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Arguments are advanced for considering a particular Lagrangian in superspace. It is constructed solely from the
connection associated with the graded group of real, general linear transformations, and is especially simple in form.
The resulting equations of motion and the spontaneous-symmetry-breaking solutions, which maintain global

supersymmetric invariance, are examined.

I. INTRODUCTION

In previous papers we developed and studied
some aspects of the formalism associated with
imposing Yang-Mills gauge invariance on theories
in superspace.'”® In particular, we limited our
considerations to the invariance induced by gen-
eral coordinate transformations. The appropriate
group was found to be the graded Lie group of
real, general linear transformations. There has
been considerable related activity using different
approaches, also in superspace, and we list just
a few of the papers that are most closely related
to the work presented here.*

In the present paper a Lagrangian is proposed
which yields slightly different equations of motion
than previously studied,!™ but which compensates
by being very simple. In Sec. II we exhibit the
proposed Lagrangian. In Sec. III we derive the
associated equations of motion, while Sec. IV
deals with the spontaneous symmetry breaking of
the vacuum. This breaking preserves global
supersymmetric invariance. A summary and con-
clusion is given in Sec. V.

II. THE PROPOSED LAGRANGIAN

We use z*4 to denote collectively commuting
Bose (x*) as well as anticommuting Majorana
(6*™) coordinates (¢ is a Dirac index, and m is
an internal-symmetry index which will be sup-
pressed whenever no confusion arises).

In Ref. 1 we found that we were led to introduce
an affine connection I'; for the purpose of con-
structing convariant derivatives. We also showed
that®

Te=Gp*T ¢, (2.1)

where G, are the generators of the group of
Sec. I, satisfying the algebra

GABGCD - (_1) @+ )(cvui)GCDGAB
= [6% (6% 4875 = (1) (6P 5 55 ]G .

(2.2)
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The lower case latin indices, e.g., a=0,1 accord-
ing to whether A is a Bose or Fermi index, re-
spectively. The group parameters w;“(z) are re-
lated to the elements U of the group by

U=explG, Bwz4(z)]. (2.3)

If we consider a coordinate transformation z’*
=z%+ £%(2), then for infinitesimal &*, wy* is given
by

Wg™ = B (2~4)

where the subscript L means left derivative.!
Furthermore, under this infinitesimal transfor-
mation, we found that' the I'34 . were required to
satisfy

Dgto(2) > T o(2) = (=1)° M DTt wa? — wiPTpt
+ (—I)C(G*d)réocwa_wéA,C . (2.5)

In the last term of Eq. (2.5), the comma denotes
the right derivative.

The T';®; may be used to construct the fourth-
rank curvature tensor R ,; and from this the
contracted curvature R 35, which is given by

Rgp= —(—I)CPECC,B + (—l)ca’”)r‘/ice, c
+ (-l)c*beFAEs 1-‘E"Cc - ("UCZFEECFE“CB .
(2.8)

Since the I' % do not satisfy any particular
symmetry constraint, there are three additional
second-rank tensors that may be constructed with
them. These are given in the Appendix.

It is possible to find a Lagrangian that will yield
the equations of motion R 45, .= 0 postulated in
Ref. 1. (The semicolon denotes the right covariant
derivative.) However, it is rather ugly and we
look here for something much simpler. In par-
ticular, the simplest would be a scalar density
which is just the square root of the determinant
of a second-rank tensor. Since we wish to ac-
commodate all fields (including gravitation) we
choose this tensor to be R 35. A priori we could
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add other terms involving the other three tensors,
but this introduces a set of arbitrary constants
and, moreover, detracts from the simplicity of
the model. The resulting Lagrangian is the super-
space analog of Schrodinger’s.® However, we will
include all fields (Fermi as well as Bose) in the
connection, so the difference will be enormous.
Thus the action is given by

S=fd4‘”‘”zx/—R , (2.7)

where R=det|R 45|, and 4N is the number of
Fermi coordinates. We note that S is dimension-
less.” :

There are two equivalent definitions of the de-
terminant in superspace.*® Using either one we
find that an infinitesimal variation 3R 35 induces
a corresponding ¢change in R given by

8R = (~1)RRB46R s , (2.8)

where RB4 is the inverse of R 35 (i.e., R®*R .
=53 ).

