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The Einstein-Maxwell equations are solved for a slowly rotating body with arbitrary charge. The solution is
applied to a thin, rotating, charged shell. The angular momentum, gyromagnetic ratio, and other quantities of
physical interest are computed. In particular, whenever the charge is less than the mass (but not necessarily small)
the gyromagnetic ratio approaches 2 as the shell radius approaches the horizon. Under these conditions the
rotational velocity of the inertial frames inside the shell approaches the rotational velocity of the shell. When the
charge is greater than the mass there is no horizon and the gyromagnetic ratio can exceed 2. Furthermore, an
example is given in which the inertial frames within the shell rotate in a direction opposite that of the shell.

I. INTRODUCTION

It is well known that the classical Maxwell equa-
tions can be generalized to include the effects of
curved space-time. When this is done one finds
electromagnetic behavior which differs from that
expected from flat-space-~time calculations. The
introduction of rotation brings with it yet another
possibility, this being the influence of rotation
on the inertial frames and on the electromagnetic
field. :

In an effort to address these questions, the sta-

~tionary, axially symmetric! metric?®?

ds?= -A%t?+ B%dy?+ C%d6?
+EXd¢ — Qdt)? (1)

has been studied. Here A, B, C, E, and & are
functions only of the variables » and 6. In the
asymptotically flat regions of large », » and 6
are the usual spherical coordinates. For a dis-
cussion of symmetries and their implications, see
Ref. 3. The metric contains the angular velocity
of the inertial frames & explicitly. This angular
velocity is measured relative to observers in the
inertial frames of the asymptotically flat space-
time at infinity.3

For the uncharged case Brill and Cohen?? found
the metric of this form [Eq. (1)] for slow rotation
(to first order in £2). Cohen then used these re-
sults to solve Maxwell’s equations for this geo-
)

metry in the same approximation.””® Hence an ex-
terior solution was obtained to the equations
which result when terms quadratic in the charge
and rotational velocity in the Einstein-Maxwell
equations are neglected. This solution was used
to analyze slowly rotating thin shells of arbitrary
mass and small charge.”® Cohen, Tiomno, and
Wald calculated the gyromagnetic ratio of such a
thin shell.

In this paper we work with slow rotation; that
is, we ignore terms quadratic in the angular ve-
locity, but now admit arbitrary charge. The ex-
terior solution is found and applied to the thin-
shell model. We calculate the gyromagnetic ratio
and angular momentum of such a configuration
with arbitrarily large charge.

II. EINSTEIN FIELD EQUATIONS

We use exterior calculus to derive the equations
which determine the Einstein tensor for Eq. (1).
A Cartan frame appropriate for our calculations
is w’=Adt, w'=Bdr, w?*=Cd8, w*=E(dyp —-Qdt).
These forms are the basis dual to the orthonormal
vector basis. The components of the Einstein
tensor are determined by

8ﬂT“V=GM-V ,

where the T*” and G*” are the components of the
stress-energy tensor and Einstein tensor relative
to the orthonormal basis. One finds that the non-
trivial field equations can be written as

—-81T®=(BC)*((C,/B),+ (By/C)o+ E™(CE,/B),+ EBE,/C)y]+ [EQ,/(2AB) 2+ [EQ,/(2AC) ]2,
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-81T% =3 (BCE?)™{[CE®Q,/(AB)],+ [BE3,/(AC) ]},

—-871T2= (AC)((4,/B), — A,C,/(BC)]+ (CE)(E,/B)y -~ E,C,/(BC)] -~ [E*Q,%, /(2A2BC)]
81T = [ESe,/(2AB) ] - [EQ,/(2AC) |2+ (CB2E)™E,C, + (AB®E)'A,E, + (AB*C)™'C A,

+(CE)™(Ey/C)y+ (AC)™(Ap/C)e+ (ACE) A E,

81T%2=[EQ,/(2AC)? = [EQ,/(2AB)?+ (BC?E)'E4B, + (ABC?)A,B,
+(AC2E) A E,+ (AB)™(A,/B),+ (BE)'\E,/B),+ (AB?E)7A,E, ,
81T = (ABC)™(CA,/B),+ (ABC)™(BAy/C)y+ (BC)™(C,/B),+ (BC)™(B,/C),

-3[ERQ,/(24B)]? ~ 3[EQ,/(2AC) 2.

