PHYSICAL REVIEW D

VOLUME 23, NUMBER 6

15 MARCH 1981

Massless particles, conformal group, and de Sitter universe

E. Angelopoulos and M. Flato
Physique Mathématique, Faculté des Sciences-Mirande, 21000 Dijon, France

C. Fronsdal
Department of Physics, University of California, Los Angeles, California 90024

D. Sternheimer
Physique Mathématique, Collége de France, 75231 Paris, Cedex 05, France
(Received 7 July 1980)

We first review a recent result on the uniqueness of the extension to the conformal group of massless
representations of the Poincaré group. By restricting these representations to SO(3,2) we obtain a unique definition
of massless particles in de Sitter space. This definition is compared with the concept of masslessness that arises from
considerations of gauge invariance. Next, we recall the startling fact that the direct product of two Dirac singleton
representations of SO(3,2) decomposes into a direct sum of the massless representations of SO(3,2). A theory of
interacting singleton fields is developed and a simple expression is given for the intertwining operator between
massless fields and two-singleton fields. Finally, we discuss the behavior of these massless representations with
respect to the contraction of the de Sitter group to the Poincaré group.

INTRODUCTION

In 1909, Cunningham' discovered the role of the
conformal group as a covariance group in relativ-
istic physies. Since that time interest in this group
has been periodically renewed. Indeed, the con-
formal group has both a geometrical meaning,
arising from its definition, and a dynamical sig-
nificance, associated with its representations,
with conformally invariant field equations, scaling
behavior, etc. In both directions much progress
has been made.

In particular, the concept of conformal compac-
tification (S'XS%)/Z, of Minkowski space, and its
universal covering R'XS® have recently been clari-
fied; field equations and their properties have been
extensively studied (this includes, at least in the
analogous Euclidean case, the Yang-Mills field
equations, etc.>™). The compactifications make it
possible to deal with a global action of the con-
formal group € or of its universal covering. These
actions are known® to be locally causal, i.e., a
neighborhood of the Poincaré group ® in € acts
causally on a neighborhood of the origin in Mink-
owski space.

The (projective) representations of € have also
been studied for some time with various degrees of
completeness. In particular, it was known more
than 10 years ago that the so-called most degen-
erate (ladder) representations of € remain irre-
ducible when restricted to®, giving rise to mass-
less, discrete-helicity representations.6 Further-
more, those unitary representations of @ that cor-
respond to massless particles (zero mass, dis-
crete helicity) are the only ones that can be ex-

tended to the conformal group. (It is obvious that
the mass has to be zero, and examination of the
so-called continuous spin representations of ¢
shows that they do not gqualify.) A complete classi-
fication of all irreducible projective representa-
tions of € and of SO(3, 2), with characterization of
the unitary ones, has recently been obtained by one
of us.”

Given a massless (=zero mass, discrete-helic-
ity) representation V of @, we thus know that it is
the restriction to @ of a unitary irreducible rep-
resentation (UIR) of €; but the uniqueness of the
extension was not known. Worse, even the uni-
tarity of every extension to € was an open ques-
tion, and in some applications unitarity had to be
proved in each particular case. This situation
arose, in particular, in the study of conformally
invariant field equations. Furthermore, the unique-
ness of the extension within an equivalence class of
representations was also open.

In Sec. I we shall recall a recent result® that
settles all this uncertainty: When a unitary, ir-
reducible representation ¥V of ® has an extension
to ¢, then there is a unique equivalence class of
UIR’s of € having V as its restriction to®. With
V given, there is in fact a unique extension; the
operational form of this extension may be given
explicitly. This is due to the fact that V is irre-
ducible; the intertwining operator between two
equivalent representations of € having the same
restriction must commute with V and is therefore
the identity.

In Sec. II we describe the projective represen-
tation 7, of € whose restriction to® has mass
zero, helicity #, and positive energy. Section III
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is preparation for Sec. IV and contains a descrip-
tion of the relevant representations of SO(3, 2).

In Sec. IV we consider the restriction of 77, to
the subgroup SO(3, 2). This restriction is irreduc-
ible for n# 0. Associating these irreducible rep-
resentations of SO(3, 2) with elementary particles,
we obtain an unambiguous definition of massless-
ness in de Sitter space. In Sec. V we show that
this definition coincides, for |z|=1, with the con-
cept of masslessness that one obtains by consider-
ations of gauge invariance.® °

Massless particles in de Sitter space differ from
massless particles in Minkowski space, inthat they
can be interpreted as two-particle states. In Sec,
VI we recall the most exciting property of the Di-
rac singleton representations of SO(3, 2): the di-
rect product of two positive-energy singletons re-
duces to a sum of massless, representations of
SO(3, 2).' The field theories associated with
singletons are discussed in Sec. VII in somewhat
greater detail than in previous publications.®:!!
This discussion is continued in Sec. VIII where we
obtain a simple and direct relation between mass-
less fields and two-singleton fields.

Finally, in Sec. IXwe investigate the contraction'?
of the massless representations of SO(3, 2) back to
the starting point of massless representations of
®. An interesting aspect of this contraction is that
helicities #» and —# arise by contraction of one and
the same representation of SO(3, 2).

The emphasis that this paper places on massless
particles is justified by the observation that all
physical theories that pretend to be fundamental
make use of masslessness in one form or another.
Thus massless photons and gravitons are basic to
electrodynamics and to gravitation. Massless neu-
trinos probably play the same role in weak inter-
actions, although this expectation has not yet been
realized. Currently popular models of both weak
and strong interactions employ massless fields in
an essential way. In our opinion, all these the-
ories suffer from a basic limitation: they are all
conceived in a far too unimaginative imitation of
electrodynamics. Thus, the masslessness of neu-
trinos has not yet been fully exploited. Perhaps
this will happen only when neutrinos are integrated
with photons and gravitons in the picture that is
based on singletons.

This picture, which represents massless parti-
cles as two-singleton states,!’ has much in com-
mon with the quark model of hadrons. Let us
stress, however, an important feature of single-
ton dynamics that is quite unlike quark dynamics.
If by confinement of quarks one means that quarks
cannot be observed directly as individual particles,
then singletons may also be said to be confined.
But singletons are unobservable, in practice if not

in principle, for purely kinematical reasons. The
relation energy =p“/?Xangular momentum (where p -
is the curvature of space-time and hence very
small) means that an apparatus of cosmic dimen-
sions is required to detect singleton absorption by
energy balance. An absolute (super) selection rule
forbids transitions between elementary particles
by one-singleton emission. Thus singleton “con-
finement” is automatic and natural, and indepen~
dent of the dynamics.

