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We generalize the variational block-spin methods developed earlier to show that spontaneous breaking of
chiral symmetries and the associated massless Goldstone particles arise naturally within the context of
strong-coupling lattice gauge theory. Our calculations show the importance of preserving continuous chiral
symmetry when transcribing the quantum chfomodynamics (QCD) of massless quarks onto the lattice. The
meson sector is analyzed for both one and three spatial dimensions, and the criteria for recognizing Nambu-
Goldstone phenomena are identified. The relation of these results to continuum QCD and to general

properties of observed hadrons is also discussed.

I. INTRODUCTION

Quantum chromodynamics (QCD) is at present
the only attractive candidate for a fundamental the-
ory of hadrons: It provides a basis for understand-
ing the approximate scaling behavior observed at
short distances, and recent work strongly suggests
that it provides a basis for understanding color
confinement."? However, if QCD is to be a com-
pletely satisfactory theory of hadrons it must also
account for the observed masses and other physi-
cal properties of the hadrons; in particular, it
must explain the remarkable successes of current
algebra combined with the PCAC (partial conser-
vation of axial-vector current) hypothesis.® The
study of the emergence of PCAC in the framework
of QCD is the focus of this paper. Our goal is to
demonstrate that the exact chiral symmetry of the
theory in the limit of massless quarks is realized
in the hidden, or Nambu-Goldstone(NG), mode.*
Specifically, we will show that dynamically gener-
ated Goldstone bosons arise naturally in strong-
coupling lattice gauge theories when fermions
(quarks) are introduced in a way which preserves
the continuous chiral symmetry of continuum QCD.
The use of nonperturbative methods is essential
for the analysis of the chiral properties even in the
strong-coupling region; our analysis relies upon
iterative block-spin techniques developed earlier
and successfully applied to a number of simpler
problems.5"8

We conjecture that this strong-coupling lattice
result is relevant to the physics of QCD because
of two properties of non-Abelian lattice gauge the-
ories which have been demonstrated by other
workers. Firstly, in the weak-coupling limit and
for momenta small compared to the cutoff, the lat-
tice theories reproduce continuum perturbation
theory. Secondly, recent calculations® by Kogut,
Pearson, and Shigemitsu, and by Creutz, for the
theory with no fermions strongly suggest that
there is no phase transition between weak- and

strong-coupling regions of this theory. The addi-
tion of a small number of fermion flavors should
not change this property. Hence, we argue that if
there are Goldstone bosons in the spectrum of the
Hamiltonian at strong coupling they should also be
present in the weak-coupling theory, which is com-
monly envisioned to contain the continuum limit,

We devote Sec. II of this paper to a review of the
physics of spontaneous symmetry breaking, dis-
cussing first the continuum U(1) Goldstone theory
and second the lattice Heisenberg antiferromagnet.
We introduce our calculational technique for de-
tecting spontaneous symmetry breakdown in the
context of the latter simple theory, and compare it
with a straightforward application of the blocking
techniques that we have used previously.

In Sec. III we introduce the lattice QCD Hainil-
tonian and discuss the strong-coupling limit g2
>1, We argue that the physics relevant to the dy-
namical generation of Goldstone bosons is generic
to a larger class of theories, and subsequently we
limit our discussion to the case of an Abelian the-
ory. For the sake of simplicity we further restrict
our detailed analysis in 3+1 dimensions to the case
of a single flavor of fermion. We present our cal-
culations which show that this theory’s chiral sym-
metry is realized in Nambu-Goldstone fashion.®
These calculations are performed first in the near-
est-neighbor approximation to the fermionic grad-
ient operator on the lattice, which has a greater
symmetry and hence greater degeneracy in its
spectrum. We discuss the way in which longer-
range terms in our chirally invariant definition of
the gradient lift these degeneracies in the (1+1)-
dimensional case, and then present results which
confirm the expected generalization for 3 +1 di-
mensions.

In Sec. IV we discuss the problem of dynamical
mass generation for non-Goldstone particles. We
find in our calculation that there are excitations
split from the ground state with a gap which is pro-
portional to the inverse lattice spacing. We pre-
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sent a scenario for QCD which suggests that the
usual renormalization program would lead to an
interpretation of such states as particles of finite
mass, such as the vector mesons. We speculate '
that some interesting properties of hadrons will be
natural consequences of this approach, and we dis-
cuss the possibility of “seizing”® of the U(1) Gold-
stone bosons in a multiflavor theory.

II. HIDDEN SYMMETRIES REVISITED

In later sections of this paper we will introduce
a calculational technique which has proven to be
reliable for finding NG symmetries, if and when
they arise. While the method is straightforward,
the connection of these ideas to the usual treat-
ments merits discussion.

A. What is a hidden symmetry?

The symmetries of a quantum Hamiltonian can
be realized in the physics of the theory in either of
two ways. The most common situation (and that
which must obtain for a finite number of degrees of
freedom) is a Wigner realization—the space of states
factors into irreducible representations of the
symmetry group. For a system with an infinite
number of degrees of freedom there is a second
possibility, known in the literature as spontaneous
or dynamical symmetry breaking, where the trans-
formations do not exist as unitary operators on the
Hilbert space. If the symmetry group is continu-
ous, the spectrum of the theory then contains
massless particles. These features arise as a
consequence of Goldstone’s theorem® in a system
where a local field acquires a vacuum expectation
value which breaks the symmetry. (The existence
of a conserved current associated with the sym-
metry is also a necessary condition of the the-
orem.) The massless particles are called Gold-
stone bosons in this event.

This, however, is not the whole story, for it is
possible that this physics (which we call the NG
realization) will appear in a theory through mech-
anisms other than Goldstone’s theorem. Indeed,
in one spatial dimension Coleman’s theorem?!! tells
us that a vacuum expectation value which violates
a continuous symmetry can never occur. We will
exploit a more general structure to relate the ex-
istence of massless particles to conserved local
currents.

To explain this way of looking at NG symmetries
we will begin by reviewing some aspects of the
physics of such symmetries in the context first of
the U(1) Goldstone model and then of the Heisen-
berg ahtiferromagnet. Much of this formalism is
well known.!2'3¥ We present it here to stress cer-
tain aspects related to the approach to the infinite-

volume limit, since the lattice techniques used in
the analysis of QCD in Sec. III build up to that lim-
it in a stepwise fashion starting from subsystems
of finite volume.

B. The U(1) Goldstone model

This prototypical model is a theory of one com-
plex scalar field. Its Hamiltonian in 4 spatial di-
mensions is given by

H =f [+ v v + Vip's)],
2.1)
Vz)=rz-3f)2.

Treating H classically, the static field configura-
tion of lowest energy is

@)= 77, 2.2)

with 9 an arbitrary space-independent constant.

