALL:
HYDRODYNAMIC AVERAGES

1
8,(wu" P-)+ ,—8„(wr'u'u") = 0,

'The expansion of a relativistic fireball has been
investigated by several authors. " Unfortunately,
those works do not suit our purposes very well;
owing to the fact that in Ref. 13 the integration of
the equations of hydrodynamics was carried out
numerically, it is not easy to use the results for
averaging the pair production rates. We argue,
however, that a very accurate knowledge of the
entire history of the expansion is not necessary
for our purposes. Indeed, we found in the pre-
vious sections that for not too low invariant masses
the lepton production rate is essentia, lly of the
form

2~ T f(Af/T),

where f is some dimensionless function. On in-
tegrating over Ai', we get

1
8,(wu"u')+ B„P+—,8„(wr'u"') = 0.

8 (uw)+ B,p= 0

(u"=—u, u'=-1).
(5.4)

We introduce a velocity potential by the relation-
ship uw=8„Q; on substituting into (5.4) we obtain
the equations

All quantities are functions of x and x'= t only.
The pressure and the heat function are connected
by Eq. (2.9). Corresponding to our previous argu-
ment, we make a small velocity approximation:
We neglect quantities which are of the order of
u"', in essence, the flow is nonre1. ativistic. This
further simplifies the equations to the following:

1
38,P+ —,8„(r'uw) = 0,

dN cf:g2 d~2 ~ T cc g4
d x (5.1)

1—,8„(r 8„$)—380'(f) = 0,

8' B„P+
1

8„(wv'-g u'u")+ wI'„;u"u = 0.
(5.2)

By a simple dimensional argument, the apexage
temperature over the expanding fireball should
drop with time roughly as t ', since at least the
initial stages of the expansion are essentially
isentropic. Hence, lepton-pair production is sig-
nificant for times t & T, , where T, is the initial
temperature of the fireball.

The hydrodynamics of a "young" fireball, how-
ever, is quite simple. 'This is due to the fact that
the initial fireball is hot, hence a simplified equa-
tion of state, Eq. (2.9), can be used. Further,
the expansion takes place from an initial state with
essentially no hydrodynamic flow; hence, the
flow velocities will remain small for some time
and the equations of hydrodynamics ean be sim-
plified accordingly.

In an arbitrary coordinate system, the equations
of relativistic hydrodynamics are

p = -804 (5.5)

By

4(B —80$)

We seek a solution with the initial conditions
u(r, 0)=0, p(r, 0)=p,8(R r), R=r,-(A/y, )' ', cor-
responding to the initia, l fireball. 'This is a stan-
dard problem of hydrodynamics (see, e.g. , Ref.
14). The potential is given by the expression

+R'g — -z -R -R'g +R -~

+~ gR— (5.6)

where p, is determined by Eq. (2.3). From here
we obtain the pressure

Here p is the pressure, I = E+p is the heat func-
tion per unit proper volume, and u" are the com-
ponents of the four-velocity with g„„u"u"= -1; I'„",
are connection coefficients. We assume that the
initial fireball is spherically symmetric; at pres-
ent energies this is a reasonable approximation,
since typical c.m.s. Lorentz factors are of the or-
der of 1.5. Hence, we choose spherical polar co-
ordinates and retain only the radia, l component
of the flow velocity, u~ =0, u~ =0. With this, (5.2)
simplifies to the two equations

+ x+ gR— (5.7)

p(0, ~)=p.e(Z-
'
3

(5.8)

'This solution describes an exploding fireball with
two wave fronts starting from the surface (r=R)
at t = 0; one of the fronts is moving towards the
center, the other outward. Both fronts move
with the speed of sound, c= (BP/Be)'~'= 1/v 3.
'The pressure at the center is given by
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dN dN R~3 R -t /~3
4~ dt J'&

p

T=TQ
(5.9)

On analyzing the solution (5.7), we discover that
it, formally, gives rise to zones of negative pres-
sure. For instance, taking sufficiently large
times, say f& vRM3 (with v ~ 2), we find that the
pressure differs from zero in the shell (v —1)R
&r& (v+ 1)R and, hence, all the matter is com-
pletely outside the initial volume. The pressure
varies between p, (2v-—2) ' and p, (2v +2) ' in this
interval; it crosses zero at x= vA. Clearly, neg-
ative pressures are physically meaningless. 'Their
appearance reflects the facts that our equation
of state, Eq. (2.7), is not valid near the condensa-
tion point of quark matter and that the nonrela-
tivistic approximation (u =0) is not valid every-
where.