These equations were first derived by Brill and
Cohen and reported in a different form in Ref. 3
In these equations a subscript, » or 8, denotes
partial differentiation. Generally, there are
mechanical and electromagnetic contributions to
the stress-energy tensor.

We first infer the mechanical contributions for
an axially symmetric distribution of matter which
is observed to rotate with a constant angular ve-
locity w about the z axis. All parts of the object
rotate with the same angular velocity, i.e., the
rotation is rigid. Let our first view be that of
observers with respect to whom the object does
not rotate. Let (v,8,¢,f) be coordinates used by
these observers. Then we may conclude that the
local inertial frames are spanned by a Cartan
frame W°=Adf, w'=Bdr, w*=Cdf, w3=Edp. For
if the w”’s represent a local Cartan frame, then
the Lorentz transformation

0 — 31 0
w"'}/(gw"'w); (2)

W=y (w?+ CW°)
with

¢=E(w-R)/A,

y=(1-¢?)/2

establishes the connection between the Cartan

UNIFORMLY CHARGED
SPHERICAL SHELL

\‘

FIG. 1. Orientation of Cartan’s moving orthonormal
frames w, relative to the uniformly charged shell which
rotates with angular velocity w.

]
frames. Hence we may infer

Troon=TEn®,® ®, .

mech mech ™ u

In the rest frame of the rotator T%°=p, T% =0,
and T'/= %, where p is the mass density and %/
is the three-dimensional stress tensor. We con-
clude,

Y2+ §H33) vt yir®® vE(p+ %)
1295 1 12 yttd
yot® I y123

YE(p+1%) vt v v+ £%0)

(T:l‘\:ch) =

The electromagnetic contribution to the stress-
energy tensor is well known.® Relative to the or-
thonormal basis, the electric and magnetic vec-
tors are written as

E=elw +e’w,+ etw,
H=h'w, + h2w,+ hw, .
Then,
4T, =5(E%+ H?)
4nTG, =€ pe'n®

4Ty =3(E*+ H?)6Y —ele! —pin? .

III. MAXWELL EQUATIONS

To write Maxwell’s equations in curved space
we express the electromagnetic-field tensor and
the electric current vector as differential forms.
In Cartan’s notation”™® the field tensor is

f—.—%f‘ww”A W

where

(fuw)=



In the rest frame of our rotator the current four-
vector is simply

I'=p,w,,

where p, is the local charge density. Usmg (2) we
obtain

I= PYWo+ PYEW,
or, in the dual representation,
I=—pyw+p,ysw.

This dual representation leads to succinct state-
ments of Maxwell’s equations using the de Rham
operators d and 6.5 The homogeneous equations
are

. df=0 ,'
from which we obtain
(ACe,), - (ABe,), = BCE[h,(,/C)+ hy(R,/B)]=0,
(AEe,), =0,
(AEe,)y=0,
(BEh,)+ (CER,),=0

The remaining four equations are
of = *d*f=4nl ,

which gives -
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(ACh,), = (ABh,)g+ BCE[e,(R/C)+ e,(R,/B)]

=4mp,y{ABC
(Aeh,),=0,

(AEh,),=0,
(CEe,),+ (BEe,)s=+ 4mp,yBCE .

IV. FORMULATION AND SOLUTION

In this section we find an exterior solution to
these Einstein-Maxwell field equations to first
order in the angular velocity, but with an arbi-
trarily large charge. The solution generalizes the
slow-rotation limit of the Kerr-Newmann'! exter-
lior solution. We work with the metric [Eq. (1)]
(Ref. 3) in isotropic form,**°

ds®= —V2dt?