A quantum perturbation theory is formulated by
allowing field fluctuations about (2.2)—i.e., we de-
fine

96 = 7 [ @) +ix (@) +7e"], (2.3)
with the vacuum expectation value of qb(:?) given by
UPGIDESL S 2 e

where f#0for d>1dimension. In the infinite-volume
limit we know that 9 parametrizes an infinite set
of equivalent, orthogonal, degenerate vacuums,;
The generator of the U(1) group of (phase) trans-
formations under which the Hamiltonian (2.1) is
invariant is

9=i a4l oG- ¢*Gn' @),

U(a)=ei9, (2.5)

This identifies a conserved current
JHE) =i [ p(X)o T (®) - ¢ T ®)o4p ®)], (2.6)

which creates massless y particles from the §=0
vacuum:

. . it e
(x(@; 6=0]0"®)|0=0) = T fo™i T .7
‘with ¢* =m,? =0 by current conservation.

Things are different for finite volume, however,
In this case we know that the eigenstates of H must
also be eigenstates of the total charge Q. The |6)
vacuums in the fofinite-volume limit are super-
positions of the eigenstates of different @

0= 755 el 2.8)
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These states have the property
Ula)|o)=|6-a). 2.9)

From (2.8) it is evident that the orthogonality and
degeneracy of the § vacuums imply that the energy
of the lowest eigenstate of each @, (Q[H| @), is in-
dependent of @ in the infinite-volume limit. Hence,
if we solve for the ground-state energy of (2.1) in
individual @ sectors we must find that the energies
are equal up to terms that vanish as V -,

This point of view also applies in d =1 dimension,
where Coleman’s theorem'! requires (¢) =0 in
(2.4). In this case, if we make the dynamical as-
sumption that the lowest states in sectors of defin-
ite @ become degenerate in the limit V-, we
may form the |g) vacuums via (2.8).

Since

Qloy= fde°(x)l 6) #0,
we conclude that J°(x)|6) #0 by translation invari-

ance. Then we may define (unnormalized) states
with momentum g,
lg, 6>=fdxei°*J°(x)|e>. (2.10)

As g~0 this becomes @|6), which is orthogonal to
| ). Defining

E(g)= (9,0]|H|q, 6)

(g,6lq,6) ’ (2.11)
we evaluate
@
. _(6lQHQ|9) _ (6]QeH|6) _
HmE@= "Teale ~ (oleqle o (@12

which is the vacuum energy. Hence, there is a
sequence of states orthogonal to |§) with vanishing
energy gap.

We have arrived at the existence of massless
states by the back door, via an assumption of de-
generate | Q) vacuums. Obviously, this procedure
applies in any number of dimensions; it describes
a NG structure for a continuous symmetry irre-
spective of the existence of a symmetry-breaking
vacuum expectation value for a local field. (Note
that in 1+1 dimensions there is no problem in de-
fining a theory of a massless particle if the par-
ticle is free, as is the case here.)

C. The Heisenberg antiferromagnet

We now turn to a discussion of this same physics
in the context of a lattice model which has no ex-
plicit scalar boson, i.e., the Heisenberg antiferro-
magnet.”* We will first discuss the physics as it is
known from an exact solution via the Bethe ansatz*
and then describe an extension of the block-spin

truncation techniques which allows us to recognize
this physics correctly. From a computational point
of view this extension of the block-spin technique
is the important new content of this paper.

The one-dimensional nearest-neighbor Heisen-
berg antiferromagnet is specified by the Hamilton-
ian

H=03.8,-8,,,, (2.13)
7
where J>0, the commutation relations
[S3,8%] =46, ,€s¢, (2.14)

and the restriction §,.2 =2 for all i. This restric-
tion to spin 3 on each site makes the model inher-
ently quantum, so no classical action or conserved
current can be defined; Goldstone’s theorem is not
applicable. There is, however, a set of charges
which generate rotations of §, under which H is in-~
variant:

Q=2 8%,

(2.15)
e?0"@shemi0%" = (3),, 53,
where R(9) is a 3 X 3 rotation matrix. Since
[@, Q%) =i€,@Q° (2.16)
and
[e,H]=0 (2.17)

we may simultaneously diagonalize H, 62, and @~.

In the exact solution,'* it turns out that the lowest
states in the various (@, @9 sectors are all degen-
erate. As discussed in the previous section this is
a degeneracy which only occurs in infinite volume.
In finite volume there are splittings, which how-
ever can be shown to vanish as an inverse power of
the volume. Denoting these states by [I, m), we
may take linear combinations using the spherical
harmonics Y,

l6, ¢) = ,Z Ya(0, ¢)| 1, m)

inanalogy with (2.8). These are the “0 vacuums.”

The state |9, ¢) is invariant under rotations in
the U(1) “little group” of the direction vector with
polar angles (4, ¢); thus it is annihilated by a cer-
tain linear combination @, 4=, @,(6, $)Q% The
two orthogonal linear combinations of @’s generate
rotations such that

€' g, ) = |R (6, o)) (2.19)

analogously to (2.9); the Fourier components of
their densities create two Goldstone bosons via
(2.10).

To be more concrete, say we choose to build our
theory on the |§=0, ¢ =0) vacuum. Then

Y1a(0,0)=[(21+1)/47)"25,, .,

(2.18)



so Q*]0,0)=0, as promised. Further @ and @’
change m, so they do not annihilate the vacuum.
Thus a U(1) subgroup of SU(2) is realized in the
Wigner mode, and the massless excitations gener-
ated by 3, ,€*"(S3 £4S}) have the @*=x1 quantum
numbers of @*+i@Q”. Hence the (1 +1)-dimensional
Heisenberg antiferromagnet exhibits a degeneracy
structure like that of the (1 +1)-dimensional U(1)
Goldstone model. '

In the standard lattice truncation procedure® we
would construct a trial wave funttion by diagonal-
izing that part of the Hamiltonian which refers only
to a block of n sites and writing block-to-block re-
coupling terms as operators among a restricted
set of states—the lowest few—on the n-site blocks.
This method automatically constructs states which
respect the symmetries of the Hamiltonian,'® name-
ly, in this case states of definite |7, m). Keeping
only a few such states makes it difficult to recog-
nize a spontaneously broken symmetry since, as
we have shown, this is signaled by an infinite set
of degenerate |I, m) eigenstates in infinite volume.
We describe here a variant of the procedure which
constructs the variational wave function by diagon-
alizing on » sites not the symmetric Hamiltonian -
(2.15), but a Hamiltonian to which a symmetry-
breaking perturbation has been added:

H(&) =7 28,8, +e 2SiST, (2.20)
and again keeping a restricted set of states on each
block. If spontaneous symmetry breaking occurs
then we would expect that the ground-state expect-
ation value of the symmetric Hamiltonian would
minimize for distorted states constructed from
H(e) with € #0, and indeed this is exactly what hap-
pens.!® The states constructed by this method are
not |1, m) eigenstates: rather, the algorithm con-
structs directly a state of the |6, ¢) type. To see
that there is an infinite number of degenerate states
of this type we need only remark that the charges
Q. and @, which commute with (2.13), generate
rotations which change the direction of the perturb-
ation in (2.20). For any such rotated perturbation
the truncation method constructs a trial state de-
generate with the one constructed from (2.20),

since the Hamiltonian (2.13) is symmetric. That
]
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the states constructed for different (9, ¢), that is,

for different directions selected by the perturbing

term in (2.22), are orthogonal will be shown in de-
tail for the QCD case in Sec. III.»"