In a more realistic approach, McLerran inte-
grated Eqs. (5.3) numerically for the initial stages
of the expansion. " Initially, the numerical solu-
tion and our approximate analytic solution are in
qualitative agreement with each other. Instead of
physically meaningless negative pressure zones,
however, the numerical solution indicates the de-
velopment of sharp, perhaps infinite, gradients in
the. distributions of the physical quantities, beyond
which the straightforward numerical integration
cannot be continued. (We suspect that this is an
indication for the onset of the well-known phe-
nomenon of "breaking" of nonlinear waves. )

Nevertheless, bearing in mind that lepton-pair
creation is practically zero at low temperatures,
our approximate solution can still be used for the
purpose of integrating the thermodynamic for-
mulas over the history of the fireball, at least,
as an order-of-magnitude estimate.

To this end, we notice that the pressure, and

hence the temperature, is much lower in the
"mantle" of hadronic matter blown off in the
course of the expansion than in the central part
which has not been reached yet by the inward-
moving wave front. Hence, the predominant ma-
jority of pairs is produced by this central core
which stays at the initial temperature. Such a
central core survives until f =RM3; at that mo-
ment the inward-moving front reaches the center.
Consequently, to a good approximation, the lep-
ton-pair spectrum integrated over the history of
the fireball is given by the simple expression

where, as before, R =r,(A/g, )'~' .This ex-
pression is valid irrespective of the phase of
hadron matter from which the pairs are produced.

VI. SUMMARY OF THE RESULTS AND DISCUSSION

%e are now in the position to put together the
results of the previous calculations. Our first
prediction is that the pair production rate should
vary with the atomic number as A'~', cf. (5.9).
Equivalently, the inclusive cross section is given
by

do dN
d~2 t d~2 P (6.1)

where Ot is the total cross section of the colliding
nuclei and P is the probability of fireball forma-
tion. For heavy nuclei we estimate P by noticing
that the geometrical cross section for collisions
with impact parameters b& b, is 0'p ~by It is
reasonable to assume that a fireball is formed
whenever b, is less than some fraction of the nu-
clear radius, say b, =fR. f ~ 1. Consequently,

P=~bn bo

0 At
(6.2)

( ) (v~)') d)(
(6.3)

The theoretical expressions we obtain for P(M)
are the following.

hence, it is roughly independent of A. 'Therefore,
with Ot ccA' ', we expect that the inclusive cross
section ofpair production is proportional to A'.

here is much to be gained by studying collisions
between heavy nuclei.

Next, we observe that the lepton-production rates
are relatively slowly varying functions of the inci-
dent energy: 'This is due to the fact that the tem-
perature of the initial fireball varies essentially
as K'~'. However, the lepton-pair spectrum de-
pends sensitively on the initial phase of the fire-
ball. On inspecting Eqs. (3.10), (4.8), and (5.9),
we can isolate a convenient phase sensitive fu-nc
tion of the invariant mass which is expected to
carry information about the initial phase, but is
relatively weakly dependent on irrelevant details
of the collision. A convenient choice for such a
function is the following:

gum k phase:

P (M)
~,M, T,u+(1n2coshz/2 '-

4 K ( )(2v)'~3 3 1
u+&

(6.4a)
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8adhon Phase:
4

P„(M) =(,, r—,'T'M(M' —4m')'~'g(M' -4m'),

x{(lnPm)'g(8m' -M')+ g(M' —8m')[(lnPm) ln(1 —e ~ )+ (v —2Pm)K, (v) jj. , (6.4b)

—
)O

—2—

P (M}

200
I

400
II

600
I

800
I

FEG. 3. Normalized lepton-pair production rates in
the quark and hadron phases.

where the variables u, v, z have been defined pre-
viously, viz. ,

~=PM, v=P(M' —4m')' ', z=Pp.
In order to assess. the sensitivity of the function
P(M) to the initial phase of the fireball, we choose
a temperature slightly above the temperature at
which the quark phase is expected to become
stable. On assuming that shock waves are, absent,
i.e. , g, =2, inspection of Fig. 2 shows that at
T =150 MeV the quark phase should just become
stabilized; this corresponds roughly" to E =3
GeV/nucleon. The normalized lepton-pair yields
P(M), corresponding to the quark and hadronic
phases are plotted in Fig. 3.