I. MASSLESS REPRESENTATIONS
OF THE POINCARE GROUP HAVE UNIQUE
CONFORMAL EXTENSIONS

Massless particles in Minkowski space are as-
sociated with unitary, irreducible representations
of the Poincaré group, with zero mass and with
discrete helicity; we shall refer to such represen-
tations as “massless representations.”

It is well known that the only unitary, irreducible
representations of the Poincaré group that have ex-
tensions to the conformal group are the massless
ones. More surprisingly, it turns out® that any
system that is invariant under a massless repre-
sentation of the Poincaré group is invariant under
a uniquely determined, unitary, irreducible rep-
resentation of [the fourfold covering SU(2, 2) of]
the conformal group. The precise statement is
the following:

Theovem 1.2 Let T be a projective representa-
tion of the conformal group €, such that the re-
striction 7|® of 7 to the Poincaré group @ is uni-
tary and irreducible. Then T is a unitary repre-
sentation of SU(2, 2), the operational form of which
is uniquely determined by that of T|®.

Outline of proof. Let {L,;}, A,B=0,1,2,3,5,6
with L,z =-Lg,, be a basis for the Lie algebra
associated with 7. This Lie algebra is isomorphic
to so(4, 2) and the basis will be chosen so that the
structure takes the familiar form

[Las > Lepl=iMpe Lap +Nap Lpc

—NacLpp="spLac)- (1.1)

The metric tensor is diagonal with 7y, =1, =+1,

MN11 = Maa = N33 = Nge = —1. These commutation rela-
tions, and all relations written below, are valid on
a common invariant domain of differentiable vec-
tors for T, dense in the Hilbert space 3C of the rep-
resentation.

The Lie algebra £(®)=s0(3, 1)X ¢, is the sub-
algebra of so(4, 2) spanned by {Lu o, L,v=0,1,23
(Lorentz transformations) and by {P u=Lys +L,,6} ,
=0, 1, 2, 3 (translations). The operator D = L, is
the dilation operator. The restriction T|® is
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massless; this impliés that
euy;‘pP,,pr—ZnPu=O, PMPM=0, (1.2)

where # is the helicity (2% fixed integer). (We use
Feynman’s summation convention, e.g., K 44
=K 458, AlSO €555 =€1p356 = +1.) These expres-
sions generate an ideal of the enveloping algebra
of so(4, 2), which implies that

€4pcper Lep Lgp +8nL 45 =0, (1.3)
LygLac+LacLag=3%n3cC, (1.4)

where C= 3L 4, Ly is the second-order Casimir
operator for so(4, 2). Equation (1.3) gives, in par-
ticular,

2nD = €4,y Lo; Ly, : (1.5)

for n+#0. (The case =0 can be treated in similar
fashion,® using the relation P,D=P, L, -iP,, but
will be ignored here.) It also follows easily from
(1.4) that W =J2, where J 2= 3L, L,, is the Casi-
mir operator for the rotation subalgebra (%, I
summed over 1,2, 3) and W =L,.* - L,,* = D? is the
Casimir operator for the so(2, 1) subalgebra gen-
erated by Ly, Ly, and D=Ls,. [The correspond-
ing subgroups of the universal covering group of
¢ will be referred to as SU(2) and SO(2, 1) in what
follows, while R, will denote the solvable sub-
group of SO(2, 1) generated by P, and D.]

We may realize the representation space as
3¢=L*R3 d%/|p|) and decompose it according to
the eigenvalues of J 2 as3C=®;3C;, j taking the
values s=|n|, s+1,..., and J%>=W having the
value j(j +1) in3¢; . Now direct inspection of the
operator D in3¢; shows that the subgroup R,XSU(2)
acts irreducibly and unitarily in'3C;. Since J2=W,
3¢; is stable under SO(2, 1); therefore, SO(2,1)
X8U(2) acts irreducibly in 3¢,. The problem
is thus reduced to one of lower dimension: to
find all representations of SO(2,1) that have
the value j(j +1) for the Casimir operator and
are unitary irreducible when restricted to the
subgroup R,.

The solution of this simpler problem is trivial.
Inany irreducible Harish Chandra module of so(2, 1)
the compact operator L, has a discrete spectrum.
The restriction to R, is irreducible if and only if
the spectrum of L, is either positive definite or
negative definite. The restriction of 7 to SO(2, 1)
is therefore equivalent to one of the unitary rep-
resentations of the discrete series in which the
spectrum of L, is either j+1,j+2,... or
-j-1,-j-2,.... Since T|R, is given explicitly
in terms of T|®, and is unitary, the intertwining
operator is in fact the identity and 7|S0(2, 1) is
thus uniquely determined by 7|®. It follows that
T is uniquely determined.

Let V; and V, denote the unitary, irreducible
representations of ® with zero mass, helicity #,
and positive and negative energy, respectively.
The corresponding representations of ¢ will be
denoted 7, and 7,. We shall now describe these
representations of €.

1I. DESCRIPTION OF 7°;

The operational form of the representation 7}
in3e=L%*R%d%/|p|) is given by the usual expres-
sions for the Poincaré generators L,, and P, in
Vas ’

Lys+L, =P, =py, (2.1)
with po =£(p,* + p,” + p3°)"?,
Ly, =i (Dsdy = Dpds) + 7Spp (2.2)

Loy =—~ipyd,+ 0T, , (2.3)

where h,k=1,2,3, 3,=3/9p,, and we have chosen,
e.g.,

Sip=1, T,;=0,
Sas=pilpo+pg) ' =T,, (2.4)
Sis==ppo+ps)" =T,.

The five other generators are then given by

Lye=D =-i(p,0,+1), (2.5)
Los = Los=Qo=po ' [D(D +i) +J 7], (2.6)
Lys 'LkGEQk=i[Lok’ Qo] . (2.7)

In this representation, relation (1.3) holds in the
enveloping algebra of so(4, 2) which shows (taking
B =6) that when n# 0 the latter coincides with the
enveloping algebra of so(3, 2) in the representa-
tion 77, From this it follows that the restriction
of 7, to the (3 +2) de Sitter group generated by
the L, (A, B#6) is irreducible when n#0; this
restriction will be denoted by D(s +1, s), s=|zn|,
in Sec. III,

Moreover the two (Casimir) generators of the
center of the enveloping algebra of the Lorentz
Lie algebra so(3, 1) generated by the L, [common
to Poincaré and so(3, 2)] can be expressed in terms
of # (or s) and D only, in the representation 7 * by
the relation

LogLop—J2=D2-s?+1, (2.8)

which follows from (1.4) and by a special case of
(1.3)

€ons Lo Ly =2nD . (2.9)

We give a brief account of the (already well-known)
weight diagram of 7,
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Consider the subalgebra so(4) =so(3) X so(3) of
so(4, 2) that is spanned by {L,}, 2,0=1,2,3,6.
The two summands are spanned by L= 3(L,; + L),
where jk is a cyclic permutation of 123, Using
Egs. (1.3) and (1.4) one easily shows that

S (LiL}-L;L;)=nLy, [from (1.3)],

I LiLi+L;L;)=3Lo*+5C [from (1.4)] .
The value of C in 7} is 6n% -3, so
C*= Y LiLi=1(Logt n+1)(Lost n—-1).