III. GOLDSTONE BOSONS IN THE LATTICE GAUGE
THEORY

In this section we will present a discussion of our
calculations for QCD. We begin with a chirally in-
variant Hamiltonian for a multiflavored non-Abelian
lattice gauge theory. In studying the strong-cou-
pling limit of this Hamiltonian we simplify to a
single flavor, and employ the iterative lattice
truncation procedure. We examine first the (1+1)-
dimensional case and then generalize our results
to higher dimensions.

A. Formalism

In the Hamiltonian approach it is convenient to
work in the gauge A,=0. As with Gauss’s law in
QED, the non-Abelian generalization of Gauss’s
law is not an equation of motion in this gauge. We
impose it as a condition on the states—namely,
that they transform as singlets under all local
gauge transformations. We follow the Wilson-
Kogut-Susskind formulation® of a lattice gauge the-
ory.’® As has been discussed at length elsewhere,
we introduce fermions in a way which explicitly
maintains continuous chiral symmetry and gives
the correct spectrum for a free Dirac particle in
the zero-coupling limit.® This is achieved by using
a long-range form for the derivative

1
a"qpy=—‘-l-26’(n)¢]’+,.a, 3.1)
where
- 1 g ik(m)*
8'(n)= N1 e, ik(m)e n
(_1)n+1
=E Tl
2 (3.2)
_ 2mm
kn) = 2N+1°

The Hamiltonian for coupling strength g and lat-
tice spacing a is then

e L o 1 : o H 8
H(g,a)=;{n§:h b ELD - L ?Tr("‘IwI_‘UT.ﬁ)—[@% 6'(n)¢}’awﬁ’"ﬁ(mI:IOUrma.a) +H-°-]}- (3.3)
oo :

We have introduced here a four-component fermion
field y$/ for each color a, and flavor f, at each
site J. The a, are the usual Dirac matrices. The
operators UT,; create unit color flux on the link

n>0

T
joining the site j to the site j+i. The operators
E7 ; measure this flux excitation. In our notation
the only dimensionful quantity is the lattice spacing
a, which thus appears only as an overall scale



494 SVETITSKY, DRELL, QUINN, AND WEINSTEIN 22

factor for the Hamiltonian. The Hamiltonian (3.3)
in the limit g~ 0 reduces to a massless, chirally
invariant, free Dirac theory which has a spectrum

E;=|k|. The Hamiltonian commutes with the chir-
al charges
g:Zd)"l’af(hn)ﬂ'ysd)%f , (3.4)
i

where the A7 are the generator matrices of the
flavor group.

At strong coupling the gauge-invariant states of
the system described by H fall into two classes:
those containing flux excitations, which all have
energy proportional to g2, and those involving no
flux excitations, which, by Gauss’s law, may con-
tain only color-singlet fermionic configurations at
any individual site. There is a huge degenerate set
of such states having zero energy (to zeroth order
in 1/g2). Acting on any such state the fermionic
term in (3.3) creates at least one excited flux link;
however, allowing the fermionic term in H to act
twice, we can mix states within the zero-flux sec-
tor and split the degeneracy by creating and sub-
sequently annihilating flux links, as shown in the
examples of Fig. 1. The zeroth-order color-sing-
let excitations thus move through space or ex-
change flavor by passing through intermediate
states in the highly excited sector containing flux.

In order to construct trial wave functions for the
low-1lying eigenstates of H we restrict our attention
to the fluxless states. The above remarks make it
clear that degenerate perturbation theory leads us
to diagonalize an effective second-order Hamilton-
ian. This will give the leading term of a 1/g2 ex-

pansion, which has the form
1

10> ———+Anenn -

(a)

0>

¥ o oe— >t —— 0 o T

(b)

10> — = +rvenv-——e t o e

(c)

FIG. 1. How the fermionic term in H (a) shifts the en-
ergy of the empty lattice [0), (b) moves a “mesonic”
configuration, and (c) mixes |0) with a “meson,” via a
typical intermediate state containing two flux links.

A? "(n)8’(—n
HAR) =—
eff Nc Z

f Lo urer ¢ ey R
n,u

J+nil i+nu

(3.5)
where N, =number of colors, Cj is the value of the
quadratic Casimir operator of SU(N,) in the funda-
mental representation, and A =1/a.

The denominator 3 g2A |n|Cj is the energy of an
intermediate state containing n excited flux links.
Were we to discuss the baryon spectrum in color
SU(3) we would need to keep terms at least up to
order 1/g* in order to have terms in H,; which
could move a gqq excitation. Baryon-meson inter-
change interactions also enter at order 1/g*. How-
ever, we can consistently treat the meson sector
of the theory on the basis of H® and hence, in the
remainder of this paper we discuss a lattice trun-
cation calculation of its spectrum.

It is convenient to rewrite (3.5) by performing a
Fierz transformation which groups together the
operators corresponding to a single site. This
gives

2 8'(n)d'(~ a af! 1 ' |
HE) =- Zg c: z (n) 6'(n)o'(=n) [Z (\/___d% meszf )(\/_ TBf M"a“¢]§:nﬁ)+7v':¢} f‘p,?f] , (3.6)

l"l =1

where the M" are the 16 Hermitian 4 X4 matrices
listed in Table I. Because of our restriction to
purely mesonic configurations, the last term in
(3.6) is a trivial constant, and hence can be drop-
ped. It is also clear at this point that color enters
(3.6) in a totally trivial fashion. We may conse-
quently suppress the color indices. The resulting
Hamiltonian can be viewed as the strong-coupling
limit of a compact lattice formulation of an Abelian
gauge theory, the restriction to color-singlet ex-
citations at each site replaced by a restriction to
states with fermion number everywhere zero. As
a simplification we will discuss the case of a single
flavor. Then the term involving M*¢=J in (3.6) is
also a constant which can be ignored. After de-
tailed discussion of this problem we will make

TABLE I. The 16 Dirac matrices, rendered Hermi-
tian. A common explicit representation is shown so
that commutators may be readily evaluated.

Lorentz structure Dirac matrix M" Representation
S 1 1
B="v¢ P3
\4 i
124 —P90;
a;=—ic% 010;
T
0= %eiikojk o]
5y’ Py
A4 i
k14 —=P30;
P Vs Py
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some comments on theories with multiple flavors
and colors (see Sec. IV).

Our discussion will be given in two stages.
First, we consider a nearest-neighbor theory ob-
tained by dropping all terms n#>1 in (3.6). This
fictitious theory has an SU(4) symmetry: not only
the axial charge

Qs =Z 1,01‘;")’5(”’, (8.7
J

but the entire set of 15 chargés

Q"= ¥

Tadrats! -
sjetapaiaatab aly1 =3 €
T=xadysig) ]

(3.8)

commutes with the Hamiltonian. The six charge-
less states which can be formed on a single site
(listed in Table II) form an irreducible multiplet

of the SU(4) symmetry: We can write the Qi in the
basis of these sextets. This additional symmetry
means additional degeneracy in the spectrum of the
nearest-neighbor case, since (at least in finite vol-
ume) the states must fall into multiplets of the
SU(4).