+3%dr? + Y’d*+ r?sin®0(dy ~ Qdt)?],
where V and § are functions only of ». Suitable
forms for the electric and magnetic field vectors
are*
E=ew,, H=ncosbw, +p sinfw,
where e, p, and n are functions only of ».

The equations determining the solution follow
from the previous sections and are obtained when
terms quadratic in the angular velocities are ne-
glected. The nontrivial equations are

_

87lp,,+ (1/8m)e?]= (—1)(7‘1'2)'2{1' [ﬁ%;)_:]r+ ¥y (r¥?), ], - 1} ) 3)
81T[t“—(1/81r)e2]=(1"1’2)'2{ [ﬁf;l'-] } 2wy E v, )
8m[£%%+ (1/8r)e?]= (V‘l’z)"{(V /¥?),+ (re?) [Y_(%ﬁz]} (5)

Br LAY 0 - @)(py+ )+ (1/Am)ep )= (-1 g [

[(»¥2)2e],= 4np,r?¥®
=3 ¥ ()], ,
[r¥2Vp],+ VE¥n+ (r¥2)2eQ, = 4mp,(w — SZ)'rz\lf6

Everything said for the remainder of this section
pertains to the regions exterior to the charge and
mass distribution.
From Eq. (7), we have,
e=q/(r¥??2. (10)
Equations (3)—(5) are now satisfied by
V2= (1+ ar™)?—(q/2r)?,

V2= (1+ar )1 -ar™)+(q/2r)2.
When there is no rotation (2=0), Egqs. (11) repre-

(11)

r¥?)Q,
V\l’z , ’ (6)

)
(8)
(CHR

r

sent a spherically symmetric solution to the Ein-
stein- Maxwell field equations, the Reissner-Nord-
strom metric in isotropic form, which is asymp-
totically flat, and asymptotically becomes the
Minkowskimetric expressed in spherical coordi-
nates. The metric describes the space-time ge-
ometry around a spherically symmetric charged
body centered at the origin of the coordinates.

The constant 2« is the mass as seen by observers
at infinity.
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Use of Eq.-(8) in Eq. (6) produces

q[('f‘l’z)zn]f%[%] ’ (12)

Q = [2g(r¥?)?n -3,],

A
r— ( w2)4
where X, is a constant of integration.
Using Eqgs. (8) and (12) to eliminate p and Q, in
Eq. (9), we get
Vw2

2{1:2 [ ]} +"V‘I'z(h( \Iﬂ)z) NoGrumyi

When |q|#m the general solution of this equation
is (see the Appendix)

n=N,qB%/(6a)+ I, (1 — 12£20:282+ 16£%a36?)
o, [1e[g2a232 —aB/4- (1+287)/(248)]
+071(1 - 126%0%8% + 16£%0%6°%) ln(f;—:g:)] ,
(14)

(13)

Q=Q,+ $0B3(1 - £2aB) — 2¢ B(1 - 45%0%B%+ 4£4aB?)

where
=|q|/m,
b=(1-¢)2,
B,=(28%a)(1+0),
B,=(2£%a)™(1 -b),
B=(r¥?,
When |gq| =m, we have

(r¥?)n= g/ (6)+ H,r*[1+ (62 /7)]

+ R {1+ (3a/r)+[18a2/(57%) ]+ [8a3/(5r%)]} .
(15)
Integration of Eq. (12) yields 2. For lg| #m,

—2q%, [[4§2a2[33 —208% - 2£2(1+5 £2)B ]+ (4ab) ™ (4aB — 16223683+ 16£%a3* - 1) 1n(%:—‘;1-)] . (16)
2

for |g|=

(¥R = Q) =5Nr|1+ (@/r)] - 2qN73[1+ (Ba/v)+ (8a?/r?)+ (4a°/r®)]

—(q/2)3,{1+ [120/(5v) ]+ [8a2/(57%)]}.