The discussion for the preceding section shows that
the spectrum of Ly, is j+1,j+2,... for each j=s
=|n|, s+1,.... The restriction of T to the com-
pact subalgebra so(4) is thus given by

3= & g,

E=§s+1,8%+2,40.

where 3¢ is the eigenspace of Ly, with eigenvalue
E, and so(4) acts in 3¢, by the irreducible rep-
resentation D(&*,k"), k*=(E + n-1)/2, in which
the Casimir operators C* take the values B*(2* +1).

III. REPRESENTATIONS OF SO(3,2)

Minkowski space, according to the general theory
of relativity, is the point of departure of a sequence
of approximations to a Riemannian space, the
metric of which satisfies Einstein’s equations with
vanishing cosmological constant. In quantum field
theory (in its present imperfect form) the Minkow-
ski metric is the vacuum expectation value of the
Riemannian metric. It seems unsafe to restrict
the attention arbitrarily to the special case of van-
ishing cosmological constant, for this case is un-
stable to deformations; a nonzero cosmological
constant may, for example, appear spontaneously
through renormalization. In that case the zeroth
approximation (or vacuum expectation value) of
the metric cannot be Minkowski, but must be de
Sitter. Our previous analysis must therefore be
modified by the substitution of the de Sitter group
for the Poincaré group. There are two de Sitter
groups, SO(4, 1) and SO(3, 2); here we consider
only the latter. More precisely, what we call the
de Sitter group is the universal covering of the
connected component SO,(3, 2); for convenience we
abuse the notation and refer to this group simply
as SO(3, 2). We must now describe some of its
representations.

For our purposes it is convenient to define the
Lie algebra so(3, 2) as the subalgebra of so(4, 2)
that is spanned by {L s}, @,8=0,1,2,3,5. These

10 generators satisfy commutation relations simi-
lar to (1.1) obtained by replacing indices 4, B, ...
with range 0, 1, 2, 3, 5, 6 by indices @, 8, ... with
range 0,1,2, 3,5, The subalgebra so(3, 1) spanned
by {L,,}, 1,v=0,1,2,3, plays the same role as
the Lorentz subalgebra of @ and contains the usual
rotation algebra so(3) spanned by {L,}, &, 1=1,2,3.
The role of translations is taken over by the gen-
erators {L,}, £ =0,1,2,3, and L,, corresponds to
time translations. ,

The representations of the Poincaré group that
have direct relevance to elementary particles are
characterized by the fact that the energy spectrum
is positive definite. It is expected, therefore, that
the representations of so(3, 2) of the most immedi-
ate interest to us are those in which the spectrum
of L, is positive definite. [Such representations
have no analog in so(4, 1) which is the main reason
why we reject the other de Sitter group.] Inan
irreducible representation of this type, in a Hil-
bert space 3¢, let E, denote the lowest eigenvalue
of Ly, ; then

5= ® 35

E=Ey,Eg+l,s..

where 3¢, is an eigenspace of Ly, with eigenvalue
E. Now it is easy to verify that so(3) acts irre-
ducibly in 3¢ . Let D(s) be the representation of
s0(3) that appears here, 2s being a fixed non-neg-
ative integer. Inj3C; we may diagonalize L,,; the
eigenspace with highest eigenvalue s corresponds
to an extremal weight (L, L,,)~ (E,, s) of the rep-
resentation. This extremal weight uniquely de-
fines the whole representation of so(3, 2) up to
equivalence and we may thus denote the equivalence
classes of interest by D(E,, s). This corresponds
to the labeling of representations of ® by mass
and spin, as will be seen later.

Concerning the problem of the unitarity of D(E,, s),
the following wasknown. (i) The inequality E,>s+ 2
is a sufficient condition for D(E,, s) to be equiva-
lent to a unitary representation'®; (ii) the inequal-
ity E,>s is a necessary condition'; (iii) when s=0
the necessary and sufficient condition is E,> 3,
and when s=3% the necessary and sufficient con-
dition is E;=1'% (iv) D(s +1, s) is unitary for all
s. This left out most of the interval s<E <s+2
for s=1. The question was resolved recently and
the result is given by the following.

Proposition 1." D(E,, s) is unitary if and only if
one of the following conditions holds: (i) s=0, E,
>3. (ii) s=3, E,>1. (iii) s>1, E,>s+1.

The proof is given in Ref. 7.

The spectrum of L, is E,, E,+1,... inall
cases, and E denotes any one of these eigenvalues.
We give the irreducible representations D(j) of
SO(3) that occur in each eigenspace 3¢5, including
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the multiplicities. In all cases s+j is an integer,
|j-s|<E -E,and j=0. The following special
cases are distinguished by the fact that all the
multiplicities are equal to one:

D(E,,0), E,>3, j=E -E,,E -E,-2,...,
1or 0 (Ref. 15)
D(E,,3), E,>1, j—3=E -E,,E -E,-1,...,
0 (Ref. 16)
s=1, j=s,s+1,...,E~1 (Ref. 9)

D(%,0)=Rac and D(1,%)=Di, the two Dirac single-
ton representations, with the drastically reduced
weight diagram given by j=E ~% (Refs. 15 and 16).
Notice the lower cutoff onj in D(s+1, s); this is
strongly reminiscent of a property of massless
wave propagation in Minkowski space. As will be
seen, these are the massless representations. For
D(E,, s), E,>s+1=>2, the multiplicities are all
equal to those of the reducible representation
D(s+1,s)®D(E,+1,s-1). (This is an easy con-
sequence of the facts discussed in Sec. V.) The
highest multiplicity is thus s+1.

