
PHYSICAL REVIE% D VOLUME 28, 15 APRIL 1981

Clue to the unification of gravitation and particle physics
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Astrophysical data reveal the existence of a (broken) symmetry of the gravitational interaction implying the

existence of a new dimensional constant p 8)& 10 "
g

' cm' sec '. The existence of this constant provides a clue to

the unification of gravitation and particle physics.

I. INTRODUCTION

The currently accepted criterion for the true
unification of two or more of the four known in-
teractions of physics is that the resulting unified
theory should contain one dimensionless coupling
constant. ' This criterion has been applied to the
interactions of particle physics in a convincing
way. By connecting together a series of reason-
able hypotheses, it has been shown' that the
strong, electromagnetic, and weak interactions
are probably' describable in terms of the group
SU(5)". The unique dimensionless coupling con-
stant is the fine-structure constant a. =—e'/Sc (e
= electron charge, h = Planck's constant divided
by 2m, and c = velocity of light). The remaining
interaction, gravitation, has not yet been included
in the picture, although many attempts have been
made on the pro/lem. ' The object of what follows
is to discuss- a facet of this problem that can most
aptly be described as a clue to the unification of
particle physics and gravitation. The arguments
that follow at best suggest a way of achieving uni-
fication and at worst lead to the recognition of a
numerical coincidence which indicates that uni-
fication is possible.

The treatment adopted is similar to that used
for the particle-physics case. That is, it will
be heuristic (intended to guide rather than prove)
and proceed by connecting together a series of
hypotheses to formulate a concrete test (Sec. II).
The tested relation appears to be valid (Sec. III),
and the numbers indicate that unification is re-
alizable (Sec. 1V). The conclusion (Sec. V) gives
a short account of the implications of the results
of previous sections.

II. PARTICLES AND GRAVITATION

Particle physics involves three constants with
the dimensions [e]=M~'1.3~'T ', [h]=MI, 'T ', and

[c]= I,T '. These form a complete set in the
sense that only one dimensionless number [a] = 0
can be formed from them. Gravitation as it has
been developed so far involves two constants, the
Newtonian gravitational parameter [G] =M-'L, 'T '

and c. These two constants do not by themselves
form a set, since no dimensionless constant can
be formed from less than three dimensional con-
stants, provided the latter have different dimen-
sionalities.

It is a fact that all physics can be described in
terms of quantities having dimensions composed
of the three basic dimension-defining parameters
M, I., and T. This is usually presented as an
empirical fact of physics, but it can also be viewed
as a realization in Nature of a property of ele-
mentary group theory. ' There is nothing funda-
mental about the choice of the dimension-defining
parameters to be a length, a time, and a mass.
They ean be equally well defined as parameters
with compound dimensions, and the physical con-
stants e, k, c, and t" then have different dimen-
sions from the ones noted above. But if one does
change the three basic parameters (perhaps for
reasons of mathematical convenience), and so
changes the dimensions of e, h, c, and G, then
the physical content of these constants does not
change. In particular, changing the dimension-
defining parameters does not change the number
of physical constants. Thus, for particle physics
and gravitation, there are two irreducible sets of
three and two constants, respectively (e, h, c and
G, c). Together, they give a set of four distinct
dimensional constants. In what follows, the con-
ventional dimensions of these constants (noted
above) will be retained.

Given four distinct constants, it is possible ig
principle to combine some of them so as to form
constants with the simple dimensions of V, L,, or
T. For example, the two constant masses form-
able from the four constants noted above are (e'/
G) ' and (hc/G) '. These would be expected to
play fundamental roles in a classical unified theory
of electromagnetism and gravity, and a quantum
theory of gravity, respectively. At present, no
generally accepted theory of either kind exists,
although it is widely assumed that acceptable
theories could be formulated if one knew how.
But, this does not mean that the two constant mas-
ses just mentioned will play the most fundamental
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roles in a grand unified theory that combines the
forces of particle physics and gravity. (This and
the other comments made in this paragraph apply
also to constant lengths and times formable from
the four constants noted above. } On the contrary,
progress so far towards a grand unified theory
indicates"' that constants mith simple dimensions
like those just mentioned will not play the most
fundamental roles in such a theory. Rather, the
dimensionless ratio of the two mentioned constant
masses (in the form a = e /Kc} is expected to play
the most fundamental role. In other words, if one
is to find a way to a grand unified theory, it is ex-
pected to involve combinations of dimensional phys-
ical constants that do not yieM other dimensional
constants but rather dimensionless constants.