V. THIN SHELL; BOUNDARY CONDITIONS

In this section we use our results to study a par-
ticular model. The configuration considered is
that of a massive, charged rotating shell of coor-
dinate radius 7,. The shell rotates rigidly about
the z axis with an angular velocity w. The distri-
bution of matter is specified by

p,=Kd(r =7y), p,=06(r—-7,),

1=f6('r—ro)w1/\w2‘l\w3,

From Eq. (7) we conclude that regularity at the
origin requires

e=0 for r<7,.

Integration of Eq. (7) across the shell identifies
the constant ¢ as the total charge:

q=f gdwlaw?aw?,

)

We conclude from Eqgs. (3)—(5) that ¥ and V are
continuous across the shell. This is shown as
follows: Eq. (3) yields

=21r¥S T = (r¥), , .

We use Egs. (3) and (4) in Eq. (5) to obtain the
relation

8TV (T + 1T+ 3TV) = (yV¥),,,

But if F is a function such that F, . ~6(r —7,),
then F is continuous at v,. Hence V and ¥ are
continuous across the shell. Regularity at the or-
igin implies V and ¥ are constant in the interior.
Therefore,

V2= (1+ar,™)? - (q/Z'Vo)2
V2= (14 ar, 1) (1 —ar, )

+(q/2r,)® for r<w,.



Integration of Eqs. (3)—(5) across the shell deter-

mines the mass density and the remaining compon-

ents of the stress supporting the shell:
K=2a(l+ar,?) -q%*/(2r,),
=0, t2=t¥=S6(r -7r,),
S= c"‘-,(""ov())-l(l - 52)

=a?(r V)1 —-¢*m™).

- (18)

Equations (6), (8), and (9) may now be solved
for n, p, and £. We find

Q=Q,+Q,/7%,
n=ng+n,/r*,

J
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2rp=—(r?n), for r<w,.

Regularity at the origin requires Q=Q,, n=—p
=10,

Asymptotic flatness at infinity, together with
the stipulation that the observers at infinity be
in an inertial frame, require Q to vanish at large
. Also, the magnetic fields vanish at infinity.
From the solutions of the previous section, we
obtain

n(r)=NgqB%/(6a)+N K(r), (19)

where

()= ~&a75(1 = £ [208.+ 4067 - () 27(1+ 26100 + (20)"(1 - 1267078+ 16870%8") m(fomsa )],

R@r)=p[1+0(@)] (r-=),

Q(r)=3NP3(1 - £2aB)+ 2gN,9(r) ,

where

1-2ap(1-0)

8r) = a1 - §)72[5 — 208 -3 (1+3 06"+ & 1+ 208"

—(4ab)™ (40 - 16£%0°8°+ 16£* a8 - 1) m(k_w)] ’

8(r)=-1B[1+0(B)] (r-).

All that remains is to satisfy the junction con-
ditions of Eqs. (6) and (9). In what follows we as-
sume that p is a regular distribution—it is not a
8 function or a derivative of a  function. Then
Egs. (6), (8), and (9) imply that  and » are con-
tinuous across the shell.

Integration of Egs. (6) and (9) gives

Q, |7t = =4(K+S)(w = Q) (r,¥,)2,

[ 92)°n], |72 = =2q(r ¥ (r PV o¥,) (@ = Q)
where 7. and 7, denote the limit as we approach
7, from below and above, respectively. A sub-
script indicates that the functions are to be eval-
uated at r=7.

From these conditions we obtain the following
equations: :
(¥ 2) 0= 5T (¥ ¥ 2 — E2) + 29 (7 ¥ D) N9, (21)
(¥ 2Pno= g,/ (60) + (r ¥ 2PN R, , (22)
No(ro¥,® —3 £%a) — 29 (¥ NR,

= 4(TOW02)4(70V0W02)'1(K+ S)w=-8,), (23)

1-2aB(1-b)

fﬂl(ro‘l‘oz)z[Z('r’o\I’OZ)(Ro —(R")]
=g,/ (6ar) = 207,V ¥ )Mo ¥ %) 0
= =2(ro¥ ) (roV ¥ ) H(w = Q,) . (24)

Here &' is the derivative of ® with respect to 8.
We conclude,

xN,= ETqE)lo/(12a) , (25)
where
’ _ (=1)B*(3K + 4S) 26
g_{(Ro[zK(K+S)+q2]+ Vo (K+S)8'} (26)
and

120K+ S)w=RN {B2A(K+S)+3V K]
+@?F[2(K+S), -3V K. (27)

Equations (21) and (22) now give £, and n,.