To study the physics of the Nambu-Goldstone
mode and also to learn how these extra degenera-
cies are lifted when long-range terms are re-
stored, we have studied in detail the (1+1)-dimen-
sional theory. This theory is a lattice version of
the SU(2) Schwinger model,'® since the degrees of
freedom which represent spin in a (3 +1)-dimen-
sional theory must be interpreted as an internal
(flavor) degree of freedom in the (1 +1)-dimension-
al case. The calculations presented in this section
study first this (1 +1)-dimensional theory for the
nearest-neighbor case. Then longer-range inter-
actions are reintroduced. [In 1+1 dimensions even
the long-range theory has an SU(2)XSU(2) XU(1)
symmetry, where the U(1) is given by the @*
formed using M=, and the SU(2)XSU(2) are a V
+A and V - A formed from the six Q" which com-
mute with @*. This is just the chiral symmetry of
the SU(2) Schwinger model.]

We find that the axial symmetries of the (1+1)-

TABLE II. The six neutral single-site states.

[0) : B;0y=ece=d,[0)=0
[tt) =bld}lo)

[+4) =blallo)

[t4)  =bldllo)

[+ty  =bldllo)

[ t4te)=blpldlat| o)

dimensional model are realized in Nambu-Gold-
stone mode. In itself, of course, this result is
nothing new, in view of what is known about the
SU(2) Schwinger model. Its importance lies rather
in the fact that its extension to 3 +1 dimensions is
easily conceived and leads to the conclusion that
chiral symmetry in the strong-coupling lattice the-
ory is associated with Goldstone bosons.

Our iterative truncation scheme will be reviewed
as we apply it to the nearest-neighbor version of
(3.6), from which we will deduce a simple scenario
for symmetry realization in the long-range theory.
This scenario has been verified explicitly both for
the (1 +1)-dimensional case and for the (3 +1)-di-
mensional case.

B. Nearest-neighbor theory

1. Block-spin transformation, 1+ 1 dimensions

Keeping only nearest-neighbor terms in (3.6) we
get

H® =—5 EQi Q”1 . 3.9)

The Qf are SU(4) generators in the 6 representa-
tion; the Hamiltonian is just that of an SU(4) anti-
ferromagnet.

In order to effect a block-spin transformation,
we divide the lattice into blocks of three sites
each. (Figdre 2; the reason for blocking in threes
will soon be apparent.) We then group the terms
in the Hamiltonian according to whether they act
entirely within blocks or connect adjacent blocks:

2
% Hy) =2;Hp "'; Hy piss
H!, =Qp1 'Q;z +Q’z 'Q,e s

- -
Hy 1 =Qps *Qpera

Here p indexes blocks and 1, 2, 3 index sites within
a block.?® The idea is to diagonalize the H,’s which
commute with one another, and to truncate the
Hilbert-space basis to products of the lowest-lying
states in the blocks. H, ,,, is then rewritten in the
truncated basis, yielding an effective Hamiltonian
operating on the low-lying block states.

To accomplish this we rewrite

(3.10)

Hp Hps1

FIG. 2. Dividing the lattice into blocks of three sites
each. H, acts entirely within a block while H,, ,, con-
nects two adjacent blocks.
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-

Hp=%(-’:)2——12‘( ;)2_%(692)21 (3.11)
where
-Q.; =Qp1 +Qp3, (3'12)

Gr-G;+G,,.

Diagona_l.izgtion of H, proceeds in a way reminis-
cent of L -S coupling in atomic physics. To wit, we
note that the operators (@7)? and @*)2 may be di-
agonalized simultaneously, along with the three
SU(4) “magnetic” quantum numbers of Q7. [@,)?
is already a ¢ number, the Casir_gir operator in the
sextet.] We first couple Q, and Q, to states of
definite (@*)2, and then we couple Q" and Q, to def-
inite @Q7)2. The combination of representations is
depicted in Fig. 3. Now we note that (3.11) de-
mands that we maximize @*)? and minimize
(@7)2—just the behavior one would expect in an
antiferromagnet. The coupling scheme for the low-
lying states is then

@, +Q,=Q": 6x6-20,
Q" +Q,=Q":20x6~6.

(3.13)

The block states of lowest energy form a sextet,
just like the states on each site; this is the reason
we blocked together three sites.

The energy per block in the configuration (3.13)
is computed from (3.12), using the values listed in
Fig. 3 for the Casimir operator. We get an energy
density (per block)

4
Eo——?xﬁ. (3.14)
n: 6 6 I 15 20
3-8 -0 -0
Q2: 0 8 12
(a)
n: 20 6 6 64 50
BB -B-FP-HB
Q? 5 15 21
n: 15 6 6 10 10 64
- (] ]
xH - H-+ +%+ ER
Q?: 5 9 9 15

(b)

FIG. 3. Young diagrams showing the representations
which arise in (a) combining two sites and (b) combining
those two with a third. Dimensionality is indicated above
each diagram, the value of the quadratic Casimir opera-
tor below.

Taking only the lowest sextet in each block to form
our truncated basis, we evaluate matrix elements
of Q,; with the Wigner-Eckart theorem

<§m|6p{ |_6_ml> =i <§m|6:|_§ml)

with y, =y,=%, 7, ==%. Thus, in the truncated
Hilbert space each H, is replaced by E, and

Hp.pﬂ:st 'Qp+1,1"§%Q:'QZ‘+1. (3.16)

Dropping T superscripts, the truncated Hamilton-
ian is then

(3.15)

N 4 9 - =
H'=3Eo+ 25 X ﬁE;Qp Qs (3.17)
and the transformation is complete and ready to be
iterated. Writing the effective Hamiltonian after »
iterations as

4 = —>
HY = ?(Na"+ B”;Q, -QM>, (3.18)
we deduce the recursion relations
6
a, =0, - —3'7511-1 ’
(3.19)

B.=% Bn-15

where a,=0 and 8, =1.

It is now trivial to demonstrate that to the ac-
curacy of this calculation the nearest-neighbor the-
ory has no mass gap. Suppose that the gap to the
first excited state of (3.9) is A. Then the equival-
ent gap for (3.17) is & A since the two Hamiltonians
differ solely in scale. Because we expect (3.17)
to describe the low-energy physics of the theory
fairly well, we equate A =2 A to get A =0. Possi-
ble massive excited states are probably lost to-
gether with high-momentum modes in the trunca-
tion. ‘

To show that the vanishing mass gap is associ-
ated with NG phenomena, we consider doing some
large number of iterations in the manner de-
scribed. Our effective Hamiltonian is (3.18), with
B, exceedingly small. Now we dissect the lattice
into blocks of wo sites each and decompose HY in
a fashion analogous to (3.10). Then

H,=Q,,-Q,. =2 Q")?-1@G,))* -1 @,,)* (3.20)
with
Q’pT =épl +sz . (3.21)

We are called upon to minimize the value of @7)?2,
and a glance at Fig. 3(a) shows that the ground
state of H, is the SU(4) singlet. It is reasonable

to attempt to construct a unique vacuum by taking

a state where each block is in this singlet state. Of
course, H, ,,, has no matrix element within this
ground state, but if we create an excited state by



22

putting one block into a member of the 15 then

H, ,,, moves it around to form a momentum band
(and creates more complicated states). It seems,
then, that the ground state of (3.18) is SU(4)-invar-
iant while low-lying excited states transform as a
15 and have mass of the order of 8,.

