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Pseudoscalar-meson decay constants and weak form factors are studied on the basis of a relativistic quark model,
where the quark-antiquark system with unequal masses is treated in the framework of ladder approximatjon.
fx/f, = 1.25 and fi /f.f%7(0) = 1.27 are obtained. Decay constants and form factors for charmed mesons are also

predicted.

I. BASIC ASSUMPTIONS

Interest in the estimating® of the decay constants
of pseudoscalar mesons and the weak form factors
has been revived recently after the discovery of
charmed mesons. In the present paper we study
the decay constants and the weak form factors
f.(g?) on the basis of a relativistic quark model,
but without using an explicit solution for the radial
part of the Bethe-Salpeter (BS) amplitudes, since
we confine our estimation to the ratios of the de-
cay constants to £, and the deviations of f,(0) from
unity. A study of meson decays based on such a
prescription was made in 1968 by Kitazoe and
Téshima,? where. the ¢ g, system was treated as
one with equal masses M, =M,. The essential idea
in our model lies in a new treatment of the q g,
system with M #M, in the framework of the ladder
approximation and lowest-order calculation.

The wave function of the pseudoscalar meson
P? with momentum § is given by?
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a, i, and @ are flavor, color, and Lorentz indices,
respectively (hereafter we omit the color and Lor-
entz indices), P! denotes the unitary spin state,
and P denotes P=7, K, D, and so on. The four-
dimensional center-of-mass coordinate X, is de-
fined by

X, =ax,, +6x,,, a+p=1, 3)
where the coefficients a and 8 may deviate from

% in the case of M,#M,. The BS equation for
&(q) (k) is written by
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in ladder approximation. (Although we assume a
vector potential as the potential between ¢ and ¢,
this assumption is not essential in the following
discussions.) .

Our basic assumption is as follows: We calcu-
late only the lowest-order diagrams in the frame-
work of ladder approximation. Then, in the nor-
malization of the electromagnetic form factors
F®(¢? and 7P (4%) which are given by Figs. 1(a)
and 1(b), respectively, disagreement which re-
sults in M, # M, appears if a =8=3. We assume
that this disagreement can be compensated by
shifting the coefficients « and § from 3. We as-
sume that the contributions from higher-order
diagrams can be absorbed in this prescription for
the normalization.

Under this assumption, for example, the matrix
element of K°—7* current (Fig. 2) is given by

ME=FE @ (p+R), S F (> (p-P),
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where
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(See Appendix.) Generally the 7 term in Eq. (5) is
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FIG. 1. Two diagrams for meson-photon interaction.
We write the form factors which correspond to (a) and
(b) as £{¥ (g% and £ g?).
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FIG. 2. Diagram for K%p)— 7* () current. The dia-
gram stands for the sum of the diagrams (a) and (b) in
Fig. 4.

represented only in terms of p and ¥ after the in-
tegration over I. Therefore, if we regard the
mass parameter y , in Eq. (2) as the physical
mass m , of the pseudoscalar meson P?, we ob-
tain

ME" =C Tr[®,(k)y,® ((p) (AP + Bk - M,)]
=—4C(Am g+ Bm + M) (p,/m+k,/m,),

M, (7, ~q,+7) Ef“"( 2)(p+k),

where A, B, and C are functions of p?, k%, and
q?, so that we are uniquely led to the ratio

FEO0) . my—m,
FEO) T mgtm,

£KT(0) = =-0.56. (8)
The value (8) is in very poor agreement with the
experimental value®

gm(o =—(7\ ")‘ (mK _muz)/mﬂz .
=-(0.1-0.3), ©®

where A, and Aj are the slope parameters of the
vector and scalar form factors of K, decays, re-
spectively. Therefore, in this paper, we do not
identify y , as the physical mass m p.

Now, let us return to the problem of the nor-
malization of f W (0) and f{”(0). The matrix ele-
ment of the current where a photon interacts on
the quark ¢, [Fig. 1(a)] is given by

= ( fd“l¢>p(l+zﬁpq)¢>p(l 38 pq) Tr{B o(k)y,® A PIF - 3B (B +K) - M,]}. (10)

Since the function ¢>(l+§,8q)¢(l - 2Bg) is an even function of 7,

gral (10) and we get

(a)(qz) =

we can drop the 7 term in the I-space inte-
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In a similar way, we get the form factor f ®(q?) for g, —~q,+7 [Fig. 1(b)],
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From the condition 1 (0)={(0)=1, we obtain
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or
1 M, -M, _ Ma—éBP
p 2+ XP(1+mP2/XP2) M,+M,- B -(14)

