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We estimate branching ratios for proton (and neutron) decay expected in the SU;s grand unified theory of decay
with a simple SUg-invariant quark model for baryon structure and assuming several possible models for quark -
kinematics in the decay. Our branching ratios agree in the appropriate limit with two recent estimates. The
proton (and neutron) decay into single pions (e * plus 7v/) more than 50% of the time in all models we consider.

I. INTRODUCTION

The most dramatic scenario raised in the con-
text of spontaneously broken gauge theories is
that of grand unification' with the attendant pos-
sibility of baryon decay. While the entire flurry
may yet be short-lived —if no experimental evi-
dence for decay will emerge —it seems useful to
have reliable computations of the branching ra-
tios expected for these decays. This is important
both for the search and also—if the search is
successful —for the interpretation of the observa-
tions. We discuss below calculations of branching
ratios for proton and neutron decay on the basis
of simple (SUg-invariant) quark structure for
baryons and simple models for decay (SU;).

Several papers have already been written®*-® on
this topic. There is a wide range of disagreement
in previous work—both in the results and also
in the approximations used. Therefore, we make
an effort to clarify the situation. The method we
use is sufficiently general to cover several kine-
matic models, some of which have already been
discussed: a static limit described in detail by
Gavela et al.® and a relativistic limit which is
close to the bag-model work of Donoghue.* Our
branching ratios agree in the appropriate limit
with these two calculations, which is somewhat
reassuring. We also compute branching ratios
at an intermediate point, called the recoil model,
in which the initial quarks are at rest while the
final antiquark recoils with p/m =0.75, the ap-
propriate kinematic value for a massless lepton.
The branching ratios in this case are, not sur-
prisingly, in between the static and the relativistic
values.

We do not discuss in this note the proton lifetime
because we feel that the uncertainties of extra-
polation from the unification mass greatly over-
whelm the effects we are worried about here. In
addition we are not quite certain which of the

three models discussed here is realistic. Thus,
while we can see that the question of the rate is
very important, we have nothing to offer here to
improve existing estimates.

II. DETAILS OF COMPUTATION

Throughout this paper we compute matrix ele-
ments for the decay of a baryon at rest, with spin
component +% about the z axis, into a lepton which
always moves along the positive z axis and a
meson which always recoils along the negative
z axis. The (total) rates of decay involve sums
of squares of such matrix elements for both
polarizations of the initial baryon. The matrix
elements are computed by sandwiching the in-
teraction responsible for the decay between ap-
propriate initial and final states.

A. Interaction

We follow Weinberg® and Wilczek and Zee’ to
assume that the Lagrangian responsible for the
decay is invariant under SU, X SU, X U, and there-
fore has the form

L=2V2Ge; ;5 v, (e L yud,p —€ gYud,
(-;wausm ~E3YuS;z)
+ €ijk7’—£ZL7/udjL(;e7/udiR +;u'}’usm)
+H.c.], (1)

where we have included terms corresponding to
strange quarks following Gavela et al.?; otherwise
the notation we follow is identical to that of Buras,
Gaillard, Ellis, and Nanopoulos,® who chose v =2
as appropriate to SU,. In the Lagrangian (1) the
fermion fields are expanded in terms of creation
(and annihilation) operators a', 5" appropriate

to particles and antiparticles as, for example,

uy=au;)u +3'(uj)v , _ (2)
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where @(u,) destroys an up quark of color j (and
spinor u#) and b*(uj) creates an antiquark of flavor
anti-up and color anti-j, with spinor v. The Di-
rac spinors # and v are defined by Bjorken and
Drell® and in the charge-conjugate fields (x°) the
spinors # and v are interchanged:

u=a (v +b(u,)u - (3)

In using the Lagrangian (1) we assume all fermions
to be free just before and just after the interaction
and described by appropriate spinors # and v. The
hadron wave function, to which we now turn, pro-
vides the amplitudes to find various flavors,
colors, and spins of quarks in the hadron.