D(s+1,s),

IV. RESTRICTION OF 7}, TO SO(3,2)

Recall that the eigenspace 3¢, of L, in 7}, car-
ries an irreducible representation D(&", %) of
SO(4). In identifying SO(3, 2) with a subgroup of
SO(4, 2), we relate the rotation subgroup SO(3)
of SO(3, 2) to the subgroup of SO(4) génerated by
{Lu}, B,1=1,2,3. Restriction of D(¢*,%") to
SO(3) gives @;D(j), with the summation re-
stricted to |[k* -7 <j <|k"+E"| or s=|n| <j
<FE -1, This is, for s#0, precisely the spec-
trum of j in the eigenspace 3¢y of the representation

" D(s+1,s) of SO(3,2). Inthe case of s=0, it is the
spectrum of j in the eigenspace 3¢ of the repre-
sentation D(1,0)®D(2,0). Hence we conclude the
following.

Proposition 2. The restriction of the massless
representation 7, of the conformal group to SO(3, 2)
is the massless representation D(s+1, s) of
SO(3,2), s=|n|, except that the restriction of T is
the sum of D(1,0) and D(2, 0).

This, of course, is one of our reasons for calling
D(s+1, s) a “massless” representation, but it is
not the only reason. In fact, those representations
are the only ones among the particlelike repre-
sentations D(E,, s) that are associated with the
usual type of gauge invariance.®''°-'7 Another type
of gauge invariance arises in connection with
singletons.®' !

~ In de Sitter space one finds no precise analog of
the concept of helicity. The quantum number s is
non-negative and is more appropriately called

spin, it is related to the absolute value of the hel-
icity, as we have seen and as we shall confirm
later, but the sign of the helicity is not an attribute
of a representation of SO(3, 2). (Chirality can
nevertheless be defined in de Sitter space, at least
for neutrino fields.'”) We wish to explain how this
comes about.

As earlier, we denote by V,, (V) the unitary,
irreducible representation of the Poincaré group
¢ with mass zero, helicity », and positive (neg-
ative) energy. Recall that V, (V;) has 7} (7,) as a
unique extension to the conformal group—more
precisely SU(2, 2)—and that T} are given explicitly
in3¢=L*R%,d%/|P|) by the formulas (2.1)-(2.3).
Now the conformal group contains two classes of
Poincaré subgroups, one that contains ® (generated
by L,, and P ) and another that contains the sub-
group @' generated by L, and @,. The Cartan in-
volution L ,, ~ L4? of so(4, 2) exchanges P, with @"
but is given by an outer automorphism of €. How-
ever, the restriction of T}(7T;) to®’ is equivalent
to Vi (v;). This follows from the relations

Wy

Wy

1]

euvpovaPo=an ’
€pvpoLyp@s=18Q,,

where we adopt the same definition €, ,, =€, ;456
for both @ and ®’. The involution defined by the
exchange of the coordinates 5 and 6 changes P,
into P,, @, into —-Q,, and €., into ~€,, ,,
thereby changing # into —#. In the representa-
tion space, this involution transforms V. into

V* and changes the signs of part of the conformal
generators. The subgroups @ and @’ are con-
jugate only in the full, nonconnected group SO(4, 2)
and in the representations extended from 7 are
transformed one into the other by the involution

6 =P exp(i 7L,s), where P is the spatial reflection
operator P: f()—~f(-P), p< R On the other
hand, the conformal group contains only one con-
jugacy class of SO(3, 2) subgroups, and § commutes
with the action of SO(3, 2) in 3.

From the above, and from the knowledge of the
Poincaré conjugacy classes within the conformal
group, it follows that no UIR of the latter will
have both V, and V¥, as its Poincaré restriction.
The distinction between V, and V.,, characteris-
tic to both ® and €, has no analog for SO(3, 2): in
de Sitter space, massless particles are com-
pletely characterized by the absolute value of the
helicity (the “spin” s=|n|).

Proposition 2 shows us that the representations
DY, where we define

D;=D(s+1,s) if s>0,
Dy=D(1,0)®D(2,0),

1]

[T ST

are restrictions to SO(3, 2) of a (unitary) repre-
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sentation of €, namely 7, where n=+s. We may
now ask the same question as in theorem 1, name-
ly, the (operatorial) uniqueness of the extension
from SO(3, 2) to €. The answer is what can be
expected.

Theorem 1'. The only extensions of D from
SO(3, 2) to a projective group representation of
€ are T;,. When s#0, there are two possible
inequivalent extensions, each operatorially unique-
ly determined by its restriction to SO(3, 2). For
s=0 there are two possible equivalent realiza-
tions of the extension. '

The proof is basically the same as for theorem
1, and we adopt the same notations. We can still
decompose the representation space 3¢ =®,¢;
(j=s,s+1,...) according to the eigenvalues j(j+1)
of J2, and look for the subgroup SO(2, 1) of € gen-
erated by the compact generator L, of so(3,2), D,
and Ly,;. In each3C; the spectrum of L is semi-
bounded and of the form {(j+#z+1); nEN}. This
determines uniquely the representation of 50(2,1)
in question. If we denote by L,;, L.;, and Ljz a
set of generators of this so(2, 1) Lie algebra that
satisfy the same commutation relations as L,
L, and Ly, the only ambiguity in the extension
is the identification D = L ;= €L’ and Lys= €L} With
the same e=+1. Whichever choice is made, re-
lation (2.8) will hold in the enveloping algebra of
so(4, 2), which gives us the (unique) operatorial
expression of D? from the restriction of D to the
Lorentz subgroup generated by the L,,,,.

If s#0, we may then, on the basis of (2.9), choose

r -
2sLis = €oma Lon Lia

and define =€s. For each choice of € we then ob-
tain the extension 7,. [The operatorial uniqueness
of each extension follows alsc from the irreduci-
bility of D(s+1, s).] The involution 8, which com-
mutes with the generators of so(3, 2) and anticom-
mutes in particular with D, transforms one of
these extensions into the other one. On the other
hand, when s=0, the enveloping algebra of so(3, 1)
determines only DZ and we have a decomposition
3e; =3¢;®3c7, hence Jc=3¢'® 3% according to the
eigenvalues of the involution 4. Each 3" (17=1,2)
is invariant under SO(3, 2) represented by D(T, 0).
L, and D? leave 3¢ invariant (3L, having for
spectrum [3(j +7) + n, neN] on 3¢}, jEN) while

D transforms 3] into 3¢}~ 7. Therefore, we ob-
tain in this case, operatorially, two possible ex-
tensions, each equivalent to 7 and transformed
one into another by 8. A similar result is true in
the negative-energy case (representations 7).

V. GAUGE INVARIANCE

Gauge invariance arises from the association be-
tween representations and tensor fields. The fol-

lowing is a brief sketch of ordinary gauge invari-
ance in de Sitter space. Singletons will be dis-
cussed in Sec. VI.

