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CP violation in charged kaons
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A calculation is performed of the asymmetry A = [I'(E+ vn+rr—+rr )
—I'(E ~ rr rr+))

/[I'(E+~+rr+rr ) + I'(E rr rr rr+)) in the Kobayashi-Maskawa model using soft-pion results of current algebra.
The prediction obtained is (A) = 0.74(e'}, where e' is the CI'-violating parameter of neutral kaons involving

violations of the dI = 1/2 rule.

The Kobayashi-Maskawa model' is the simplest
generalization of the Vfeinberg-3alam2 model to
include more than four quarks, and one of its
nicest features is that it allows for CP violation
in the gauge coupling to the quarks as a consequ-
ence of the mixing quarks matrix. Recently, 3

the standard current-algebra technique was used
to relate the CP violations in the neutral-kaon
sector K- 3m decays to the better known CP-
violating decay Eo-2m in the context of the Wein-
berg-Salam model, generalized to three left-
handed doublets of quarks in the manner of Ko-
bayashi and Maskawa. In this paper, we proceed
in a similar way as in Ref. 3, carrying out an
analysis of CP violation in the charged-kaon
sector.

In the E- 3w amplitudes, with the kinematics
given by

i'i'(P) - tr', (Itt) + ttss(Rs) + tt s(Es),

we can define the I.orentz-invariant energy vari-
ables S, as

Sq (I' -E;)—— (1)

with S t +S t + S s
= 3S s = 3(M, + —,

'
M» ). The in-

dices i label the isospin of the kaon, a, 0, e
label the isospin of the pions, and j labels pions.

In the usual approximation that the dependence
of the Dalitz-plot on the energies of the pions is
at most linear, the CP-conserving part of the
R - 3m amplitudes can be parametrized as follows:4

(''&' )II '~&') =i[(2&t -&s)+(Pt sPs+v -3ys)y]

(2a)
where trt, Pt ( ~t s, Ps) come from the transition into
the I= 1 state of the three pions caused by the
ni=-s' (nI=-'s) part of the CP-conserving weak
Hamiltonian H, and y3 comes from thy I=2
state of the three pions, where y =(Ss-S s)/M, .
We proceed in a similar way with the CP-violating
part:

trt rrl +s rr3 Pl Pl Ps Ps ys»d ys
real parameters.

Let us define

Qpc Qg +sQ~y j jy 3

P), = fj,. + iP,', j=1,3
/

V 3c 7 3 + ~7 3

%e write

(tr'tr'tr )II (Ii')= t([2G ,t-n„) +( Pt,
--' P„+4 3 ys, )y],

where B„=B„+H.t (2c)

The parameters o, , n,', etc. , are real if final-
state interactions are neglected but in general
have complex phases completely determined by
CPT and unitarity from the final-state strong-
interaction S matrix. It is well known ' that
the CPT theorem requires a particle and its anti-
particle to have the same lifetime. However, for
partial decay rates, which is our case, this may
not be truce'~ unless C or CP invariance holds, if
we have strong interactions in the final state. To
a good approximation, the phase is determined
by the isospin and the permutation symmetry of
the 3m states; thus there is one phase for all the
o's, the amplitudes of the completely symmetri-
cal I= 1 3tt state, one for all the P's, the ampli-
tudes of the I= 1 3m state with mixed symmetry,
and one for all the y's, the amplitudes of the
I=2 state. These three pions' phase shifts
depend on the energy of the pions and involve the
pion-pion phase shifts which we take from the
current-algebra calculation done by Weinberg. '
We define

&'-=A(It''-tt'w'tt )

=e"t(2n„—n„)
Ar+."t(P„-—.'P „)y+Ws"'sy ~

& ~A(& -tr tt v')

=8 t(2Qt~ —Qs~)

(tr'tr w j)II„)E-)=i [(2uI —tr', )+(Pl - ,'P', +v 3 y', )y]-.
(2b)

+ " (P*„——,'P';, )y v3+e" ty~
By a straightforward calculation we obtain

(3b)
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&
-(t ) & +D 6 e ((-6
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2) )

+ &3y(Ee'") '2'+E*e '"& '2')

+ ~3 y2(Eei (((&-6 2) +E6 ((6--6 2)) (4a)

~7.
~

g +(Byg) +y(De i -2- 2) +D6 e((6 $-&(g))

+ ~3 y(Ee 8 (6( 6 2 & +Ewe((6 $-6 2&)

~ ~3 y 2(Ee w (((
(

-6
2 & + E4e ( ((( (

-6
2 )

)

and for the experimental quantity of interest

(4b)

I
7'I -I 7 I 4y[sin(5, —5, )lmD+)(3 sin(5, —52)imE+yv 3 sin(5, —62)lmE]

+I r I~ 2/1 + 2(8 +C)y2+ 4y cos(5, —5,)ReD +4v 3 y cos(6, —52)ReE + 4&3 y2 cos(5, —62)ReE
(5)

where

A -=)2n„- n „~', B-=[P&, --,'P ~ (',
~=- ~~2. ~', D=(V,.--.'f2.)(2,.— ~),
E =r 2.(2n&*, -22.) E=r 2.(Pic 2P'2c) ~

(6)

