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Simple Lagrangian for a superspace affine theory
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Arguments are advanced for considering a particular Lagrangian in superspace. It is constructed solely from the
connection associated with the graded group of real, general linear transformations, and is especially simple in form.
The resulting equations of motion and the spontaneous-symmetry-breaking solutions, which maintain global

supersymmetric invariance, are examined.

I. INTRODUCTION

II. THE PROPOSED LAGRANGIAN

We use z" to denote collectively commuting
Bose (x(') as well as anticommuting Majorana
(t) ) coordinates (o.'is a Dirac index, and m is
an internal-symmetry index which will be sup-.
pressed whenever no confusion arises).

In Ref. 1 we found that we were led to introduce
an affine connection I'c for the purpose of con-
structing convariant derivatives. We also showed
that'

I c=~B I'A C)
A „B

where GB" are the generators of the group of
Sec. I, satisfying the algebra
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(2.2)

In previous papers we developed and studied
some aspects of the formalism associated with

imposing Yang-Mills gauge invariance on theories
in superspace. ' ' In particular, we limited our
considerations to the invariance induced by gen-
eral coordinate transformations. The appropriate
group was found to be the graded Lie group of
real, general linear transformations. There has
been considerable related activity using different
approaches, also in superspace, and we list just
a few of the papers that are most closely related
to the work presented here. 4

In the present paper a Lagrangian is proposed
which yields slightly different- equations of motion
than previously studied, ' ' but which compensates
by being very simple. In Sec. II we exhibit the
proposed Lagrangian. In Sec. III we derive the
associated equations of motion, while Sec. IV
deals with the spontaneous symmetry breaking of
the vacuum. This breaking preserves global
supersymmetric invariance. A summary and con-
clusion is given in Sec. V.

The lower case latin indices, e.g. , a=0, 1 accord-
ing to whether A. is a Bose or Fermi index, ,

re-
spectively. The group parameters ~ed(z) are re-
lated to the elements U of the group by

U=exp[G„~s (z)]. (2.3)

If we consider a coordinate transformation z'
=z + $ (z), then for infinitesimal (", &u~" is given
by

B ~&B (2.4)

+ (-I)""r„',r, -(-I)-r;,r
(2.6)

Since the I'A c do not satisfy any particular
symmetry constraint, there are three additional
second-rank tensors that may be constructed with
them. These are given in the Appendix.

It is possible to find a Lagrangian that will yield
the equations of motion AA- .c= 0 postulated in
Ref. 1. (The semicolon denotes the right covariant
derivative. ) However, it is rather ugly and we
look here for something much simpler. In par-
ticular, the simplest would be a scalar density
which is just the square root of the determinant
of a second-rank tensor. Since we wish to ac-
commodate all fields (including gravitation) we
choose this tensor to be RA" . A priori we could

where the subscript L means left derivative. '
Furthermore, under this infinitesimal transfor-
mation, we found that, ' the I'B"c were required to
satisfy

IA ( ) r~A ( ) ( I)() d)rd ~D &Drd

+ ( I)c( +d d)r„D +„A + A (2 5)

In the last term of Eq. (2.5), the comma denotes
the right derivative.

'The I'A" c may be used to construct the fourth-
rank curvature tensor A DA and from this the
contracted curvature RA", which is given by
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add other terms involving the other three tensors,
but this introduces a set of arbitrary constants
and, moreover, detracts from the simplicity of
the model. The resulting Lagrangian is the super-
space analog of Schrodinger's. ' However, we will
include all fields (Fermi as well as Bose) in the
connection, so the difference will be enormous.
Thus the action is given by

6r „.,=(6r „,+ (-I}'&"'&6r „r
D B E A( I)b(a, c+e&r„E 6r.c

(-I)""6r,r„-,}.
We then obtain

6R;, = (-(-I)'6r, ,+ (-I)"~6r

—(-I)-6r,T,},

(3.6)