Integer spins.® As in flat space, D(E,,s) is nat-
urally associated with symmetric tensor fields of
rank s on de Sitter space:

=y n ®)s B--o5 8,=0,1,2,3,

satisfying the wave equation

[% > LaBZ—Eo(E0—3)-s(s+1)]h=0 (5.1)

a,B

and the subsidiary conditions
g*’hy,...=0, g¥v,h,.. . =0. (5.2)

Here L, by abuse of notation, is the Lie deriv-
ative associated with an infinitesimal SO(3,2)
transformation of de Sitter space, g is the de Sitter
metric, and V the covariant derivative determined
by the metric connection.

If E,#s+1 (when s =0, if E #3), the solutions of
these equations with suitable boundary conditions
carry the irreducible representation D(E,, s). But
if E;=s+1, s>0, then there exists a subspace of
solutions of the form of gauge fields:

By = 2o Vo bnes 0. (5.3)

[Notation: £ is symmetric and the trace ¢’ is
g"E,,.... The sum 2, is over the s=s!/(s—1)!
essential reorderings of the s indices.]

The representations D(s+1,s), s=1,2,..., are
thus further distinguished among the D(E,, s) by
the fact that relativistic wave fields exhibit gauge
phenomena. Gauge-invariant wave equations have
been found® for all spins; they describe electro-
dynamics when s =1,'7 linearized gravitation when
s= 2_17
- Half-integer spins.’® Again as in flat space,
D(E,, s) is associated with Rarita-Schwinger spin-
or-tensor fields of tensorial rank » on de Sitter
space:

h={h“1,,_“"(x)}, Hyseeey #n=0;17293: n=s- %;

satisfying the wave equation

[ey*D, - p*'2(Ey— D=0 (5.4)
and the subsidiary conditions
rh,...=0, g¥v,h,. . =0. (5.5)

Here D, is the spinor-covariant derivative and
A,=D,-v,p"?%/2i. Again one finds that the case
E,=s+1, s=>3, is distinguished by the existence
of a space of gauge field solutions of the form

Bugorn = 23V buyes /0. (5-6)

Here ¢’ is the spinor trace v*£,.... Gauge-invari-
ant wave equations have been found'® for all half-
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integer spins as well; for s =3 they describe the
spin=3 sector of linearized supergravity (with
cosmological constant).

The representations D(s +1,s) for s =1 have two
attributes of masslessness: gauge invariance
and extensions to 7;,. No gauge invariance seems
to be associated with D(3, ), but this representa-
tion is unique in that the field is chiral.!” As a
matter of fact, gauge invariance appears with the
lowest value of E, that is compatible with unitarity
(cf. Proposition 1) in the family D(E,, s). This
value, for s>1, is E,=s +1 while for s=0,3 it is
E,=s+3. The gauge invariance of the last two
(singleton) representations is explicated in Sec. VL.

VI. SINGLETONS
The singletons Rac =D(3,0) and Di=D(1, 3) have
the following wonderful properties.!*
Theorem 3.

Rac®Rac= @ D(s+1,s),

§=091 300

® D(s+1,s),

2821300

® D(s+1,s)®D(2,0).

81424000

Rac®Di=
Di®Di=

Massless particles can therefore be thought of as
composite objects. Note that this is possible in
de Sitter space as long as the curvature is non-
zero, but not in flat space. We believe, neverthe-
less, that it may be very useful, even within the
strict context of physics in Minkowski space, to
recognize that massless particles are composite
in some limiting sense. What makes this espec-
ially attractive is that singletons are practically
unobservable. First of all, absorption of a single
Di or Rac particle by an apparatus of earthly di-
mensions involves an energy so small as to make
detection by energy balance quite impossible. De-
tecting singleton emission or absorption by zero-
energy spin transitions between massless particles
(e.g., photon —neutrino + singleton) is forbidden
because of a special property of singletons: for
massless particles E —j is always an integer, but
for singletons E —j=3. (It was this feature that
drew Dirac’s attention to singletons in the first
place.®)

.In view of this relationship between singletons
and massless fields, it is not surprising to find
that singleton fields are encumbered by gauge in-
variance. To describe this phenomenon we embed
de Sitter space in R® by means of a differentiable
and locally invertible map given by (x°, x, x2, x®)
~(¥% 9% % 9% %) with y*=n,,y*y#=1/p. (The
metric 7 is the same as in Sec. I and p is a positive
constant related to the cosmological constant.)

The Rac.®'** Consider scalar fields ¢ on the hy-

perboloid y? =1/p satisfying the wave equation
(GLaL*+3)9=0, (6.1)
Logd=i(y40;=950,)9. (6.2)

Here - % is the value E (E, - 3) +s(s +1) of the Cas-
imir operator in the case E = 3, s=0. Note that
Lz is a vector field on the hyperboloid. Now let
us extend the definition of ¢ to R® by fixing the de-
gree of homogeneity to be — 3 (see Ref. 9 if a more
pedantic formulation is desired); then the above
wave equation simplifies to

n*%9,0,6 =0, (6.3)
(y®a,+1)¢=0. (6.4)

" A set of solutions is given'* by (j=E - 3=0,1,...)

b, m(»)=rYEY, (Q)exp(~iEt),
Y =(y%°+y%°)"2, y,/y=tant,

(6.5)

where Y; . are spherical harmonics. On the hy-
perboloid, Y2=(2+1/p), v?=(y%)2+(y2)% + (%7,
so these solutions have the property that
lim »*2¢ . (y) =Y, .(Q)exp(-iEt), (6.6)
r >
where Q stands for the angular variables.
These solutions do not transform among them-
selves under the action of L ;. One finds, how-
ever, that

lim »*2L ¢, (y) (6.7)

r—> o

is a finite linear combination of the Y, ,, and that
the matrices so defined are a realization of
D(3,0) in the Hilbert space /2. In other words, we
introduce the space U of solutions of (6.3) and (6.4)
satisfying the boundary conditions
lim 7 2¢(y)<eo. (6.8)
row
The subspace U, of U on which this limit vanishes
is an invariant subspace for the action of L, in 0,
and the Rac is realized on the quotient.

Fields that satisfy lim»*/2¢(y) =0 will be called
gauge fields. If the degree of homogeneity has
been fixed once and for all by (6.4), as we shall
suppose from now on, then such fields are equiva-
lently characterized by the statement that

Lim ¢(y)=0, (6.9)

ye—=>0

the limit being taken with ¥, ¢ fixed. The physical
Rac states are thus given, not by the field ¢, but
by the restriction of ¢ to the cone y2=0. Alterna-
tively, one may adopt the language of Penrose,®
and say that the physical states are given entirely
by the value ¢(¢,R) of #*/2¢(y) at infinity.

The Di. Let i be a spinor field satisfying the
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wave equation'®
(k+32)9=0,
k=2iT%y 0,.