We now use the soft-pion limits of the K -3m
amplitude obtained from the usual current-algebra
techni(luce. Using E(ls. (19a) through (lge) of
Ref. 3, we obtain the following relevant relations:

2 9 f )2 81
' 2 f«

f 9
ImD = —n 2 p)

g 3 2/2
ImE = —n', P,-a-

f)2 2

f g 3'(((/2
ImF= —n)p&~ 3x—'I &f 4 2j

(9c)

(Bd)

(ge)

(Qf)

p, =- 3xu, , p2=pxn„y2=+WSu„
~f ~f3xn-', u2=~3~n), &2=-~

(gg)

ReD =P ——+—~ + ——~ —1—2 2f 1 1 f )f6
3 f( 3x )f2 f1 / f~ 2)f2

2 (n' 't2

)u2 i

where x =M,2/(M» -M, ) and

l(~s)/(I =

gives the violation of the M=-,' rule in neutral-
kaon decays, known to be of the order of $.

It is worth noting that the current-algebra re-
lations relate only magnitudes of amplitudes.
The parameters entering E(ls. (2a) and (2b) were
assumed real numbers and the three pion phase
shifts were introduced separately in E(ls. (3a}
and (3b).

The phase convention chosen by Kobayashi and
Maskawa implies that the CP-violating Hamil-
tonian satisfies the M =-,' rule, therefore,

I I In»=P 2=~2 =0 (8)

and only the CP-conserving piece H' violates the
sr=-,' rule.

Using the relations (7) and the convention given
by (8). we obtain

j f 2 ~f g (3)(/2
ReE=P, 'I-- -~ —~~ —~-

[x f) 3x) f( 4 )2j

ReE —
P 1+-~ .

~

~ —(—
2 f) 2&2/ f) 4 (2

(Qi)

/2''= (2f 2f/))(gq f/)) =2(f2/f))(uI/ )), (10b)

where again the soft-pion results have been used.
From the same Ref. 3, we have

& = P + 2(u2/u))

We now turn to relate our result to the CP-
violating parameters of the neutral-kaon sector.
From Ref. 3

&2 ' = —'(f2/f }[/,"2/f -/")/f)1 (10a)

where g, and. g& are the bI=-', and M=-,',of the
CP-violating Hamiltonian in the neutral kaon to
two pions. The Kobayashi-Maskawa prescription
thus implies g, =o and therefore

, +-
gx' gx f, &

4)'f3 ~f 4 f~u'

Bx f, 9x I u&

8 f, 2V2 ut/&

(ga)

(9b}

from which we can estimate nI/n& -10 2, and
thus j6'

~

-0.35 x 10 6, which is slightly higher
than the eval. uation of Ref. 10.

We now neglect (f»/f2} and (n&/n&) compared
to 1 in E(Is. (Qa) through (9c) and (9g) through
(Qi}, which are the expressions appearing in the
denominator of E(I. (5). Under this approximation,
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Rem=0, ReF=O, C=O,

W=4P, '/9x', ~=P,',

and

ReD=P, ' (-2(3x) .
Thus, Eq. (8) becomes

(12)

I
T'I ' —

I
v.

I

' 27xyI sin(6, —&i) + 3 sin(6, —0, ) + xy f sin(6, —5, )] I
~'I

I
7'i'+

l 7 I' 4+ 9x'y' —12xy cos(5, —5&)
(13)

Equation (13) shows that under the assumptions
made in this work the asymmetry A of partial
lifetimes of charged kaons decaying into three
charged pions is proportional to ie' ~. This first
suggests a way to measure ~q'

~

independent of
neutral kaons, and second a possibility to dis-
criminate among theoretical models of CP vio-
lation.

Equation (13) depends on the energy of the three
pions throughy, 5&, 5&, and 6&. The explicit en-
ergy dependence of the phase shifts is given in
Ref. 8. To study the values obtained from Eq.
(13), we generate at random three pious con-
strained only by energy conservation. With this
procedure the mean value of the asymmetry A

given by Eq. (13) is 0.094 i&' i. A careful analysis
of the energy distribution of the individual pions
in a smaller sample suggested that a cut in the
energy of the odd pion (whose electrical charge
is different to the parent kaon) should enhance
the mean value of Eq. (13). We generated a sam-
ple of pions in which we required that the energy
of the odd pion was less than 7 MeV in the kaon
center of mass, and the mean value obtained was
0.74 ~e'

~

with a standard deviation of 0.07. The-

sample used had 1000 events.
In order to measure the asymmetry given by

. I

Eq. (13), the experimental signature would be
two even pions with center-of-mass with a mean
value of 36 MeV each and a standard deviation of
6 MeV. The odd pion being cut at 7 MeV results
in the energy being distributed with a mean value
of 4 MeV, and changing the cut of the odd pion in
+ 30% of its value changes the value of Eq. (13)
by 1%. The number of events satisfying the cut
are of the order of 10% of the total amount of
generated events.

The existing. experimental ' limit on the value
of Eq. (13) is that there is no CP violation of the
one part in 10~; our result suggests that one should
find CP violation in charged kaons of one part in
j.O . We hope that our analysis may stimulate the
experimental search of CP violation in the
charged-kaon sector.
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