However, if we picture progressively deferring
the changeover from three-site to two-site block-
ing, B, may be made arbitrarily small. Taking it
indeed to be zero, we find an infinite set of ground
states consisting of a singlet, a 15, the represent-
ations contained in 15x15220 + 45 +45+--+ and so
forth. By combmmg enough “of these r representa-
tions along the lines of (2.18), the “g vacuums”
may be constructed, which will realize some or
all of the symmetry generators in NG mode.

Some further insight into the nature of the spec-
trum of this theory can be gained by considering
the effect of adding a small fermion mass to (3.3).
This yields in perturbation theory (assuming m
< 1/g%)

H,= %;Q’,-Q’Hl +2m2 -1y ey,
7

where @Y is the charge associated with the M" =g
=y, generator. The addition of this term breaks
the SU(4) symmetry down to SU(2) XSU(2)xU(1), as
shown in Table III; the set of six single-site states
consists of a (3, 2)° (0,0)*1, and a (0,0)"! under
this symmetry. A truncation calculation for this
Hamiltonian—keeping one (3, 3) multiplet and two
(0, 0) multiplets at each step—has been carried
out. As in the symmetric case the site-to-site
coupling term is reduced in strength at each itera-
tion so that eventually the mass term dominates,
even for very small m. The theory has a unique
ground state of the (0, 0) type; the lowest excited
state is of the (3, 3) type and is split from the
ground state. The charges @" which do not com-
mute with @ (those listed below the line in Table
III) transform as a (3, 3) multiplet, and we can
write in analogy to (2.7)

(3.22)

1 1,

2 25

71Q710,0 ——ﬁf(q)e'*vf (3.23)
where g is the momentum of the (3, 3) state. As
we take m to zero (and these charges become con-
served) the (3; ) particles become massless?'—the
symmetry is realized in the Nambu-Goldstone

fashion. If the symmetry were Wigner-realized,
1

Hyogte =3 :[(Qoo‘* Qou+ Q-1+ @M+ Q%)% — (

As was the case for the three-site Hamiltonian,
one can readily read off from this expression the
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TABLE III. Decomposition of the generators of SU4)
with respect to SU(2) X SU2) X U(1), where the U(1) is
generated by v,. Matrices labeled V and A, which com-
mute with v, generate SU(2) X SU(2) according to J,=V
+ A, Multiplet structure is indicated on the right in the
notation (j,,5._ )Y. V commutes with o, as well.

p3="7" ©,0°
' [Psozil ) ,0)°
V=|p3oq A= o3 +
(%] [P3O'J (0 ’ 1)0
1=75 p10y=Cy @,
Py P10y = Cy
P20y p1O3=0, G2
P20, P203

then in this limit the splitting would remain finite
and f would go to zero. The results of our calcula-
tion indicate that this is not the case. We note,
however, that the SU(2)xSU(2)xU(1) algebra of
conserved charges which commute with @¥ is
Wigner-realized.

2. Higher dimensions

The extension of the nearest-neighbor analysis
to two and three dimensions is straightforward.

A simple SU(4)-symmetric block-spin transforma-
tion on 37 sites may be constructed by working one
dimension at a time (see Fig. 4). It is readily
demonstrated that the Hamiltonian (3.9) still
scales, with a factor of 9x19/25x25 in two dimen-
sions and 9x19x19/25x%25 %25 in three dimen-
sions. Hence, the (3 +1)-dimensional theory is
massless and § vacuums may be constructed as be-
fore, either by blocking 2% sites or by perturbing
with a mass term.

While it happens that no x-y-z asymmetry is in-
troduced in the effective Hamiltonian by this block-
ing scheme, for the non-nearest-neighbor case
this will not be so. We have confirmed the result
obtained here by an alternate procedure which
manifestly respects x-y-z symmetry. We will de-
scribe this method in some detail for two spatial
dimensions and then outline the obvious generaliza-
tion to three spatial dimensions.

On the block of nine sites in two spatial dimen-
sions we consider first the nearest-neighbor Ham-
iltonian for the five sites enclosed by the dashed
line in Fig. 5. It is

(@ + Q-1+ Qo + @1y0)%] . (3.24)

r
desired representation content for the lowest-lying

states on the five sites: It would be a maximal
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FIG. 4. Schematic picture of how a block-spin trans-
formation is constructed in two dimensions, one direc-
tion at a time.

representation, namely, the totally symmetric
105-dimensional representation, for the four out-
side sites, contracted with the sextet on the center
site in such a way as to reduce the dimension as
much as possible, namely, to a 50. The relevant
Young tableaux are shown in Fig. 6(a). Let us de-
note these states y3° where i indexes the 50 states.

We truncate to this multiplet and reintroduce the
couplings to the four corner sites of the nine-site
square. We define

Q"=(Q + Qh+ Q-1+ Q1)
and remark that the symmetry of the 105 in p*
gives

P13 = (il @137

=eee = (OR1QM U -

Furthermore, we can use the Wigner-E ckart the-
orem to show that

WP1QMY) =2 ([ Q" + Q| v
=2(0P1Q% 143 (3.27)

The coefficient £ is simply a ratio of Clebsch-
Gordan coefficients. The couplings of the corner
sites to the 50 can then be written as

(3.25)

(3.26)

AH=3%% ZQ;'o( D+ Q1+ QI+ Q%)
]

23 [(Qh+ Q1) - Q1) - (@], (3.28)
n

LN
° ,’ ° } °
| |
| |
) \
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\'__'_'\\ ro
|
|
| |
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FIG. 5. A manifestly x-y symmetric blocking scheme
in two dimensions first couples together the sites within
the dashed line and then couples in the corner sites.

105 6 50
HH ~ 8 — HH
(a)

105

HH « B — H

FIG. 6. Young diagrams for the coupling scheme
which arises in the truncation depicted in Fig. 5: (a)
constructing the representation on the five central sites,
and (b) coupling it to the corners.

where
Qiomer= @1+ Q-1+ Q1+ Q1.

The lowest-lying eigenstates of (3.28) are again
obvious—we must form a symmetric 105 from the
four corner sites and combine it with the 50 to
form the smallest possible overall representation
which is a sextet. Figure 6(b) shows the relevant
Young tableaux. We have thus a two-step algorithm
which produces trial states on nine-site blocks
which have the same group structure as the states
on a single site and which furthermore are obvi-
ously invariant under 90° rotations.