(6.10)

Here k is the Dirac wave operator for de Sitter
space, {=*?}, «,8=0,1,2,3,5, are the matrices

of the four-dimensional, symplectic representa-
tion of so(3,2)=sp(2,R). The constant term has
the value that is appropriate to the representation -
Di=D(1, 3), thus the above is equivalent to (5.4)
with E;=1. Now we proceed as in the case of the
Rac to fix the degree of homogeneity, replacing
(6.10) by

oo =0, (6.11)

(y®a,+3)p=0. (6.12)
A set of solutions is (E=j+3)

Dy m =728, 7EY Y (Q) exp(~iEt), (6.13)

where Y7 , are spinors of fixed angular momen-
tum.'® (The y matrices used in this section are
Per=00 v A i 7o =00,04 92,9, —i), where
{'y“}, ©u=0,1,2,3 are the usual, constant Dirac
matrices.)

The solutions (6.13) have the property that the
limit ' '

i 3/2 i
lim »3/%y, = exists,

r—>©

(6.14)

while “gauge fields” have the defining property

lim 7»3/2y=0 (6.15)
row

or equivalently,
Lim ¥(y)=0, (6.16)

¥y~ =0
the limit being the same as in (6.9). The situation
is in all respects the same as for the Rac, except
that the scalar field ¢ has degree of homogeneity
~% while that of ¢ is - 3.

Because the solutions of singleton wave equations
include so few that are physically relevant, dif-
ficulties akin to those encountered in more fam-
iliar gauge theories are to be expected. However,
the fixing of the degrees of homogeneity, which
permits us to define gauge fields by the limit y?
-0 instead of doing it in terms of the limit » -,
leads to an easy solution of these difficulties, or
at least some of them.

VII. MORE ABOUT SINGLETONS

Singleton fields on the cone. A classical field
theory of interacting singletons may perhaps be
‘formulated as a variational principle and based on
a Lagrangian density on de Sitter space, that is,

on the twofold covering of the hyperboloid y2=1/p
in R%, The Lagrangian must be SO(3,2) invariant,
but it should also be gauge invariant, that is, it
must somehow be guaranteed that only physical
singleton states propagate. A covariant propagator
will contain many unphysical modes that must be
suppressed through the choice of interactions.

The problem appears greatly simplified when it
is remembered that the physical content of a sing-
leton field is preserved by projection on the cone
y2=0, while unphysical modes are eliminated.
Therefore, by restriction of the homogeneous
fields of the preceding section to the cone, all
complications seem to disappear. (Of course, it
is not immediately clear how one should proceed
when other fields are present as well, but one
problem at a time.)

An integral over the cone of a Lagrangian den-
sity constructed from homogeneous fields cannot
have any meaning. To obtain a finite action we
must integrate over the three essential dimensions
only. For y2=0 let

V.EVstYs V=Y, M=0,1,2. (7.1)

The variable » may be regarded as the coordinates
of a three-dimensional Minkowski space M,.
Fields on M, are defined by (see the Appendix)

¢(9) =972 d(w) , (7.2)
W)=y, M) -

Now the action of SO(3,2) in R® induces an action
in M, that is precisely that of the conformal group
in M,. Singleton fields may therefore be inter-
preted (locally) as massless fields in a three-di-
mensional spacetime (Penrose’s infinity!®). The
problem is therefore to construct a Lagrangian
density on M, that is invariant under the conform-
al group SO(3, 2). The conformal degrees of ¢

‘and P are —3 and ~1, respectively. The action

£=fd3u F(w) (1.3)

is invariant if and only if the conformal degree of
Fis -3.

Proposition 4. Let F be a scalar field on M, of
conformal degree —3; then the field L on R® de-
fined by

L(y)=y,°F(u) (7.4)

is a scalar field. Conversely, if L is a scalar
field on R®, homogeneous of degree —3, then F
is a scalar field on M, of conformal degree ~3.

If F is local and polynomial then the only pos-
sible form for L is (see the Appendix)

L==5(8,0)+P(k+32)P+8,0° +8,0%(i7,¥)¥ -
(7.5)
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The most general interaction depends on only two
real coupling constants g, and g,. For F one finds
(see the Appendix)
F==3(00/0uy —iy*d ) +£,¢° +£,0°Y7) . (7.6)

The summations are on ¢a=0,1,2 and '95=70'y172y3.

Global coovdinates. Three-dimensional Minkow-
ski space has a natural causal structure that is
locally, but not globally, conformally invariant.
The cone y®=0, on the other hand, also has a nat-
ural causal structure that is globally SO(3,2) in-
variant. This latter causal structure is the phys-
ically relevant one, but it is awkward to describe
it on M,; this is due to the singularities in the
transformations (7.1) and (7.2). Global coordinates
on the twofold covering C of the cone are given by

ys=vcost, y,=vsinf, -2r<t<27,
y3=7rcosé, y,=rsindsing,... .

An invariant distribution on C X C depends on
y-y'=y%!’ and on 7={-¢'; in 7 it is piecewise
constant. Figure 1 shows the regions in which y
is in the future, in the past and spacelike relative
to y’, with )

cosp=y -y /vr', y%yl,=vr'(cosT—cosy).
Any invariant distribution is independent of 7 (that
is, it depends only on y +y’) within each of the four
regions.

Quantization on the cone. Here we limit our-
selves to the case of the Rac fields. A basis is
given by

bou(9) = QL +1)" V2= 2By, (),
with E =L +3 and $ =§/7; it is orthonormal with re-
spect to the inner product

9= [, 36X ().

For each (L, M) in the range M =-L, -L +1,...,L
and L =0,1,..., introduce creation and destruction
operators ay = a;, satisfying the usual commuta-
tion relations

[(lN, a:'] =6NN’ ’ [aN: aN'] =[a1>0}‘7 a;’] =0.

(This leads to conventional, Bose-Einstein statis-
tics, although the possibility of other alternatives
should not be excluded.) Defining the field opera-
tor

o (y) =; [on()ay + $N(J’)af\f] ’
one finds
[o(3), d(y)] = ZI; @'Yy Y2 s(r +ie) - s(r —i€)],

s(r)=(cosT =3-y' )2,

Here 7 =¢ —t' and s(7) is defined as an analytic
function of cost in the complex plane with a cut
along the real axis from +1 to —«, positive for
cos7>1. The commutator is thus zero for space-
like separation of y, y’; that is, for y+y’>0. For
equal times, if ¢(y)=(d/dt)$(y),

[ o(9), $(y Nemp =ir')26(5, 7).

To complete the quantization of free Rac fields on
the cone we define the Fock space in terms of a
vacuum state on which a, vanishes.