(3.7)

s= (2.7) where Tc B is twice the antisymmetric part of
E~CB:

where R =det~RA ~, and 4N is the number of
Fermi coordinates. We note that S is dimension-
less. '

There are two equivalent definitions of the de-
terminant in superspace. " Using either one we
find that an infinitesimal variation 6Rg induces
a corresponding t'. hange in R given by

E —[r E
( 1 )b+ c+ be+ca+ bcr E ]C B C B B C (3.8)

$S = g d &&+&)z y ] cg y cgcA

Inserting Eq. (3.7) into Eq. (3.4} and using Eq.
(3.2) gives (upon discarding surface terms)

6R = (-I)'RR'"6R -, (2.8)
+2AQ "]

where RB" is the inverse of RA" (i.e. , RBARAD
6B )
Using Eq. (2.8) one may prove that the action

of Eq. (2.7) is invariant under general coordinate
transformations.

III. EQUATIONS OF MOTION

In order to obtain the equations of motion from
the action, we need to know the covariant deriva-
tive of supervector densities for theories with
torsion. Again using Eq. (2.8) one may show that
if ~4" is a vector density, given by 0"= O'-R V",
where V is a vector, , then

0", = fl" + Acr -" —(-1)'0"r&D . (3.1)

Thus, the supercovariant divergence of 0" is
given by

+ ( I)ad6tBA 2( I)debdA 6IBA

+ ( 1)d+bd'T B@„EA}6r „D

(3.9)

( 1)b+ab6tBA ( )
( 1)bA QBA

(4N -3) (3.10)

[Note: (-1)bTg E= -2(-I)'AE. ]
Inserting Eq. (3.10) back into the equation of

motion, one obtains the alternate form

In order that 5S vanish, the coefficient of
(-l)b6rADB must do so, since rgDB has no sym-
metry. Hence, the equation of motion is obtained
by setting the contents of the curly brackets in
Eq. (3.9) equal to zero.

Taking (-1)d6DB of that equation and using
(-1)d6DB6BD = -4(At —1), one may show that

(-I)'0 .„=(-I)'0" „+20"AA",

where

A„-= —,'(-1)'[r„-', —(-1)'r „].

(3.2)

(3.3)

~BA
( 1)c+ad6B A@CA 2( 1)d+ad+bdA 6lBA2

~D (~ 3) D 1&

+ ( I)dead +bdT-B gEA-0 (3 11)

For theories in which AA" = 0, Eq. (3.2} reduces to
the definition given in Ref. 8. However, in the
present development, AA- 0 and the second term
on the right-hand side of Eq. (3.2) is important.

Inserting Eq. (2.8} into Eq. (2.7) we have

After some manipulation Eq. (3.11) may be cast
in the form

c 2

)
(-1)RABAd+ (~ )

(-1} RA"+B

+ (-I)""RA- TB'c= 0. (3 12)

d4(X+1)z j bgBA~R „ (3.4) We note that if TBDD= 0 (and hence also AD= 0)
Eq. (3.12) reduces to

where

~BA q R RBA (3.6)

6RA- may be calculated using Eq. (2.6) and noting
that 61D „is a tensor whose right covariant der-
ivative is given by'

R~;c=o (3.13)

Equation (3.13) was the equation postulated in
Ref. 1. Thus, it follows from the action of Eq.
(2.7) when the connection is constrained to be
"symmetric" (i.e. , no torsion). In the general
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4S
+ g r„-',(x),.

n=l
(3.14)

The coefficients of the 8 & ~ ~ 8 ~ are the dynamical
particle fields of the theory. As an example,
r„"„(x),» is the connection of the gravitational
field and its determination (for the free field case)
is the same as in Ref. 3. Similarly, I' ~ (x)«,
=A,„(x)(T,)~ + ~ ~ contains the vector potential.
The spin-& field" appears in

r~ &„=c,(p,o'~y') e,'(x)e, "(x)e,„(x)
+ c,(P,(x)y,y, ) e"~e.'(x)e, '(x)e,„(x) + ~ ~ ~,

(3.15)

where c, and c, are numbers and e, '(x) is the
vierbein field. Each field is additionally con-
tained in other terms as well. By taking the co-
efficients of 8 ' ~ ~ 8 "in Eg. (3.12) one obtains
the equations of motion for the particle fields.
This aspect of the problem is still under investi-
gation.