B. Baryon wave functions

We assume that only valence quarks are im-
portant in decay, and that the baryon wave func-
tions are appropriate to the SU;-symmetry limit.
In particular, we assume that the orbital state
of all three quarks is identical and is factored
out for simplicity. In addition to spin and flavor
the Lagrangian (1) acts also on the color indices
of the quarks which have to be specified, and
therefore we take for a proton of spin up,

IP, )= 375 3,[2 sjk(uﬂd [ —” f)u f‘10>’ )
where ¢,j, % are three-valued color indices, the
arrows indicate spin components (not helicity),
and each symbol denotes a (positive-energy) fer -
mion operator in an abbreviated notation, i.e.,
uly=a'(u;)uy, where the spin component 4 is re-
flected in the Dirac spinor of the state u. We
are indebted to Donoghue* for this form, although
we are using it in a slightly different context than
his bag calculation. For example, we will con-
sider a static case where all quark spinors are
static.

C. Matrix elements

We compute matrix elements of the interaction
(1) between an initial baryon [say p as in (4)]
and a final three-fermion state composed of an
antilepton and a quark-antiquark pair in a color~
singlet state. We give below the result for a
particular example:

_ 2 _
(Crstiyuy |£]2y) = o5 (wyyuyegyuy

+Uyyvyegyuy), (5)

where the proton state is given in (4), the La-
grangian £ in (1) ( a factor of 2V 2G is omitted
from the answer), and the state #yu, is more
precisely the normalized color singlet: 1/¥3)

,,u” [O) where p is a color index to be sum-
med over. On the right-hand side of (5) we have
used an abbreviation notation which omitted the
space-time indices on the y, matrices and the
chirality projections, i.e.,

uyyuyegyuy = 1y yu (L —ysJupegy, (L +yuy .
(6)

The arrows represent quark spin and the u spinors
refer to the particles in the order appearing in
the Lagrangian (1); this also determines where
the factors of (1 +y,) are located. For example,
in the matrix element (5), which corresponds to
the conversion of a proton with spin up into a
uyu, pair, the basic process is uydy —~ezuy; the
quark u, survives from the initial state. There-
fore, the relevant piece of the Lagrangian is
(# “yueyyd) and the two terms on the right-hand
side of (5) correspond, respectively, to the final
anti-up quark #; being created by the % ° field
(with spinor #;) and the initial up quark being
destroyed by the second u field (with spinor uy)
while in the second term of (5) the final anti-up
quark is created by the second « field (with
spinor v4) and the initial up quark is destroyed
by the u, field (with spinor v4). In both terms the
last spinor #; in the amplitude belongs to the
initial d quark which is destroyed. The spinor
belonging to the positron is explicitly marked.
The choices of all quark and antiquark spinors
will be discussed later.

Here is one other example:

(eR,d,d,‘£|p,)—\/ (@yyu,egyv,

+0,yuyegrvy), (7)

where the basic process is uyu, -—'éRE;. In both
terms of (7) the last spinor v, belongs to the final
down antiquark which is created, while the first
two spinors belong to the initial up quarks de-
stroyed. In the first term the first field destroys
the spin-up quark while the second field destroys
the spin-down quark; in the second term the roles
are reversed. As can be noted from (2) and (3)
the charge conjugate field #° yields a v spinor
when it annihilates a particle while the original
field u yields a u spinor for the same purpose.
The results for all matrix elements for proton
decay into right-handed leptons are collected
in Table I. These matrix elements can be written
entirely from the considerations discussed above,
rather than by actual calculations. There are two
further useful points. Firstly, there is an extra
factor of 2 in the amplitude when there is an iden-
tical pair of quarks in the operative initial state

" (e.g., ujuy in the proton or did, in the neutron),
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TABLE I. Matrix elements for proton decay into right-
handed antileptons.