The generatization of this procedure to three di-
mensions is quite obvious and works in a similar
fashion. We begin by constructing the multiplet on
the seven sites (000), (001), (00-1), (010), (0-10),
(100), and (~100), which is represented by the
Young tableau in Fig. 7(a). Next we truncate to this
multiplet and reintroduce the couplings to the 12
sites which are at the centers of the edges of the
cube. We find that the lowest states for this sys-
tem comprise a completely symmetric multiplet
on the 12 edge centers coupled as shown in Fig.
7(b) to the states described in Fig. 7(a). Finally,
we take these states and reintroduce the couplings

196

336 6
< B — HHD
a

3185 196
X
540
(b) :

FIG. 7. Young diagrams for the three-dimensional
block-spin transformation: (a) coupling the face centers
, of the cube to the body center, (b) coupling the result to
the edge centers, and (c) coupling in the corners.
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to the eight corners of the cube. Again we find the
lowest multiplet to be a completely symmetric
representation on these eight sites combined with
the state of Fig. 7(b) to give a sextet. Clearly this
procedure can then be repeated since we have now
arrived at an effective block Hamiltonian of the
same form as the Hamiltonian with which we .
started which acted on the site sextets, namely,
B2, Q"®)Q"(® +[i). To complete the SU(4) calcula-
tion we have only to calculate the coefficient in
front of this new Hamiltonian. It is clearly a num-
ber less than one, which is sufficient information
to verify that the nearest-neighbor theory has a
massless excitation spectrum.

C. Long-range interactions

An attractive picture of symmetry realization in
the non-nearest-neighbor theory follows from con-
sideration of Table III. We have argued that in the
6 vacuum selected by the mass term the nearest-
neighbor theory (in any number of dimensions) ex-
hibits a symmetry pattern wherein the SU(4)
charges which commute with Q¥ (those above the
line) are in Wigner mode whereas those which do
not (below the line) are in NG mode. Putting in the
long-range gradient for d =1 breaks eight of the
SU(4) generators (see Table IV); of the surviving
seven, some lie above the line in Table III and
some below. It is tempting to conclude that fzose
above are still Wigner-realized (these are the “V”
generators of Table IV) and those below still NG.
Similarly, for d=3, where @; is the only surviving
symmetry generator, the fact that it lies below the
line in Table III suggests that chiral symmetry in
three dimensions is found in an NG realization .

Alternatively, it is quite possible that inclusion
of the symmetry-breaking long-range terms
changes drastically the nature of the vacuum and
the realization of symmetries in the Fock space.
We will check explicitly that this does not happen.

Our long-range Hamiltonian (3.6) in one dimen-
sion is

H® = i

z
of g% 5
n>0

1
e (s,,)"“Q,”Q}’” ’ (3.29)

where s, =+1 for those charges above the line in
Table IV and s, =-1 for those below. Since it is
unlikely that distant interactions weighted with 1/»°
can affect the physics once we have enough terms
to break SU(4), a simplification suggests itself:

we will retain interactions only as far as n=2, ap-
proximating HE) with??

H= }4_2 (Z—Q.j '6]4-1 +é IZ an;’.Q}LZ) . (3'30)
7 ‘ o

The Hamiltonians (3.29) and (3.30) are symmetric

TABLE IV. Same as Table III, but where the U(1) is
generated by ¢,. V commutes with v, as well as with a,.

pyoy=0c, | ©,0)°
P30y P203 ,0°
V=|p303 A'=[ —py0, +
oy = ©,1)°
P2 pPyoy= 10,
e ¢, H
P3=7Y¢ p103=0C,, ’
o Py +
p 20y & 1
03 P30y ’

under the SU(2) XSU(2) XU(1) displayed in Table IV,
which is distinct from the SU(2)XSU(2) XU(1) left
by the mass perturbation of the previous section.
However, the same decomposition applies for the
elementary sextet of states on each site.

A simple blocking scheme would proceed as in
the nearest-neighbor theory. Grouping three sites
together according to

Hp=6p1'*pz+*pz'éps+%zanAQ;'e’ (3.31)
n
Hy pe1 =§w 6,_,,1'1
+3 Z sn(Qpan;!uJ + Qng;’u,z) s (3.32)
]

we would diagonalize the block Hamiltonian H, and
select the lowest eigenstates in each of the SU(2)
XSU(2)XU(1) sectors of a single-site SU(4) sextet.
Truncation of the operators in the block-block
coupling term H, ,,, to these states would yield a
new effective Hamiltonian.

It is our expectation that at least some of the
symmetries of (3.30) will be realized in NG mode;
in particular, we foresee that the § vacuum which
is selected by a mass perturbation will not permit
the axial generators (o, and “A’”in Table IV) to
appear in Wigner realization. In this light it makes
sense to choose block states which result from
distorting the low-lying eigenstates of H, so as to
break these generators, as discussed for the Heis-
enberg model in Sec. II.

To distort the eigenstates of H, we define a dis-
torted block Hamiltonian

H, =H,+€(Q Q%+ Q5:Q5h -5 Q1%
which differs from H, in that the @* term is
strengthened; this breaks the axial generators. H,
is to be used only to define the block states to
which we will truncate in the first iteration: The

effective Hamiltonian which couples blocks will be
derived by taking matrix elements of the original,

(3.33)
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undeformed block-block Hamiltonian H, ,,, in the
truncated basis. € is a variational parameter.

Thus, for our block states we take the six low-
lying eigenstates®® |#.) of H, and evaluate the
ground-state energy

E,=(0.|H,|0,), (3.34)
the local splitting term
(Hy)i;= e |Hy|j) = Egdy; s (3.35)

J

2 _
£ Hl=3NE, +);Hf +§;[QR, Qi t5 ), 5,(QLQ0,., + Q;';',Qg,u)] .
n

Each of the new sites (old blocks) has fwo sets of
15 operators associated with it: 60 and QL =6R.
The next iteration proceeds in a like manner, with-
out making it necessary to introduce yet more op-
erators per site. We note that the distorted H,
need be used only in the first iteration: The asym-
metry in the block states introduces an asymmetry
in the @, and @, matrices through (3.36) when the
truncation is performed, and this propagates the
distortion through further iterations.

This calculation has been carried out on a com-
puter. Each iteration has as input data the explicit
6 X6 matrices representing §L, 60, and H? in
some basis for the site states; direct products of
the basis states on three sites are constructed and
the matrix elements of H, (and of H, in the first
iteration) are calculated; finally, low-lying eigen-
sta&es 0_pr (or HE) are found and matrix elements
of Q;, Qg, and H” are calculated among them. At
the same time the variational ground-state energy
density is accumulated. We find that tze energy
density is minimized for €+0. This confirms the
NG realization of the axial currents as follows.

We have denoted the block states which emerge
from the first iteration as |i.); recall that they are
eigenstates of H,. Truncating the Hilbert-space
basis to these states means that the variational
ground state which we will eventually construct is
some linear combination of products of these block
states: ‘

|0y = Z ag; } n[ie)".
{l‘n} n

Here n indexes blocks of the lattice and the a’s are

coefficients determined in the iterative process.