To obtain the expression for the gyromagnetic
ratio of the shell, we introduce the total angular
momentum of the shell:

J= ET%w'aw?aw?,
t= const
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Insertion of -
T%=¢(p,,+ 3%)+ (47)Yep sind

establishes the connection between our constants
and the angular momentum to first order in the
angular momentum. Substituting for e and using
Eq. (8),

J= 211(ft sinaede)(ll‘tr)'1 (7% 22V, ™ Hw = QK+ S)
’ -2q f i dr[(r‘l'z)zn],_g
ro
=3 (¥ 2V, H(w = Q) K + )+ 5q(r ¥,2)n, .
Using Eq. (23) to eliminate the term in (w - Q)
and Eq. (22) to eliminate the term in », we find
8J=:,. (28)
Therefore, by Eq. (25),
N, =Fqd/m
and
n=(2+F)B%J /m for (r—).

From this we identify the g factor of the shell
[defined as 2u(gJ/m)™, where u is the magnetic
dipole moment]:

£=2+F.

VI. REDUCTION IN SPECIAL CASES

In this section we take a closer look at our re-
sults in some special cases. Throughout the sec-
tion we restrict our analysis to configurations
for which V>0 and K= 0.

A £ (E=1ql/m)

When £€< 1 and V= 0, our present results re-
duce to those obtained by Cohen, Tiomno, and
Wald.® One obtains from Egs. (20), (21), (27),
and (28) ()= 2J/(»¥%)?, where

v 22w
Ja— )@ 1 g opq

T1VY,/(2- 0

Here e =q7,™ and for V>0,0<e<1. Whene=1,
V=(1=-€)(1+€)*=0. Then

J=M(r ¥ 2w
and
Q=w.

So when 7,—~a (the Schwarzschild radius of the
shell) inertial observers at the surface of the
shell see no rotation of the shell.

From Egs. (19),

®(r)=za{[2a/(r¥?)]+ [402/(r¥?)?]+ InV},
while Eq. (26) becomes

- 16€3(3 —-€)V,
3(2 —e)¥{2¢[1 —€(2+€)]+ V ¥, InV,}

The resulting gyromagnetic ratio is displayed in
Fig. 2. As the shell radius approaches its Sch-
warzschild radius (¢ -~ 1), g— 2 the same values
as for a Dirac particle. As the shell radius be-
comes large, g1 the value to be expected when
relativistic effects are negligible.®

Note finally from Eqs. (18) that S+« as vV~ 0.
So when £<<1 and the radius of the shell approach-
es the Schwarzschild radius, we find that

F

S..oo’ Qo*w, g"zy J~m(1’0\1’02)2w,

We show next in what way these findings are not
unique to the £< 1 condition.

B. The Horizon radius
From Eq. (11),
V¥=(1+ar?)(1-ar™)+(q/2r)2=1 - 2% 2,

where b=(1- £2)'/2, We note that for all < 1, we
have V-0 when 7, —~ ab, the horizon radius. We
conclude from Eqs. (18) that as the radius of the
shell approaches the horizon radius,

(ro=ab), S—.
We see from Eq. (26) that as S—,
TRV
Calculating R} and noting that

L [1-2a,3(1+b)] ) [l—otbr'l]z
Mi—2as(-0)] LT+ abr

vy 2
ln[m] ’

T T T T T T T T T

Radial Coordinate with -1

T
|
L l Gyromagnetic Ratio -
| Vs
1 lql/m<<i

(rg/m)

FIG. 2. Gyromagnetic ratio g vs radius for small
charge-to-mass ratio £=|g|/m <« 1. As the shell radius
approaches the gravitational radius, g—2. All charge
and mass are concentrated in the shell.
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we obtain the expression
(=1)4B8%V,

F - v .
2 —_—0_0
Yo+ (Vv +Viy,) ln[(1+ Olb’ro'l)z]

All the y;’s are well behaved at »,=ab and y,(abd)
#0. Since lim,_ ,V In¥V =0, we have the result
that -0 as r,—ab.