This inference gains most of its support from
particle physics. (For example, the constant a
can be formed as the ratio of tmo masses, as
above, but the result does not involve the G typi-
cal of gravitational physics; see below. ) Theo-
retically, more work has been done towards a
unification of the three forces of particle physics
than towards a unification of these with gravity.
Empirically, the data which support the inference
just outlined consist of scaling laws and similar
relations mhose validity is undisputed. However,
the inference that a grand unified theory should
have as its most fundamental parameters not di-
mensional but dimensionless constants gains sup-
port also from gravitational physics. Theoretic-
ally, there has recently been very significant pro- .

gress towards a scale-invariant theory of gravity
(see Ref. 5, which is a detailed account of scale-
invariance in gravitation and particle physics and

how these relate to each other}. Empirically, the
data which support the inference consist of indica-
tions that the Universe over long distances has a
scale-free property. From observations, many
different systems of astrophysical and cosmo-
logical size are known, but there is no evidence
for a unique, constant length. According to gen-
eral relativity, the Universe might in principle
have a finite radius of curvature (R~, where [R~]
= I.); or be influenced in its dynamical evolution

by a force due to a finite cosmological constant
(A, where [A] = I, ' or T ' depending on how Ein-
stein's field equations are set up). However, ob-
servations show that the values of A~~ and A are
both close to, and probably equal to, zero. '~
This is another way of saying that there is no evi-
dence for a unique constant with the dimension
in gravitation. Indeed, in cosmology the absence
of a unique constant I. is one way of paraphrasing
the cosmological principle. Similar comments
can be given regarding the absence of unique con-
stants with the dimensions M or T. Thus, the ob-

served Universe appears to be scale-free, which
means that it can be described in terms of dimen-
sionless parameters, as indeed it has been. '

The comments of the two preceding paragraphs
are important in the search for a way to unify par
ticle physics and gravitation. The conclusion one
drams from then is that the most promising may
to unification, as far as the physical constants are
concerned, is the following: Combine the dimen-
sional constants ofparticle physics and gravitation
together in suck a manner that all relevant con-
stants are involved bit @paly in terms of combina-
tions that are dimensionless.

It is to be hoped, of course, that this can be done
in such a manner that only one dimensionless
(combined} constant results. ' It was noted in the
first paragraph of this section that the three known
constants of parbcle physics form a complete set
(in that one dimensionless constant can be formed
from them}, but that the two known constants of
gravitation do not. This difference suggests the
'following as a possible way to unification: By an-
alogy with the case of particle physics, introduce
a nero constant for the case of gravitation to com-
plete the set of constants for the gravitational in-
teraction.

Let this new constant be denoted p. The dimen-
sions of G and c, in conjunction with the require-
ment that G, p, and c shall form a complete set
(i.e., shall be combinable to form one dimension-
less constant), fix the dimensions of p. Thus [p]
=M xI2& x So far the argument is abstract. But
if p really exists it will have to make itself known
as an observable symmetry property in physics,
whose nature will be connected with the dimensions
of p. (This situation applies for the other constants
of physics. } In the present case, the exis-
tence of p is equivalent to saying that the following
relation holds:

2

Here, 4 is the M~ular momentum and I the mass
of a rotating system in which gravity is the only
interaction.