Initial Final Annihilating

state  state quarks &)1/ amplitude
b, ERU U, ud, (@, Yu 8RYuy +0,Yv ,85Y%,)
b, eruu, ud, (—2%,Yu,8gYu, — 20,Yv.2RY,
u,d+ +% YU ERYu, 0. Y0 ERYY,)
P Erdid, Utk ~ 25, Yu ZRYv,
P ERald'v U, @ Yu,8RYv , +0, YU EgYv,)
b, CRUU, u,d, (=7, YU ,egYu, ~UYv ERYU,
u,d, + 2%, YU, CRYUr + 20 'YV ERY Us)
b Eﬂaldl %%, —(F.Yu.ER'YU. +17;‘Yu.ERva)
b, VRE,u, ud, — @ yYu,Pgyv, +7, Y0 \PRYU,)
D _ﬁRa-gu' u|d5 (217')’%77371) 20 Y {ngu.
: uidy =~V YU VRYV , = U\ YU VRY )
b vRanu. ud, @y, VpYu, +0,Yu,.Vgyw,
u.d, =200 VRYu, — 20, Y, VRYV.)
D ﬁREv dn Uty 20, Yu |ﬁR'va
P, PrSid: u.u, —@vu By, 0, YU, TRYD,)
b, .ﬁpRE.un udy _Euyutv’ﬁ’?)'
b, vnglu' u.d, (217,')’1[,7“‘)’1) '
u,ds ~U\Yu ivpyvl)
)2 Fyﬂgtul uvd, (ﬁyYu.VpYU '
u,dy =20 Yu,Tyy,)

whether both these quarks are destroyed or only
one of them is. Secondly, the phases of all terms
are controlled by the relative phase of the two
terms in Eq. (4). This means, for proton decay,
that all processes involving an initial d, have
amplitudes of opposite sign to those involving

an initial d4. Finally, the normalization factor
2/V'6 was obtained by direct computation.

D. Meson wave functions -

The physical quark-antiquark states are linear
combinations of the states listed in Table I, with
definite values for spin or isospin, e.g.,

lw°> 2%(77”1; +17¢;uf +2fd' +3;df) , (8)
[0°) = 5Giyu, +u,uy —dyd, —d,dy), 9)
|7 =36y u, ~iyuy —dyd, +d,dy), (10)

1 = _ —
1) = 575 @yuy —wyuy + dydy
—E{rdf +2§QS‘ —25‘;8’), (11)

where we have chosen for 7° the member of the
octet rather than Isgur’s'® n°.

We are now in a position to compute amplitudes
for physical processes, preovided we know what
to take for the spinors «# and v listed in Table I.
This is what we discuss next.

III. PHYSICAL APPROXIMATIONS

It is important to realize that the decay am-
plitudes of Table I still have freedom for further

physical assumptions for the annihilation pro-
cess. This freedom amounts to making choices
for the u and v spinors of the quarks involved,
corresponding to the kinematics of the four -
fermion process underlying the baryon decay.
We shall assume in all cases that the antileptons
are fully relativistic and have spinors

1 1
e rylo) s () W

and in fact consider only vight-handed antilepton
emission; the rates for left-handed positron
emission can be obtained with the identities of
Weinberg and Wilczek and Zee, which depend
only on the value of the parameter # in the La-
grangian (1).

There are three types of matrix element
ﬁyul—Ryu, Eyvl—Ryu, and E'yuZ-Ryv and a priovi
there are three spin configurations for each if we
conserve helicity, namely, one S,=1 configuration
and two S, =0 configurations (corresponding to
where the down arrow is put for the initial quark).
Of these nine possible matrix elements we find
three vanishing in all cases because the two cur-
rents have identical lightlike form. This is the
case, for example, with

u"yu(]. "'7’5)“;l1e7’u(1 +7’5)u9 «(1,0,0,1)" (1;0,0a1)

The remaining six matrix elements have to be
computed.

In the sfatic approximation both the initial
quarks and the final antiquark are at rest, with
gpinors

el e[ me2), w2

(13)

The matrix elements are listed in Table II. The
static model can only be valid if the antiquark
emmitted in the final state is almost as massive
as the sum or the masses of the two initial quarks.