Consider now an SU(4) rotation operator con-

structed with one of the axial generators (3.8),

(3.38)

U=ei®Q", (3.39)
If we use
He=UH U™ (3.40)

and matrix elements of the local charges

(éL)ii = (i, lépl [jo) (left),
Qc)sis = (iclQ,z15.)  (center),
@r)i; = (ie|§p3 li)=@,),, (right),

where the last equality follows from left-right
symmetry. Then the truncated Hamiltonian takes
the form

(3.36)

(3.37)

—
to define deformed block states |:8) in the first

iteration, then these states are related to the ones
in (3.38) by

[8)=Uli.). (3.41)

Obviously, the variational ground state that will be
constructed eventually is

109y =25 ap,y IT139),=v]0). (3.42)
{in} n
Since U is unitary, we have
(iel]g> =Nij < 1 ’ (3.43)

so that
(0] 0% ={‘;} {}:} afyap  IIN,, =0,  (3.49)
nt tin n

exponentially in the volume.?* SU (2)xSU(2)xU(1)
invariance implies that |0) and |0°) have the same
energy; thus we have explicitly displayed a varia-
tional approximation to the family of # vacuums of
the model. The V generators of Table IV commute
with the deformation terms in (3.33) and hence
with H, as well as with the real Hamiltonian: They
annihilate the variational vacuums and are Wigner-
realized.

We have performed a similar computer calcula-
tion for the three-dimensional non-nearest-neigh-
bor problem by executing three-site blockings in
the x, y, and z directions, successively. While
this is a crude approach to the problem it allows
us to calculate in a simple fashion. Experience
has shown that the rotational asymmetries intro-
duced by this procedure are reduced by the varia-
tional trick we use.

We diagonalize, at the first step, a distorted
Hamiltonian H, of the form

H.=H,+¢ J_QT, (3.45)
j
where H, is given by (3.6) restricted to a block of
3 X3 X3 sites. [In performing a three-dimensional
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calculation we expect a priori that it will suffice to
add a sum over single-site operators to distort the
states, in contrast to the term used in (3.33) for
the one-dimensional problem.] In subsequent steps
the original Hamiltonian is truncated to the lowest
six states per block. Keeping six states per site
and blocking together three sites at a time requires
diagonalizing a 126 X126 matrix at each step (acting
on the even-parity combinations of the 63 possible
states). The variational ground -state enevgy dens-
ity is again minimized for €#0.

This calculation provides a good example of the
way the variational trick reduces asymmetries in-
troduced by the blocking procedure. For ¢ =0 the
effects of the asymmetric blocking are very evi-
dent: In particular, the gap to the lowest excited
state is very unstable as we iterate. However, as
we reach the value of € which minimizes the
ground-state energy density these effects are re-
duced: the asymmetry [in SU(4) space] introduced
in the wave function by the additional term in H,
dominates over the asymmetry introduced by the
next-nearest-neighbor terms and the ‘gap to the
lowest excited state stabilizes. We remark that
these excited states probably represent massive
particles; their interpretation is discussed in Sec.
IV. The existence of a Goldstone mode is argued
as before: The charge @, (3.7) which commutes
with (3.6) does not commute with (3.45) and hence
generates a rotation of the € term.

The approximate ground state for H formed by
using the rotated H? is degenerate with the one
from the original H_ and is orthogonal to it in the
infinite-volume limit. Thus, as expected, the con-
fining flavorless theory seems to produce the phys-
ics of an Abelian 0 model with a massive vector
meson. ‘

D. Summary

We began by demonstrating the existence of ¢
vacuums and Golstone bosons in the nearest-neigh-
bor theory. We hypothesized that these phenomena
would persist as non-nearest-neighbor couplings
were added to break the SU(4) symmetry; an ex-
plicit calculation showed this to be true.

A check on our asymmetric blocking procedure
is its application to the nearest-neighbor model. In
this case it is found that for small € the energy
density does not depend on €. We may interpret
this result by noting that the SU(4) symmetric cal-
culation had no trouble constructing the degenerate
“@Q vacuums” for us., Thus, introduction of the
asymmetry served merely to combine the @ vacu-
ums into a § vacuum. As € grows, the energy
eventually goes up, as expected for a large distor-

‘~u of the trial state.

IV. RENORMALIZATION AND PARTICLE MASSES

A. Dynamical mass generation

In addition to the observation of the massless
particles related to the chiral symmetry breaking,
a further feature of these calculations is worth re-
marking upon. Although in the nearest-neighbor
approximation we find only massless particles, the
calculations which retain the longer-range interac-
tions show that there are also states with a finite
splitting from the ground state. For example, a
rotationally symmetric treatment of the (3 +1)-di-
mensional problem would give a triplet of states
which transform into each other under 90° rota-
tions, split from the ground state by an amount
proportional to 1/g%a. It is attractive to interpret
this as a finite-mass spin-one meson. In order to
do so we must define a renormalization scheme so
that the bare quantity g2 can be given a continuum
interpretation. The proper definition of such a
scheme requires calculations which we have not
done. In this section we describe a reasonable
scheme which we believe would emerge from a
careful block-spin treatment of QCD on a lattice,
and then discuss the scenario it suggests for the
origins of many interesting aspects of hadron phys-
ics.

Let us start by considering the Hamiltonian (3.3)
for a scale @, which is small enough so that the
relevant coupling g, can be chosen small: indeed
so small that we can establish the correspondence
of this theory with the short-distance weak-cou-
pling continuum theory. One can interpret the lat-
tice Hamiltonian as an effective Hamiltonian which
describes continuum physics with a spatial resolu-
tion greater than q,. Were we to solve this Hamil-
tonian on a block of sites (say a cube of 3° sites),
we could then write a new effective Hamiltonian
by evaluating H between wave functions spanned bv
the lowest few states within each block, as in the
calculations just described. The new Hamiltonian
can be viewed as an effective lattice Hamiltonian
on a lattice with spacing 3q,. We define the new
coefficient of the operator which measures the flux
leaving a block through some face as the new ef-
fective coupling. By repeating this truncation pro-
cess a number of times we would obtain a series of
effective Hamiltonians H,(3"a,, g,). On the basis of
the calculations? relating coupling strength to lat-
tice size for a theory such as (3.3) we expect that
the values of g, and q, so obtained would lie on a
curve such as that shown in Fig. 8. The general
shape of this curve must be correct, since for
small g weak-coupling perturbation theory tells us
to expect that the coupling grows logarithmically
with increasing separation, whereas strong-cou-
pling perturbation theory informs us that once g,
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From Weak
Coupling

From Strong
Coupling

Log a

FIG. 8. Expected behavior of gauge coupling (coeffi-
cient of E?) as a function of lattice size (taken from Ko-
gut et al., Ref. 2).

has become large, then it increases linearly with
increasing a. The relatively sharp transition of
logarithmic to linear growth shown in Fig. 8 is in-
dicated by the calculations of Kogut ef al., and of
Creutz. The shape of the curve is an intrinsic
property of the theory which is independent of the
assumed initial coupling g,. Let us denote the dis-
tance scale at which the sharp turnover occurs as
7y and the value of g, at that scale as g. Since for
small g, the change in g, with each iteration is
small, the number m of iterations that it takes for
gn to reach gy is clearly dependent on the starting
value g,. Thus we can write a lattice renormaliza-
tion-group equation of the form

T”=3”'("O)ao_ s (4.1)

The function m(g,) would be defined by carrying
out the iteration calculation.