The relation (I) is a concrete prediction based
on a series of plausible hypotheses. The fact that
the dimensions of G and c (which initiated the ar-
gument) are actually arbitrary does not affect the
main results of this line of reasoning, mhich are
that a new constant such as p can be introduced
and that its existence implies a relation such as
(I}. It should, though, be noted that if p exists
then the theory of gravity mhich incorporates the
full set of constants (G, p, c) must be a broader
one than general relativity (which would be re-
covered in the limit p -0). While no theory which
explicitly incorporates 6, p, and c is yet known,
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it is not difficult to see what kind of theory will
be involved. The Einstein-Cartan-Weyl theory of
gravity' may provide a framework for the incor-
poration of three constants.

To sum up: (i) There are two sets of dimension-
al constants, one for particle physics (e, b, c) and
one for gravitation (G, c); (ii) theoretical and ob-
servational considerations imply that these sets
cannot be mixed; (iii) to connect the two subjects,
one can argue by. analogy with the particle physics
set that the gravitational set needs to be comple-
ted by the addition of a new dimensional constant
p, where [pl =M 'L'T '; (iv) the existence of a
constant p with the noted dimensions implies the
rule J = PM for the angular momenta J of rotating
systems with masses M. The validity of this line
of argument can obviously be decided by investi-
gating the prediction J = pM' which is its end
point.

III. THE J=pN2 RELATION

The relation (1) can be tested. Before doing
this, two comments are in order about this rela-
tion.

Firstly, (1) does not conflict with established
gravitational theory (Newtonian or Einsteinian).
Within the framework of established theory, (1)
is a statement of a symmetry property which picks
out the form J=PM'. from the infinite number of
choices for J =Z(M) that are allowed. However, as
noted in Sec. II above, the existence of a relation
such as (1) implies a need for a widening of gravi-
tational theory, beyond that which is established,
if (1) is to be incorporated into the theory at a
basic level. 9

Secondly, (1) will only hold exactly when gravity
is the only force present. Most systems are gov-
erned in their physical characteristics by a mix-
ture of forces. Gravity is the main interaction for
systems of planetary and larger size, but even so
the effects of solid-state forces, viscosity, pres-
sures, etc., are often not negligible. ' Such non-
gravitational forces will tend to camouflage the
simple J= pM' relation. In a plot of log„Jvs
log, oM data, one will therefore expect to find a
line of slope 2 but with a finite spread due to the
influence of nongravitational forces as well as
observational uncertainties. The relation will
emerge most clearly for systems where gravity
is dominant, meaning systems of astrophysical
size.

A large amount of data for J and M for astro-
physical systems was collated in Ref. 11. The
class of data for smallest M related to asteroids.
But since the original asteroid data were collected,
it has become clear" that individual asteroids are
notably irregular in shape and are not near hydro-

will be taken.
The fact that the relation (1) predicted by the

arguments of Sec. II is obeyed by gravity-domin-
ated systems represents strong support for the
correctness of those arguments. But even if those
arguments should prove invalid, the relation J
= pM' revealed by Fig. 1 still represents a signif-
icant result for astrophysics.

IV. UNIFICATION

To say something meaningful about unification,
it is necessary to have values of dimensionless
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FIG. 1. A test of the Z=pM2 relation, . The data are
taken from Bef. 11.
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static equilibrium like the planets. In other words,
solid-state forces play a significant role in holding
asteroids together, and the force of gravity is not
dominant to the same degree as it is for larger'
systems. In view of this situation and the second
comment above, asteroids will be left out of the
present compilation. [A statement about the val-
idity of relation (1) and the appearance of Fig. 1
below when asteroids are included is given in Ref.
13.] Confining attention to systems for which
gravity is dominant, currently available observa-
tions allow one to test (1) with a set of 26 data on