IV. SPONTANEOUS SYMMETRY BREAKING

case Eq. (3.12) is a set of equations of motion for
the particle fields, which are contained in 1 ~ c(z),
with no a priori constraints placed on the torsion.
The particle content is extracted by expanding the
connection in powers of 8" (we will suppress the
internal-symmetry index m when no confusion
arises). Thus

rg, (x) = r &,(x)„,

In Ref. 2 we had given the most general vacuum
I" „" c that are form invariant under Eqs. (2.5),
(4.1), and (4.2). They are

r =0 r ~ =o
v ~ v

r, „=-(z„)„r, , =-(z„)™,,

r, .=i(er z„)., r. „=-i(er'I). ,

I', ' =i(8I') (K,)'~ -i(8I')~(I„)', ,

(4.4)

r.~, = (er~z„).(er"), (e—r~z„),(er")„-i(qL'),

(-1)'r„-',= (-1)'r „=0, (4.5)

and thus Ay=0. Hence, Eq. .(3.12) becomes, upon
using Eq. (3.8), and expressing Rg . c in detail,

(4.6)

Furthermore, we find that the R~ of Eq. (2.6)
are given by

In Ec(. (4.4), I, , A'„, and L are constant matrices
of the same form as I'„ in Eq. (4.3), e.g. ,

I„=y Iv + y,y „,I~, etc.

However, the internal-symmetry matrices Iv, I„,
etc. , have no a priori symmetry constraints.

For the remainder of this section, Rg, etc. ,
shall be the vacuum quantities calculated using
Eqs. (4.4). We then insert these results into Eq.
(3.12) to determine those I, , K„, and L„which
result in the spontaneously broken solutions.

We first note that the r~~ c of Eq. (4.4) satisfy

In this section we shall exhibit two classes of
interesting solutions to Eg. (3.12) that break local
gauge invariance under the graded group of real,
general linear transformations, but preserve
global supe rsymmetric invariance.

'This latter transformation is given by

(4.1)

R „=Cg„,
R = -R „=iC(8I' ), ,

R.,= i[q(r'-L')z, ]., i[@(r& -L-')f, g„
+ c(er ').(er,), ,

where

C =-,' tr(I'K, )

(4.7a)

(4.7b)

(4.7c)

(4.6)

where e is an infinitesimal constant Majorana
spinor. Using Eg. (2.4) we determine the ~~ to be

and

L—:-g '(gL") (4.9)

~,~ = i(&r~). ,

where

(4.2)

In Eg. (4.8) the trace is over the Dirac and the
internal-symmetry indices.

Inserting Egs. (4.4) and (4.7) into (4.6), then
yields the following algebraic equations relating
I", K~, L~, and r~:

r~ =y"~v+y y"~~ ~ (4.3)

Mv and M„are real internal-symmetry matrices
(with dimensions of mass) satisfying the condi-
tions M»=M» and M„= -M„and hence, " (qr„)
= (~r„).

C (I' + L„)+fC S = 0,
C(I' —L„)-SI = 0,
SK +I„S=0,

where

(4.10a)

(4.10b)

(4.10c)
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s= (I '-I, ")A, -I,(r'+ I.') . (4.10d)

g.', = (er").(er „), (4.11)

with no constant 8-independent term. However,
R~ does have an inverse, since the "antisym-
metric" part of Rg does have a constant 8-inde-
pendent term. This then permits us to expand
about the broken-symmetry solution as the back-
ground, when quantizing the theory in the Feyn-
man path-integral formalism. For this case the
vacuum I'g ~ has no particular symmetry. How-
ever, if L„,= 0, then it is "antisymmetric, " so
that all of the spontaneous symmetry breaking
comes from the torsion.