We find in a similar way from Egs. (21) and (27)
that as V-~ 0, '

.~ 3N B,3(1 - E2aB,)

and
RN,~ 120w(r,¥2)2.

Using Eq. (28) and observing that
2m(1 = £%0B),ap = (7o‘l’oz)ro=aa ’

we conclude that J —m(r,¥,%)w and £,—~ w when
7o~ ab.

So whenever the charge-to-mass ratio of the
shell is less than 1 and the shell radius approaches
the horizon radius, we have

Q)= w, J-m(r¥,?)?w, and g-2.

C.t=1

When |q[ -~ m, Eqs. (19) and (20) supply the
desired expressions for ® and 9. However, these
functions are obtained more easily from Eqgs.
(15) and (17) by applying the boundary conditions
at infinity, while keeping in mind the definition
of 9 as established by Eq. (20). In either case,

®R(r)= (r¥?) 31+ (3 /r) +[18a2/(5r*)]+[8c°/(5r°) ]}
and
9r)= =3 (r¥2) 1+ [12a/(5v)]+ [8a?/(5+%)]}.

When |q[ is set equal to m, our constants reduce
to a simple form. From Eqgs. (18),

K=m and S=0.

Equations (26) and (27) are used to determine N,
=6J and F:

F=(-1)(1+4e+ 6%+ €)™,

g=mr¥’)w
T1-3Fv S
Again € =ar,™, but here the conditions K= 0 and
V= 0 give rise to no restrictions and 0< € <,
The resulting gyromagnetic ratio is shown in Fig.
3. Again g 2 for the smallest permissible radius
and g—~1 as v —,

The dependence of the rotation of the inertial
frames on the rotation of the massive body can

- Gyromagnetic Ratio . .
Vs

- Radial Coordinate with -

Iqi/m=1

(rg/m)

FIG. 3. Gyromagnetic ratio g vs radius for charge-to-
mass ratio ¢é=|g|/m=1. As the shell radius approaches
the gravitational radius, g—2. The shell surface area
is given by 41rR02, where R0='ru\1102. In this case Ry=7,

Y m.

be obtained from Eq. (21):

w=Q 2+3¥.5F
w W I3V ST

D. £>1

Our reduction in this case follows from the con-
ditions £>1 and K= 0. With £> 1 it follows that

K> 0=m=>g%/(2r,) or v,/|q| > |q|/(2m)>1.
Therefore,

lq|/7o<1and m/r,<1.
We find then that

R(r)=1/r*)[1+0(m/7)]

and

9(r)=[-1/(49][1+ 0(m/r)].
With the above functions we get simply

n(r)=gqJ /(mr®)
and

Qr)=(2d /7)1 - gt2m /(4r)]
=2rgw -E=-trgw. (29)
Our constants also have a simple form. To ex-
press them we define v by 7,=vq?/(2m), where
K= 0=v=>1. We obtain
g=6v/(6u-—5) ’
J=[2/(3¢)mr 2w=5¢% 0w ~%),
Q,/w=2(3v - 4)/(v?£?) =3¢%,2(v - 3) .
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In the range 1sv <%, we have ,< 0. This be-
havior derives from the influence of the negative
elastic stress on the inertial frames. It is inter-
esting that within the shell the inertial frames ro-
tate in a direction opposite to that of the shell.