II. PSEUDOSCALAR-MESON DECAY CONSTANTS

In order to estimate the decay constants of the
pseudoscalar mesons, we put further assumption
on the radial wave function ¢ ,(I): We assume that
the symmetry-breaking effect on ¢ ,(I) appears on-

-gap(nﬂé)]. (12)

I

ly through the form
¢ {1 =p pb(A 1), (15)

where ¢(£?) is a dimensionless function of £2, and
ppand A, are symmetry-breaking parameters
which have dimension (mass)2. Then the decay
constant f, of the pseudoscalar meson P?is given
by

43 -
Te= Xp (271 fd4l<b?(l)
=__):f)>\2;2_ (21T fd £¢(g2)’ (16)

where £, =(x,)'/?,, so that the relation
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is derived. On the other hand, since Eq. (11) be-
comes

.
B

SN = B 5 F@GBA) (18)
P P

where
F(E)= oy Jarwie e -em, a9

we can obtain the relation

A 2 2 )
_%Xz = B%E_E_ (20)
A'ﬂ' X‘ﬂ' pﬂ Bff

from the condition f,(0)=1. Therefore, from Egs.
(17) and (20), we get

Lo 2B (B e
S pPpBp Ap XPB}?

As seen in £q. (18), in our model, the slope of
the form factor f‘¥(g?) is given by X ,8,2/4. We
accept a priovi that the electromagnetic form fac-
tor f,(¢?) is successfully described by the simple
vector-meson-pole-dominance model: for exam- .
ple, in the K* meson, the form factors f ‘¥ (¢q?)
and 1 ‘*'(¢?) are described by p- and ¢-meson
poles, respectively. Therefore, from the rela-
tions A, B,2/4=m,? and X, ,2/4=m,2, we get
the relations

ap=m,/(m,+my), Bp=my/(m,+m,) (22)
and

Mg _(matme)® A 2\ 23)

4 momy,/) 4 \m,

We also accept that masses of vector mesons can
be well described by linear mass formulas,
2mpx=my+my,, 2m px~m,+m,, and so on. There-
fore, we assume that the quark mass difference

is equal to the mass difference of the vector mes-
ons concerned:

Mg= M ~mpx—m,~%(m,-m,), (24)
and so on. Then we obtain
Exel+m 2/x, 32 )u'g(mp+m¢)2m,(* ) (25)

from Eqs. (14), (22), and (24). The relation (25) is
generalized for any pseudoscalar mesons:

Xp~ le"'(mvz"mpz)“z ’ (26)

where the vector meson V bélongs to the same
unitary-spin state as the pseudoscalar meson P.
Since, from Egs. (14) and (26), we get the rela-
tions m, =M, +M, - B, mx=M,+M ~ B, and so
on, we must take B, =B, =+-+=B. [Note that, in

our model, (Mq-— 3 B) corresponds to the so-called
“constituent” quark mass m .%]

Now we can evaluate the ratio (21). From Egs.
(23) and (26), we obtain

fK/ft:(xﬂ/)\K)(Xw/XK)l/Z:1'25! 27

which is in good agreement with experiment. Sim-
ilarly we get

fo/f.=1.94, fo/f.=2.90, fu/f,=1.75, (28)

where we use m px = (m, +m1,)/2, mpx=(m,+m,)/2,
and m g« = (m,+my )/ 2 in places of the physical
masses m px, Mpx, and mgx, respectively, and
the relation m,? - m 7 =0.55 GeV? which is extra-
polated from the empirical relation mF*Z - sz
2 4 = e = mKZ ~0.55 GeV? (cf. m,?
-m,?=0.58 GeV?). If we use the physical masses
for m px, nip,, Mipx, and m,, we get f,/f,=1.91
and f./f,=2.93. Since the linear mass formula
for vector mesons has an error of a few percent,
the values in (28) also have the error of the same
order.