Lepton pairs arising from processes not identi-
fiable as quark- or pion-pair annihilation in the
initial fireball constitute a background to the "in-
teresting" production process. This background
can come from several sources.

(i) Processes taking place in the initial fireball,
but not accounted for by Eqs. (6.4a) and (6.4b).
We found (cf. Sec. IV) that reactions competing

I

with (4.1a) give a negligible contribution. Like-
wise, a standard estimate (based on lowest-order
QCD diagrams) shows that the contribution of re-
actions like g+q-//+q, q+q-//+g, etc. , is neg-
ligibly small compared to the basic reaction qq
—//; here g stands for an on-shell, massless,
transverse gluon.

(ii) "Soft" nuclear processes: A*-A+ ll (A*
being a highly excited state of the initial nuclear
system with E "& 1 MeV), Dalitz pairs, A/2+A/2-~'+X- //+X, etc. Most of these soft processes
are, however, expected to produce lepton pairs
of invariant masses below 100 MeV. By looking
at the p.'p inclusive channel, one can very effec-
tively rid oneself of the soft background. The
price to be paid, however, is that the threshold
factor (1 —4m, '/M')'~' suppresses muon-pair pro-
duction considerably more than it does electron
pair production. Clearly, an appropriate com-
promise has to be chosen depending on the facil-
ities available.

(iii) Lepton-pair production via a Drell-Yan
mechanism during the initial stage of the colli-
sion. This reaction contributes mostly hard lep-
ton pairs as compared to those arising from the
fireball. 'The reactions leading to Drell-Yan pairs
at high and intermediate energies have been ex-
tensively studied. A representative sample of
the relevant works is listed in Ref. 17; the papers
listed there contain a practically complete list
of references to previous works in this area. Al-
though the data reported in Ref. 17 are not en-
tirely free of ambiguities, one concludes from
them that the Drell-Yan formula (supplemented
with some QCD corrections) furnishes a basically
adequate description of the experimental results.
In particular, the A. dependence of the inclusive
cross section indicates that most of the lepton
pairs arise from the interior of the target nu-
cleus. 'There is an appreciable radiation from the
surface; however, it contributes mostly softer
pairs. As a consequence, we conclude that there
exists a "window" of invariant masses, roughly
defined by 1004M S 1000 MeV, through which we
may get a glimpse to the state of hot hadronic
matter under high compression. The sides of the
window are delineated on the one hand by soft,
nuclear, processes, and on the other hand, by the
now well-known onset of the Bjorken-scaling re-
gime. For practical purposes, however, the dif-
ference between the quark and hadronic phases is



212 G. DOMOKOS AND JOSEPH I. GOLDMAN

best observed below the resonance region, so that
the window through which a possible phase transi-
tion can be observed is narrowed to the interval
say, 2006M~ 600 MeV, cf. Fig. 3. In this inter-
val of invariant masses the effects of a phase
transition to quark matter should be quite spec-
tacular: Lepton-pair production rates increase by
almost an order of magnitude when (and if) phase
transition to quark matter occurs. The high-en-
ergy tail of the pair spectrum is, of course, es-
sentially exponential" until it merges into the
Drell- Yan regime.

In view of these results, a "practical" scenario
of observing a phase transition into quark matter
would involve essentially two steps.

(a) First, one is to select a. large sample of
central collisions between heavy nuclei in the
energy interval, say, 1.5 ~ E & 3 GeV. The cen-
tral collisions are, it is hoped, characterized by
an almost isotropic and basically thermal distri-
bution of pions.

(b) In this sample, one should plot invariant-
mass distributions of the lepton pairs. Presum-
ably, the normalized mass distributions at low

energies should follow the typical hadronic curve
I'gM), with minor corrections. As soon as the
critical energy (K= 2.3 QeV/nucleon) is reached,
however, the normalized lepton-pais spectrum is

expected to undergo a discontinuous change in
shape; in essence, it should look like the curve
marked Pz in Fig. 3.

No doubt, the calculations reported here leave
much to be desired; in particular, the discon-
tinuous change in the lepton spectrum as outlined
above is an artifact due to the semiclassical
treatment of the fireball. Nevertheless, it is not
unreasonable to expect a rapid change in the shape
of the pair spectrum if a phase transition to quark
matter occurs in high-energy nuclear collisions.
One may also speculate that similar changes
could be observed in the distribution of transverse
momenta in the production of hard pairs in high-
energy collisions, cf. the model of Hwa and Lam. "
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