' Indefinite-metric quantization of Rac fields on
the whole of de Sitter space will be set up in a
future publication®; we also plan a similar con-
struction for Di fields.

The quantization scheme developed here is the
most conventional one possible. The implications
of adopting it, for the dynamics of massless par-
ticles, are not completely clear at this time;
therefore, it is important to keep alternative op-
tions in mind. One possibility is parastatistics or
color, another is to reverse the normal associa-
tion between spin and statistics. (This association
is less strong in three dimensions than in four di-
mensions—a fact that may be relevant to singleton
dynamics.)

VIII. INTERTWINING OPERATOR

Theorem 3 (in Sec. VI) shows that massless par-
ticles can be interpreted as two-singleton states.
This will now be expressed in terms of (classical)
massless fields and two-singleton fields. Again
we limit ourselves to Racs and integer-spin mass-
less fields.

As in Sec. V, let i, PR stand for the compon-
ents of a symmetric tensor field on de Sitter space.
Let x—y be an embedding of de Sitter space as the
hyperboloid y*=1/p, let y} be the coefficients of
the differential of this map. Let k...,  be the
components of a symmetric tensor field on R®,
completely determined by

h,,l...,,s(x)=y‘,’,‘;"'y‘,’,‘gkal...as(y), (8.1)
Y Byeea (3)=0, (8.2)

y.y'>C
Spacelike

y.y'<0

Future

—on -7 [¢] T 2n

-t

FIG. 1. Regions on the cone are described relative
to a fixed y” on it. The variable ¢ is given by cosy
=y-y’/rr’. Points labeled (,2) are to be identified
with points labeled (y,—2rw).
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(y%8, +s+1)kgeas =0. (8.3)

The degree of homogeneity is chosen for later con-
venience. The subsidiary conditions (5.2) take the
form

%k =0, n*80,k5...=0. (8.4)

When (8.2)—-(8.4) are satisfied, then the wave equa-
tion (5.1) reduces to

720,94 Byeus=0. (8.5)

Now let us combine all these fields (with s
=0,1,...) into a single scalar field on R®x R®, de-
fined by

K(y,2)= 3 250+ 2%hg o o (9). (8.6)
LA

The problem is to relate this field to a two-single~

ton field . This was done already in Ref. 9, but a

much more convenient formula can be given.
Consider the (classical) field on C X C defined by

20,0=7 [ LKOpra/Arp-a/n). @)

It has the following properties.

(1) Homogeneity. Equation (8.3) gives (y-3,
+2°9,+1)K =0 and (8.7) therefore implies that
(p+o,+q*9,+1)® =0. Further,

Ao

(p'aﬂ -q- aq)Q(p’Q)NK(Kp+ -Z.—’ 7\?-‘;‘{")

Ao

=lim AT'K(p +q/22, p —q/2?)

A—>o0

- lim AK(\%p + g, A% -q),
A0

which vanishes provided only that K(y, z) exists
for y =xs. Thus

(pro,+3)®=(q*8,+3)®=0. » (8.8)

(2) Transversality. Equation (8.2) requires that
all components of K be “transverse.” This can
always be achieved by adding a suitable field of the
form y- zA to K. Now (8.7) is to be evaluated at
p?=¢%=0, so that the integral involves the values
of K on the surface y-z=y%+22=0 only. Long-
itudinal components of K (terms of the form y* zA
with A well defined at y- z =0) are therefore irrel-
evant for the evaluation of ® on Cx C. In other
words, when one requires that K be transverse,
namely, condition (8.2) or

y°8,K=0, (8.9)

then one restricts the extrapolation of & off CxC.
(3) Gauge invariance. If each is a gauge
field, then K has the form

Bree s

K=[z"0,+(2°9,-y-8,-2)z"y/y?]A, (8.10)

with (2°8,+y°8,+1)A =y*9,A =0. Thus, when
z-y=0, K(y,2)=(2°3,+y*9,)A, and K(\p + g/,
Ap ~q/A) =8 /aN)A (P +q/A, Ap —q/2); substituting
this into (8.9) one obtains & =0 by the argument
used above to establish (8.10).

(4) Wave equations and the Loventz condition.
The trace condition and Lorentz condition (8.4),
and the wave equation (8.5), are expressed by

0, K=9,9,K=3,°K=0. (8.11)
It is easy to see that this gives
8,%® =8,%® =8, 9,8 =0. (8.12)

Each of these conditions involves the values of ®
off C X C. We have already restricted the extrapo-
lation of & by the conditions (8.10) of homogeneity,
and this is sufficient to give unambiguous meaning
to the first two conditions. The third condition,
8,°9,® =0, restricts the extrapolation further; it
is related to (8.9). This does not mean that the
condition'd,° 8,8 =0 serves only to govern the ex-
trapolation. In fact, it serves to eliminate all two-
Rac fields constructed from two Racs with opposite
energy sign.

One sees, then, that when K in (8.9) describes
massless fields with positive (negative) energy,
then & describes two Racs with positive (negative)
energy. In fact, this mapping is a unitary bijec-
tion, though we do not exhibit an explicit expres-
sion for the inverse mapping.

IX. CONTRACTION OF MASSLESS
REPRESENTATIONS

(a) The contraction from a Lie algebra @, to the
Lie algebra @, will be realized in the common un-
derlying vector space @ by a family {S,}0<x <1,
of vector-space isomorphisms, such that »-S, is
a continuous map into GL(®@) with S, the identity.
One defines a family {@,} of Lie algebras, each
isomorphic to @,, with the bracket

[x, y]x =S27[Syx, Say],

where [ , ] is the bracket of @,. The contracted
Lie algebra @, is defined by the bracket [x, y],
=limy- o[, 9],. This will not be equivalent to @,
unless lim,..,S, is invertible.

For representations on a Hilbert space 3¢ we
shall realize this contraction with a domain §,
dense in 3¢ and endowed with a complete Hausdorff,
locally convex topology, and a family {Z,} of
closed one-to-one linear operators. Each Z, is
densely defined in 3 with domain containing §, Z,
is the identity operator on 3¢, and the restriction
of Z, to 8 is continuous (for the topology of §).
Furthermore, the map defined by A—~Z,¢ from
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(0, 1) to 3 is continuous and lim| Z,¢| as A~ 0 ex-
ists. We denote by X the closed subspace of &

that consists of all ¢ such that lim| Z,¢| =0 and we
shall realize the contracted representation on the
completion 3c° of the locally convex space §/X% with
respect to the Hilbert space norm lim|| Z,¢|. K

U! denotes the original representation of @, in 3¢
and if we suppose that its domain of definition con-
tains Z,8 for O0<x <1, then we can define a rep-
resentation U» of @, by

Z\UMx) = UNS\%) Z .