The gyromagnetic ratio is shown in Fig. 4.
Again we find the expected asymptotic approach
to the nonrelativistic value of 1 for large shell
radii. Note that here the value of g may exceed
2. In the limit that the local mass density van-
ishes (v=1), the g factor for the shell approaches
6. The ascent toward the value of 6 rises sharply
in the range 1< v <%, the range where £,<0,

For the electron and proton, £>>1. It is inter-

esting that for the electron and proton values of
charge and mass we obtain

g.=2.002
and
£,=5.586,
if the corresponding shell radii are, respectively,
7,=2.346 X 10™ cm
and
7,=7.789x 1077 cm .

VII. CONCLUSIONS

Although charged particles found in nature have
[q|/m > 1, this case is not normally treated in
the context of the Einstein-Maxwell equations.
This is because in solving such problems diffi-
culties arise. Among these: The large background
electric field gives rise to a stress-energy tensor
which is linear in electromagnetic perturbations.
This gives a gravitational perturbation of the

FIG. 4. Gyromagnetic ratio g vs radial parameter v
=2mrq~ for large charge-to-mass ratio, &= [g|/m> 1.
Note that g can exceed 2.

same order as the electromagnetic perturbation.
Hence, both perturbations must be determined
simultaneously. Such a case was treated in this
communication.

When the charge-to-mass ratio of the rotating
body is less than one (|g|/m<1) and the shell
radius approaches the event horizon, the gyro-
magnetic ratio g approaches two (g— 2) and the
angular velocity of inertial frames 2 approaches
that of the shell. Our result is valid for all values
of |¢|/m<1, finite as well as small. In fact, for
|g|/m=1, the same upper limit (g~ 2) results.
(For |¢q|/m <1, our result is in agreement with
previous results.5)

The region |q|/m>1 is of interest, since all
charged particles known in nature satisfy this
condition. In this region, there is no event hor-
izon and the gyromagnetic ratio g can exceed two.
In fact, values of g up to 6 can be obtained from
our general relativistic model with charge and
mass concentrated together in a single shell
(1< g« 6). Furthermore, for some models the
angular velocity of inertial frames within the shell
can vanish or even become retrograde.
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APPENDIX: SOLUTION OF EQUATION (13)

Herein we describe briefly how the solution to
Eq. (13) may be found:

- % [—V—2 [(ywz)zn],] vy (1 + (72\;’:)2> =g, (ﬁ:)" :

(13)

Expanding the derivative, one finds
[Fetewrn)] =2y wets - g2/woy
r

+ 20, (r + vV + vV ¥, . .

Equation 13 becomes

2

q
rIV¥3n, + 2n,(r + ¥V ?¥?) — 6nV'¥? RE

vy?
= —quom .
Multiplying this equation by (»¥?)? and noting
[r2v¥2(r¥?)2] = 2r(r¥?)2+ 22V 2U4(r¥2) ,
we get

A

[,},2(,'.\1,2)2‘/‘1,2”']' - GnV\I,zq2= _2q:)zo‘(_1_’l’_2$§ -
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The particular solution is given by

N
"= gy TP/ 0.

In verifying this, observe that
(r¥?),=V¥?

and
r2(V¥2)%= (r¥2)2 — 4a(r¥?)+q2.

This leaves the homogeneous equation. To
pursue it, make the substitution ’

n=AB.
Then

r*@¥?)vecAlB,,

+{2r2(r¥2)2V¥2A, + [r2(r )2V ¥ AlB,

+{[r2(r¥?)2V¥24, ], - 6AV¥%?B=0.
Multiplying this equation by A, one obtains
[r2(r¥?)2v¥2AB, |, + AB{[r3(r¥2)?V¥3A, ],

- 6AV¥%g%=0.
With the selection A=1 -12£%a%8%+ 16£%a%83, we
reduce the equation to
[r3(r¥2)2v¥2A2B,],=0.

The first integral is immediate and the second
may be done by partial fractions.

IThe Killing vectors associated with stationarity and
axial symmetry are 9/9¢ and 3/9¢, respectively. The
forms dual to these are —A%dt — E*Q(dg — Qdt) and
EX(dp-Qdt).
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