The scale 7, is the physically meaningful scale
in this theory. Flux excitations of a size which is
small compared to 7, are quite probable, but flux
excitations on a scale larger than 7, are highly ex-
cited states and therefore not very probable.
Hence, 7, is (crudely speaking) a typical hadronic
radius. To define 7, more precisely, one should
calculate physically measurable quantities in terms
of »,. However, this discussion makes it clear
that the dimensional parameter q, should be de-
fined in terms of the physically meaningful scale
7y (rather than vice versa) and that (4.1) then al-
lows us to take a continuum limit g, -0, a,-0 with
7, held fixed.

To relate this discussion to the more familiar
renormalization-group discussion in perturbative
continuum QCD we remark that the scale », cor-
responds to the parameter A which defines the in-
trinsic scale of QCD, whereas a, corresponds to
the physically meaningless renormalization scale
. Thus (4.1) is similar to the first-order per-
turbation theory equation

A=/.Le'“/‘2“". (4.2)

Once having defined a renormalization procedure
which holds », fixed, we can then also give an in-
terpretation to the splitting proportional to 1/g%a
which appears in our strong-coupling calculation.
This quantity can be rewritten as

1
T”_f(g}{); (4.3)

where the function f could also be defined by an
iteration calculation. In fact, all dimensional
quantities appearing in this theory would take the
form (4.3), differing only in the form of the func-
tion f and the power of »,. Once the scale 7, is de-
fined by the calculation of some physical quantity,
such as the mass of the spin-one meson, then all
further dimensional quantities are calculable. The
particle masses which appear in such a theory with
zero quark masses are known as dynamically gen-
erated masses. The addition of small quark mass-
es to the theory would slightly alter the particle
masses from those obtained in the massless quark
case.

B. Comments and speculations

It is apparent that the ground state which our cal-
culation constructs is highly occupied, containing
many gq pairs. We remark that this is principally
a matter of notation, as we are working in a chiral
basis (v, is diagonal) and in this basis the vacuum
of the free-fermion theory likewise contains many
gq pairs. Were we to change basis to the more
familiar (y, diagonal) notation we would see that
this state is just the filled Fermi sea of negative-
energy states. The significant difference between
the massless free-fermion case and the QCD case
is the nature of the long-range fluctuations which
occur. In the massless free-fermion theory, fluc-
tuations in which fermion quantum numbers sepa-
rate over large distances occur easily. In the QCD
scenario just described, on the other hand, fer-
mion color separation to distances large compared
to 7,4 costs a large energy (proportional to g,*/r,)
and hence these fluctuations are very unlikely. Our
calculations have indicated that they are replaced
by coherent fluctuations (density waves) in which
qq pairs move between sites, and that these are
the massless (Goldstone) particles of the theory.

There are further properties of hadrons which
seem to have a natural explanation within this pic-
ture:

(i) From the point of view of these calculations
the effective hadronic Hamiltonian contains no cou-
pling constant; the factor of l/g,,2 appears only as
an overall scale factor. Hence, the relative scale
of the “kinetic terms” (those parts of H 4 which
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give rise to momentum band structure) and the re-
maining “quark interchange” terms (which give
rise to interactions among hadrons) is of order
unity. Hence, the natural strength of the strong
interactions is one, independent of g.

(ii) For three flavors of light quarks H s should
exhibit an approximate SU(6) symmetry—which is
recognized phenomenologically.?® If one divides the
effective Hamiltonian into two pieces, H.y =H,+V,
where H, contains all terms connecting sites sep-
arated by an odd number of links and V contains
the remaining terms, then H, possesses an
SU(4 X (No. of quark flavors)) symmetry. In the
cases of three quark flavors this symmetry is
SU(12) and while part of this symmetry results in
the existence of Goldstone bosons, we expect the
usual vector SU(6) subgroup to be realized in nor-
mal fashion.?® The terms in V break the SU(12)
symmetry down to chiral SU(3)XSU(3), but since
the terms in ¥V are each [due to the 1/4* damping
of successive terms in (3.29)] smaller than cor-
responding terms in H, we would expect some
SU(6) symmetry relationships to survive in approx-
imate form. Notice that vector mesons, as well as
the apparently static baryons, acquire masses due
to V. The approximate symmetry should exhibit
itself predominantly as relations among quantities
which are of zeroth order in V, such as ratios of
magnetic moments.

(iii) We note that this picture suggests that the
natural scale of gluonic excitations is of order g,?
in contrast to the natural scale of, say, vector-
meson masses, which is of order l/g,,z. Thus,
glueball masses could be significantly different
from typical hadron masses.

Finally, we must tredt the U(1) problem.?” The
analysis in Sec. III has led us to a picture of the
multiflavor theory wherein all axial charges, in-
cluding the flavor-invariant U(1) charge (3.7), are
associated with Goldstone bosons. It is of course
desirable to eliminate the U(1) boson, and we offer
a scenario within which it could “seize”® and dis-
appear from the physical spectrum in the continu-
um limit.

If seizing were to happen it would show up in the
lattice theory as follows. Consider the ordinary
(1+1)-dimensional Schwinger model?® (with two-
component fermions). Applying the same sort of
perturbation theory® as in Sec. III, one finds a
gluon excitation (or “photon”) with mass mg(g,)
~g2A and an effective Hamiltonian for the zero-
flux gauge-invariant states which is a version of
the anisotropic SU(2) Heisenberg antiferromagnet,
known to possess a massless spectrum. The scale
of HZ) is A/mg(g,?) so the boson spectrum is of
the form

A
E) ma(goz) o
where % is the momentum. It is possible to show
that for fixed large A,

(@.4)

mp(g?) ~ gA (4.5)

for g, -0. For conventional continuum renormal-
ization one holds my fixed as A becomes infinite;
then we find that the energy-momentum relation
for the Goldstone bosons, Eq. (4.4), implies that
no boson states of k/my+#0 can have finite energy.
Therefore, the continuum limit of the theory which
preserves the massive photon loses all but the
zero-momentum mode of the Goldstone boson.?®
This is the phenomenon which is analogous to seiz-
ing. .

It is possible that seizing affects some but not all
of the Goldstone bosons of QCD: Although the
strong-coupling calculation yields Goldstone bosons
for the U(1) currents as well as for the SU(N,) cur-
rents, there is no symmetry reason for their be-
haviors in the g -0 limit to be the same. The U(1)
boson can seize independently of the SU(N,) bosons.
Verification of this conjecture would require con-
struction of the Goldstone bosons in the weak- and
intermediate-coupling regimes.
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