In case II as in case I we find thats=2. . How-
ever, one expects that there will be quantum cor-
rections which will relax this restriction. "

We present two classes of solutions.
Case I. E"=I" and L"=L". If we require that

I'" I „c0 and Cc 0, then we maydefine a me-
tric tensor g~, as was done in Ref. 1, byg„-B
-=1/XR»g». R»g» is the "symmetric" part of R~
(i.e. , R&!»s» = —,'[R~+ (-1)'+ '"Ra„]). If we nor-
malize the vacuum gg so that g„„=g „, then X=C.
However, we find that the Fermi dimensionality of
4N is fixed with N= 2. In this case gg does have
an inverse. We also note that the vacuum I „- ~
is "symmetric"; the torsion playing no role in the
spontaneous symmetry breaking.

Case II. E"= -I' and L„=L„. If we define g~
—= (I!'&)R»L», then gg will not have an inverse,
since the vacuum g z is given by

As a last remark, we note that one may rewrite
the vacuum R ~ of Eq. (4.7c) in terms of S of Eq.
(4.10d) as

R.,= ~(qs).,+ c(er'). (er„), . (4.12)

Hence, the invertibility of gga depends upon (»)S}
having a piece that is antisymmetric under trans-
position.

V. CONCLUDING REMARKS

In this paper, we have given arguments for
considering a very simple Lagrangian constructed
solely from the affine connection associated with
the graded group of real, general linear trans-
formations on superspace. No dimensioned con-
stants had to be introduced to make the action di-
mensionless. We then obtained the resulting
equations of motion and indicated how they would
result in a set of equations for the particle fields.
A set of algebraic equations which set conditions
on spontaneously symmetry-breaking solutions
were then derived. However, invariance under
global supersymmetric transformations was main-
tained. Two examples of solutions to these equa-
tions were exhibited, both of which could be used
as the background for quantization in the Feynman
path-integral formalism.

'The object of this work is to lay the foundation
for the construction of a unified theory of all par-
ticles and their interactions. 'This goal is in com-
mon with most of the works cited in Ref. 4.

APPENDIX: SECOND-RANK TENSORS CONSTRUCTED WITH THE CONNECTION

In addition to Rg, there are three more independent second-rank tensors which may be constructed
from the connection. We choose them to be S~, (-I)""Tgca.c, and U~. T!»ca is defined in Eq. (3.8),
while the semicolon denotes the right covariant derivative. They are given by

=(-1)"'[(-1)r, —r" a, a] (A1)

( I)'~'T„-c . = (-1)"»"[roc —(-1)"'""""rye„]+ (-I)'[(-1}br„-',r, (-1)"'" -r,r, ]
A B;C t t

Sgs =(-1)'5 cR nm,

R»'gp» =i2[Rgg ( 1) + Rf»g)

( 1 )c+5c
=U~+

2 A B'C

(A4)

and
1)a+ c

U~ =
2

[(-1)""r,,-(-1)'r&', ,]. (A3)

That these are tensors may be verified by the
direct use of Eq. (2.5). However, the following
relationships are informative, and may be used
instead:

I

Since T!» 3 is a tensor (being twice the antisym-
metric part of rg a), as is R&~», it follows from
Eq. (A5) that Ug is a tensor. The simplified form
of Eq. (A2} results because of a cancellation oc-
curring in (-1)"~'Tg ca cwhen expres.sed com-
pletely in terms of I'A" B.

We note that the three tensors of this section are
all antisymmetric [e.g. , S~ = —(-1}"'"Sa„].
Furthermore, they vanish identically in a Rie-
mannian theory.
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