Using Eq. (2.8) one may prove that the action
of Eq. (2.7) is invariant under general coordinate
transformations.

III. EQUATIONS OF MOTION

In order to obtain the equations of motion from
the action, we need to know the covariant deriva-
tive of supervector densities for theories with
torsion. Again using Eq. (2.8) one may show that
if ©24 is a vector density, given by 24=vV-R V4,
where V* is a vector, .then

QA;B =QA,B + chéAB - (‘l)cﬂAréCB .- (3.1)

Thus, the supercovariant divergence of Q4 is
given by

(=14, = (-1)°@% ,+20%A;, (3.2)
" where
Az=3(-10°[r £, ~(-1)'T32,]. (3.3)

For theories in which A;=0, Eq. (3.2) reduces to
the definition given in Ref. 8. However, in the
present development, A4+ 0 and the second term
on the right-hand side of Eq. (3.2) is important.
Inserting Eq. (2.8) into Eq. (2.7) we have

as=%fd4(Nﬂ)z(_1)b(RBA6RaB , (3‘4)
where ,
®¥4=V-R R®4. (3.5)

OR z5 may be calculated using Eq. (2.6) and noting
that 6I';€, is a tensor whose right covariant der-
ivative is given by*

SUPERSPACE AFFINE THEORY 855

6T ;8 ={5rbcA,B +(=1)*®*8I5 " T %
—(=1)P@r e+ DL E 5T,
=(=1)*+2%6T T 5" }. (3.6)
We then obtain
ORpp ={=(=1)%T5 ¢;p + (~1)** *8T5%; ¢
= (=1)°°8T3 T &%}, (3.7
where T5%; is twice the anfisymmetric part of
| AP
TéEB = [FGEB _ (_1)b+c+be+ce+bcr§Ec] . (3.8)

Inserting Eq. (3.7) into Eq. (3.4) and using Eq.
(3.2) gives (upon discarding surface terms)

65 = —%fd“"*”z(—1)"{(-1)"‘651,[—(—1)“620"‘;c
+ 20 ;R4]

+(=1)4RBA, |~ 2(~1)1+Mp @B A
+(=1Y+MT8, REAL6T 2, .

(3.9)

In order that &S vanish, the coefficient of
(=1)°8T 2, must do so, since I, has no sym-
metry. Hence, the equation of motion is obtained
by setting the contents of the curly brackets in
Eq. (3.9) equal to zero.

Taking (-1)?6?; of that equation and using
(-1)*8°,8% , = —4(N — 1), one may show that

b+abB A _2(4N_2) bA~QBA
(—1) & 3B~ (4N—3) ("1) Aﬂm ‘
[Note: (=1)°Tfz=-2(-1)°A3.]

Inserting Eq. (3.10) back into the equation of

motion, one obtains the alternate form

2
B A
o @y

(3.10)

(—1)°+ad58bAé(R.CA - 2(_1)4+ad+bdAbaBA

+(=1)f+@ M8 QF4=0. (3.11)

After some manipulation Eq. (3.11) may be cast
in the form

_2— -1)°R - ~ ____?___ ~1)0+bep o ~
RAB;0+(4N_3)( I)RABAC+(4N_3)( 1) RACAB

+(=1P*MR 3, T5%c=0. (3.12)

We note that if T3” =0 (and hence also A z=0)
Eq. (3.12) reduces to

"Rjg;c=0. (3.13)

Equation (3.13) was the equation postulated in
Ref. 1. Thus, it follows from the action of Eq.
(2.7) when the connection is constrained to be
“symmetric” (i.e., no torsion). In the general
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case Eq. (3.12) is a set of equations of motion for
the particle fields, which are contained in I' ;% (z),
with no a priori constraints placed on the torsion.
The particle content is extracted by expanding the
connection in powers of ™ (we will suppress the
internal-symmetry index m when no confusion
arises). Thus

T o2)=T 2 o)
4N B
+ Z Tz C(x)[alu-a"]oal"' 6%, (3.14)
=51

The coefficients of the 6%1..- 6*n are the dynamical
particle fields of the theory. As an example,