J,M. These data are presented in Fig. 1.
The relation J = PM' of (1) is confirmed reason-

ably well by the data. The slope of the plot of
log»Z vs log, PS is 1.98 (+0.04, mean error), in
excellent agreement with the predicted value of
2. The value of P is more uncertain, being given
by log„p= - 15.1 (+0.9, mean error). For the
purpose of Sec. IV below the mean value

p=a 10 "g '
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coupling constants for particle physics and gravi-
tation (Sec. I}. Let the group for particle physics
be denoted G~. It is not established what G~ act-
ually is falthough SU(5) is favored"'], but its di-
mensionless constant is certainly n = e'/Sc = 1/13V
= 7~10 '. Let the group for gravitation be deno-
ted G, . It is not known what G, actually is [al-
though it will almost surely contain the group
GL(4, R) of general coordinate transformations as
a subgroup, ' in order to incoxporate covariance
and yield general relativity in some limit], but
its dimensionless constant is certainly P —= G/Pc
if one admits the existence of the new constant p
(Sec. III). The value of p is uncertain by about
an order of magnitude, but, taking the mean
value given by (2), the value of P is P = 3 &&10 '.
Thus there is a numerical coincidence

n= P, to an order of magnitude.

This near coincidence involves empirical values
of o, and P. Factors of order unity (such as x) con-
nected w'ith group theory might of course have to
be included when the group structure underlying ~
and P becomes understood; but this will not upset
the near equality (3). In view of this latter possi-
bility and the observational uncertainty in the
value of p, (3}may be an exact equality for the
group constants of G~ and G, .

What (3) shows, therefore, is that the dimension-
less coupling constant for particle physics is the
same as the dimensionless coupling constant for
gravitation, to within present uncertainties. If it
were not for (3}, there would be "too many" con-
stants in physics: There wouM be four distinct
constants (e, h, c, and G) instead of two equiva-
lent sets having three constants each (e, h, c
and G, p, c), and it would then be difficult to under-
stand why the Universe is scale-free in the sense
discussed in Sec. II. The result (3) is remarkable
in that it indicates that Nature is, after all, eco-
nomical of constants: There appears to be only
one dimensionless coupling constant in an absolute
(i.e., numerical} sense, which just happens to
turn up in two different (physical} guises.

V. CONCLUSION

The particle physics group G~ has a dimension-
less coupling constant e —= (e'/Rc). Arguing by an-
alogy with particle physics, a case can be made

for the existence of a third dimensional constant
p for gravitational physics (Sec. II). The existence
of p entails the angular momentum/mass law 8
= pM', and the validity of this relation as a (bro-
ken) symmetry of the gravitational interaction is
established by astrophysical data (Sec. III and Fig.
1). The gravity group G, can now be character-
ized by a dimensionless coupling constant P (=- G/
pc}. The numerical sizes of c.' and p are equal to
within observational uncertainty (Sec. 17}. The
near equality of n and P can be interpreted as
being of either greater or lesser significance for
unification.

(i} The fact that n= p suggests that G~ and G,
are the same group. If this is so, it means that
the arguments of Sec. II provide a way of unifying
particle physics and gravitation. These two sub-
jects may, in order words, be different repre-
sentations of the same group. Their apparent
difference may be merely a result of the (substan-
tial) difference in the mathematical languages
that have been hitherto used in describing them.
The language mismatch at present is consider-
able~' '", but there are signs that a link might be
made, "and if G~ and 6, are indeed the same
group then it should be feasible to base both par-
ticle physics and gravitation on a single repre-
sentation of it.

(ii) It is possible (but unlikely) that the near
equality of e (for G~ ) and P (for G, ) is an accident.
(Or, that n and p a,re not really equal, as might
be the case if P has been evaluated wrongly due
to some unknown systematic error in the data of
Fig. 1.) In this instance, G~ and G, cannot be
the same group, and a way of unification has yet
to be found. However, the existence of n and P
does nevertheless indicate that unification is pos-
sible. The reason is that in principle it is pos-
sible to find a larger group G which contains G~
and G, (it may be just the direct-product group
G = G~ 8 G ). This interpretation, though weaker
than (i) above, would nevertheless represent an
encouraging result. Thus the least that can be
said for what has been presented here is that it
shows that the unification of particle physics and
gravitation is possible.
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