These representations will also be defined on a
domain containing §. Now for all x in @, and ¢
in &, U°(x)¢= lim,-,UMNx)¢ will be defined and
belong to &, and % will be invariant under U% x).
We can thus finally define a representation U° of
@, in 5¢° as the quotient of U° on §/x.

Notice that this type of contraction involves only
one equivalence class of representations of @,, in
contrast with the other usual type of (Wigner-
Inonu) contractions that utilize an infinite family
of inequivalent representations.

(b) As earlier, let {L,g}, @,B=0,1,2,3,5, be the
basis for so(3,2). We define S, by

SxLyy =Ly, 1v=0,1,2,3
SxLﬁ5=K2(2 —K)Lus.

Our “massless” representation U! [that is,

D(s +1, s) with s# 0 or else D(1,0)®D (2, 0)] is
realized in 3¢ =L2(R?% d°p/|B|) as specified in Sec.
II [that is, by extension to @ of either V or V'
and restriction to SO(3, 2)]. Next,

Zy\¢(p)=rp(rp), O<ars1

defines a family of unitary operators that we shall
restrict to the dense-invariant subspace § of dif-
ferentiable vectors for the representation of €.
Each Z, evidently commutes with the Lorentz sub-
algebra generated by {L,,}, u,v=0,1,2,3; while

Zy\'LosZy = %[A—zpo + PQ_I(JZ +D?+iD)].

In the limit A - 0, the Lorentz subalgebra remains
unchanged while

LYy=1im Z,"'UNS\Los) Zy=Po=Po.
A0

Therefore, L, defined in a similar way for p
=1,2,3, are identical to P, on §, and U°
=1im,.,,U" is just the representation V} or Vi, of
L(®). Since the Z, are unitary on 3¢, the kernel
subspace X is zero.

We have just obtained V7 and V* by contraction of
D(s+1,s)orofD(1,0) ®D(2,0), making use of the two
equivalent realizations of these latter representa-
tionsindc=L3(R%,d%/|p|). Thisshows thateach
massless representation of SO(3, 2) canbe contracted

(in our strict sense and with kernel subspace =0)to
either vV} or Vi . It is doubtful whether any other
representations of SO(3, 2) have this property.
Contractability thus furnishes yet another justifica-
tion for the term massless as applied to the mass-
less representations of SO(3, 2). [Strictly, only the
direct sum D(1, 0)® D (2, 0) deserves the designa-
tion, though we have sometimes applied it to each
irreducible part.]

(c) Contractions to nonfaithful or nonintegrable
representations. If we choose Z, =1, then the
D(s +1, s) will contract to their restriction to the
Lorentz subgroup, which are reducible into a di-
rect integral of UIR Dy (s, 0) of the principal ser-
ies, o varying over the spectrum (which is R and
simple) of the dilation D. Since D (0,0) and
D, (0, —0) are equivalent and the dilatation D ex-
changes the 3¢} (7=1,2), the two contracted repre-
sentations of D(r, 0) will be equivalent one to the
other and the integral will be taken over the spec-
trum of D?. By suitable choices of the Z, one can
obtain an integral (or sum) over any Borel subset
of the spectrum R of D.

Now let & be the subspace of differentiable vec-
tors for a representation of € with helicity +s+ 0,
say T} to fix ideas, on 3¢ =L%(R%, d°%/|P|), and @
an involution transforming 7'} into 7%,.

We can decompose §=§,® §,® §,accordingtothe
spectrum of P, in such a way that on the closure
of &, in 3¢ the latter is [0, p,], on that of &, it is
[ po', po] and [ p2, +) for &,; these subspaces will
be invariant under the Lie algebra action. We then
can choose Z; to coincide with6Z,0on &, with 7 on §,
and withZ, on&,. Thenthe restrictionof L, to &,
contracttothe B, of V* , thatto &, will contract to
0, and that to &, will contract to the P, of Vi. The
spectrum of the limit of L will be [0, p,'] on the
component defined by §,, 0 on the one defined by
&,, and R™ on the one defined by §,. However, due
to the boundary conditions that appear, this limit
will be symmetric, not essentially self-adjoint.
Thus the contracted Poincar€ Lie algebra repre-
sentation, where both helicities (+s and —s) ap-
pear, will not be integrable to a Poincaré group
representation. If for simplicity we take p,' =p.7,
i.e., §,={0}, we thus see that an irreducible inte-
grable representation of so(3, 2), which does not
distinguish between the helicity signs, can be con-
tracted into a nonintegrable representation of the
Poincaré Lie algebra L(¢), decomposable into a
sum of two Schur-irreducible® representations of
L(®), one for each helicity sign.

It is conjectured that no contraction procedure
of the type here considered will allow the contrac-
tion from an irreducible representation D(s +1, s)
of SO(3, 2) to a representation V} @ V*, of the
Poincar€ group ®, representing a massless parti-
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dimensional Poincaré subgroup @, of SO(3, 2) to the
familiar form. The translation generators P, and

cle with both helicity signs. Clearly the procedure
used above requires the passage to nonintegrable

Poincaré representations, with the mentioned dif-
ficulty regarding the non-self-adjointness of the en-
ergy operator, if we want both helicity signs to be
present. This could be related to a similar diffi-
culty in the localizability®? of massless particles,
such as the photon. (The problem in proving com-
pletely this conjecture is that one needs to prove
the nonexistence of a contracting family Z, of op-
erators, which is difficult to handle.) On the other
hand, for fully polarized particles such as the neu-
trino ((z] =%) the impossibility to obtain both hel-
icity signs from the same D(s +1, s) within the
framework of unitary group representations is in
full accordance with the experimental situation.

APPENDIX
There is an interesting complication in account-
ing for the Di on M;. The matrix M in Eq. (7.2) is
required in order to reduce the action of the three-

their action on four-dimensional de Sitter spinors
are

Py=Lys+ L,5=ty,0. —iy_‘,Bp—%'y“(l —ivs),
Y: =¥s% Vs, 3 =3 ;83’ IJ'=0 1 2’ .

We require that the action of P, on § =y, 2ppy
reduce to P,=—i9/ou", and find that

M =1+6/2)y*u, (1 -iy,).

The dilatation operator D = L;; now becomes
D ==i(1+ud,) = (i/2)(1 =ivy,)

and the wave operator 8 is reduced to
(A =iy )(=iy*a/oub).

Restriction to the chirality subspace iy, =1 thus
gives a three-dimensional chiral field with con-
formal degree -1.
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