T ,*\(x);0; is the connection of the gravitational
field and its determination (for the free field case)
is the same as in Ref. 3. Similarly, I',?, (x)o,
=A,, (x)(T,fq++- contains the vector potential.
The spin-3 field!® appears in
anm]=cl@po“"yc)aea"(x)eb*(x)ecu (x)

Pele(x)ey (x)ey, (¥) + 0+,

(3.15)

+Co(,(0)Y ¥ s)a €

where ¢, and ¢, are numbers and e,*(x) is the
vierbein field. Each field is additionally con-
tained in other terms as well. By taking the co-
efficients of 6*1... 6% in Eq. (3.12) one obtains
the equations of motion for the particle fields.
This aspect of the problem is still under investi-
gation.

IV. SPONTANEOUS SYMMETRY BREAKING

In this section we shall exhibit two classes of
interesting solutions to Eq. (3.12) that break local
gauge invariance under the graded group of real,
general linear transformations, but preserve
global supersymmetric invariance.

This latter transformation is given by

=€l 0, (4.1)
£a= € s

where €% is an infinitesimal constant Majorana
spinor. Using Eq. (2.4) we determine the w;* to be

vV [ o
W =w,"=w, “=0

and

wot =i(€0%)g , (4.2)
where

D=y My + Yy M, . (4.3)

M, and M, are real internal-symmetry matrices
(with dimensions of mass) satisfying the condi-
tions My=M,” and M= -M," and hence,* (nT )7
=(nT,).

In Ref. 2 we had given the most general vacuum
T ;B that are form invariant under Egs. (2.5),
(4.1), and (4.2). They are

Fuuv= 0’ Fv“h= 0 ’

rﬂau = —(Iu)aﬂ’ ruaﬂ = _(Ku )aB ’

T 4y =i(00%K,),, To*,==i(60"1),, (4.4)
Fm53 =i(§rl)a(Kx)65 —i('érh)e(lg)ba ’

T #g=(8T*1 ), (6I"), = (BT*K,)y(B0Y)g =i (NL*)ys -
In Eq. (4.4), I, K,, and L, are constant matrices
of the same form as I', in Eq. (4.3), e.g.,

I,=y Iy+vsy, s, ete.
However, the internal-symmetry matrices I, I,
etc., have no a priori symmetry constraints.

For the remainder of this section, R 45, etc.,
shall be the vacuum quantities calculated using
Eqgs. (4.4). We then insert these results into Eq.
(3.12) to determine those I,, K,, and L, which
result in the spontaneously broken solutions.

We first note that the I';% ; of Eq. (4.4) satisfy

(-1)T3%=(-1)Ts%=0, (4.5)

and thus A;=0. Hence, Eq.-(3.12) becomes, upon
using Eq. (3.8), and expressing R 45, ¢ in detail,

REB,C - (_I)C(“d)rﬁDcRbB - (_l)c(b+ C*d)R.ZDFéDB =0.
(4.6)

Furthermore, we find that the R 35 of Eq. (2.6)
are given by

R,,=Cn,,, (4.72)
R,o==Rq,=iC(6T,),, (4.70)
Rap=i[n(T* = LMK, lag —iln(T* = LY, |a
+C (BT, (BT,); (4.7¢)
where
=3 tr(*K,) (4.8)
and
Lr=—n7 (LY. (4.9)

In Eq. (4.8) the trace is over the Dirac and the
internal-symmetry indices.

Inserting Eqs. (4.4) and (4.7) into (4.6), then
yields the following algebraic equations relating
I*, K* L*, and I'*:

C(T,+L,)+K,S=0, (4.102)

c(T,-L,)-SI,=0, (4.10D)

SK,+1,5=0, (4.10c)
where
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S=(C*= LMK, =I,(T*+ LY. (4.10d)

We present two classes of solutions.