III. WEAK FORM FACTORS

Finally we estimate the deviations of the weak
form factors f,(q?) at ¢?=0 from unity. We as-
sume that the function é(gﬁ)é(g;) can be approxi-
mately regarded as a function of £,%+£,%, although
it is generally a function of £2+£,2 and |2~ £2].
Then we can evaluate the matrix element (5) by
shifting the integration variable from [, to

U=l + A Byhy ¥ 2 Bk (Mg 2,),

and we get
1 4pup
Kr 2y = = Km 2
7M@) =5 B AT F(&4,)
X[(ﬂ - AgBrt A By 7771r2/>(l{X")
X )\K+A1r
i(.”ii _ AeBy ¥ AgBym KZ/XI(XW)] ,
X1r XK+7\1!
(29)
where )
= 2 L (Beh = B, kP (30)
Kr )\K+A1’ 2 K T ’

and F(£%) is defined by

2) — 8 f 4¢1 3 2\ ¥ 2
FE)= g J AYHEIIED|
(31)
in the place of the definition (19).
By putting m x=m,(1+€) and m, =m,(1+2¢),
we can see that the slope of fX7(g?) is ~m 42 be-
cause of® ‘
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FIG. 3. Irreducible diagram (a) and reducible diagram
() in ¥ —puv decay.
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(32)
If we suppose that quark masses M are suf-
ficiently large as compared to the usual hadron
mass scale, we can approximate the factor within
square brackets in Eq. (29) as [B,/2y,+ B,/2x,].
Thus we derive the relation

where we use F(£,,*)| 2., ~F(0). Equation (33)
leads to

fx 1 =<AK+A,>2 2y, —1.27 34
fo FEO N\ 22 / Xg*xe ’ (34)

which is in excellent agreement with the experi-
mental value. On the other hand, the result

EXT(0) == (xx = Xa)/ (X + Xs) ==0.03 (35)

is somewhat in disagreement with the experimen-
tal value (9). This means that our approximation
is not so well justified in the evaluation of f.(g?2)
as in that of f,(¢?) because there the minor terms
are not negligible.

Our numerical results on f,(0) are summarized
as follows:

F¥7(0)=0.984, £¥7(0)=-0.03,
FPK(0)=0.92, £PX(0)=-0.24,
FP7(0)=0.84, £P7(0)=-0.27, (36)
FF1(0)=0.81, £F7(0)=-0.24,
 FFE(0)=0.77, EFK(0)=-0.26.

where, in the estimate of /77(0), we use /4
=[2(1/m,+2/m,)/3] and m = (m,+2m,)/3.
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APPENDIX: FEYNMAN-GRAPH RULES
FOR COMPOSITE MESONS

(i) We evaluate only the matrix elements for the
irreducible diagrams, not those for the reducible
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FIG. 4. Irreducible diagrams (a) and (b) and reducible
diagram (c) in K—7uy decay.

diagrams. For example, Fig. 3(a) is the lowest
irreducible diagram for 7 - uv decay, whereas
Fig. 3(b) is the reducible diagram. Figures 4(a)
and 4(b) are the lowest irreducible diagrams for
K ~nuv decay, whereas Fig. 4(c) is the reducible
diagram.
(i) We use factors
0

K 2P0, OP (Ala)
and
- BT (D)6, 0F (A1b)

for initial and final pseudoscalar mesons, which
are shown by Figs. 5(a) and 5(b), respectively,
where & 4(p) and & ,(p) are given by Egs. (2) and
(6), respectively, and p=p —p, and [=8p,+ap,,
or p,=l+ap and p, =1 - Bp. The coefficients o and
B are defined by Eqgs. (3) and (14).

(iii) We use factors

—i B ()8 DK (D)9, OP, (A2)
and
: %%’L K (p,)® p(P)K "(Pa)tbp(l)P; (A2b)

for initial and final mesons with one-gluon ex-
change, which are shown by Figs. 5(c) and 5(d),
respectively, where K, !(p) is the inverse of
quark propagator K, (p)=-3Sy (p)=i/(f - M +ie):

GalPg)
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(a)

qb( (Y]

FIG. 5. Rules for Feynman diagrams: The diagrams
(a), (b), (c), and (d) show initial meson, final meson,
and those with one-gluon exchange, respectively.
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KN (p)==i(p=-M,). (A3)

Here we have used the relation (4).
(iv) In a similar way, we obtain the rules for
vector meson V ’(p) by substituting

&, (p)o, )V = [é(p) + ?ﬂ%—;ﬁﬂ]mu)vz

(A4)

for @ (p)¢ [()P?, where €,(p) is the polarization
factor of the vector meson.

(v) We use a factor (-1)¥ where N is the number
of closed fermion loops in the graph. Note that,
for example, N is one for the diagrams shown in
Figs. 3 and 4.

(vi) The other rules are identical with usual
Feynman-graph rules for “elementary” particles.
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