CaselI. K*=I* and L*=L"*, If we require that
T T, #0and C+0, then we may define a me-
tric tensor gz, as was done in Ref. 1, by g4,
=1/AR( ip). R{4s) is the “symmetric” part of R g5
(i.e., R( i) =3[R 15+ (=1)****%®R; ,]). If we nor-
malize the vacuum g4 so that g,,=7,,, thenx=C.
However, we find that the Fermi dimensionality of
4N is fixed with N=2. In this case gz5 does have
an inverse. We also note that the vacuum IT' 2
is “symmetric”; the torsion playing no role in the
spontaneous symmetry breaking.

Casell. K*=-I* and L, =L, . If we define gz
=(1/MR( 45, then gzz will not have an inverse,
since the vacuum 8Zap 18 given by

85s=(B0M),(8T,), (4.11)

with no constant 6-independent term. However,
R 35 does have an inverse, since the “antisym-
metric” part of R g5 does have a constant §-inde-
pendent term. This then permits us to expand
about the broken-symmetry solution as the back-
ground, when quantizing the theory in the Feyn-
man path-integral formalism. For this case the
vacuum I'z® ; has no particular symmetry. How-
ever, if L, =0, then it is “antisymmetric,” so
that all of the spontaneous symmetry breaking
comes from the torsion.

In case II as in case I we find that N=2. How-
ever, one expects that there will be quantum cor-
rections which will relax this restriction.®

As a last remark, we note that one may rewrite
the vacuum R,; of Eq. (4.7c) in terms of S of Eq.
(4.10d) as

R 45=1(1S)gg+ C(OTY),(8L,); . (4.12)

Hence, the invertibility of gz; depends upon (7S)
having a piece that is antisymmetric under trans-
position.

V. CONCLUDING REMARKS

In this paper, we have given arguments for
considering a very simple Lagrangian constructed

_solely from the affine connection associated with

the graded group of real, general linear trans-
formations on superspace. No dimensioned con-
stants had to be introduced to make the action di-
mensionless. We then obtained the resulting
equations of motion and indicated how they would
result in a set of equations for the particle fields.
A set of algebraic equations which set conditions
on spontaneously symmetry-breaking solutions
were then derived. However, invariance under
global supersymmetric transformations was main-
tained. Two examples of solutions to these equa-
tions were exhibited, both of which could be used
as the background for quantization in the Feynman
path-integral formalism.

The object of this work is to lay the foundation
for the construction of a unified theory of all par-
ticles and their interactions. This goal is in com-
mon with most of the works cited in Ref. 4.

APPENDIX: SECOND-RANK TENSORS CONSTRUCTED WITH THE CONNECTION

In addition to R 35, there are three more independent second-rank tensors which may be constructed
from the connection. We choose them to be Szz, (=1)°**°T;%. ., and Uzz. T;% is defined in Eq. (3.8),
while the semicolon denotes the right covariant derivative. They are given by

Sig=(=1)"°[(=1)®T¢% 4 -T¢%4,5l,

(A1)

(_l)cwcTﬁcB;c= (_1)c+ bc[rics. c _(_1)a+b+ab+ac*bcrﬁcmc] + (_1)c[(_1)bol-‘;iE8 FE"CC - (-1)“" b+ab+aer\§EArE,.Cc]

_(_l)ce[rA'EcrEcB _(_1)a+b+abF§Ecr§cA] , (A2)
r .
and Since T ;% is a tensor (being twice the antisym-
—1)%+¢ metric part of I';%;), as is R it follows from
Uis ___( 2) [(—1)b’abrécc,4‘(‘l)ar/xcc,a] . (A3) p i), L481

That these are tensors may be verified by the
direct use of Eq. (2.5). However, the following
relationships are informative, and may be used
instead:

Sis=(~1)"0" R 45, (A4)
Ri451=2[R 25 — (-1)**"*®R3 4]

—1)c+be
Vit

=Uss 2 Ti%;c- (A5)

Eq. (A5) that Uy is a tensor. The simplified form
of Eq. (A2) results because of a cancellation oc-
curring in (~1)*°T ;. . when expressed com-
pletely in terms of I'z%,.

We note that the three tensors of this section are
all antisymmetric [e.g., Sgz == (=1)**2*%S3 , 1.
Furthermore, they vanish identically in a Rie-
mannian theory.
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