Another extreme model corresponds to relativis -
tic vecoil for the antiquark. The spinors of the
antiquarks reievant to this case are

il

TABLE II. Nonvanishing four-fermion matrix elements
in three models (noncovariant normalization).

Relativistic
Amplitude Static model Recoil model model
ivyuv—l—Ryu' 1-/\[9: 2/\/‘5‘ 2
Y lgYU, 1N2 1N5 0
v“.Yv.Tm’u: 1/‘/5 2/‘/’5— 2
Tyu lRYu, —-1A2 —2/5 -2
7, Yu,Lgyv, -1NZ -2N5 -2
Tvulgyw, -1NZ -1A5 0
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uy(=)=uy = 7’% [i’] »

=[]

and (14)

w=o =75 (0]

where we indicate by a minus argument that the
antiquark recoils into the minus z direction by
definition. Of the six matrix elements shown in
Table II, two vanish in this limit because the re-
coiling antiquark is constrained to have spin pro-
jection +3 if its spinor is u; or v, Therefore,
the matrix elements in which the antiquark has

s, =—3 must vanish; this is a case of helicity
suppression. The two initial quarks in this mo-
del are still at rest, and their wave functions are
given in Eq. (13). This model applies if the re-
coiling antiquark has much smaller mass than the
initial quarks o7 if all quarks and antiquarks are
massless as is the case for nonstrange hadrons
in the bag model. The matrix elements we find
are listed in Table II.

An intermediate model, probably more relevant
than either of the above limiting cases is a vecoil
model, where two static quarks of identical mass
annihilate into a recoiling antiquark of the same
mass as the initial quarks and a relativistic
antilepton. From kinematics, the recoiling anti-
quark has (p/m)=0.75 and therefore [p/(E +m)]
=371, The relevant antiquark spinors are

- L[ e
w75 [ ] o g

and (15)

vy ()= 7‘7%—»[;‘;‘] , vi(a)= 7%[';‘:]

Using the appropriate spinor for the recoiling
antiquark and static spinors for the initial quarks
we obtain the amplitudes listed under the recoil -
model column of Table II. It is interesting to note
that in the recoil model the helicity suppression
(of rows 2 and 6) is exactly halfway between the
static model (where row 1 equals row 2 and row 5
equals row 6) and the relativistic model with full
suppression, where rows 2 and 6 vanish. In the
recoil model the matrix elements of rows 2 and

6 are exactly half the matrix elements of rows

1 and 5, respectively.

IV. RESULTS AND DISCUSSION

Given the four-fermion matrix elements of
Table II we can substitute these values into the

TABLE III. Numerical amplitudes for proton decay to
specified quark-antiquark states (arbitrary units).

. Relativistic

Process Static model Recoil model model
D1 —CrBu, 1IN3 430 4NE
by —Critu, 1N3 8A30 12N6
P —~Erdd, 2N3 830 8A6
D _.é.Ra-ld' ""1/\/’§ —2/\F3—6 0
b EREu, 2N3 1030 1246
p.—erdd, 1IN3 230 0
pr—Ngs.d, -2/3 -8A30 -8A6
by —Bg5.d, YR 1A30 0
) _.VREIul l/\/§ 4/\/—% 4/1[6
pr—TVgS.u, VK] 230 0
P 2N3 430 0

forms of Table I to obtain numerical estimates for
amplitudes into specified quark-antiquark final
states; these are listed in Table III for the three
different models we discuss. Then we take linear
combinations of these amplitudes appropriate to
the physical mesons p,w, 7,1 according to the
meson wave function of Sec. IID. Some of the
results for right-handed antilepton production
are listed in Table IV. The sums of squares of
matrix elements (into the same final state) from
the two-~proton polarizations are proportional to
the decay rates and are given in Table V.

We can check directly with the spin-averaged
rates of Table I of Gavela ef al. that their results
coincide with the static-model column of Table V.
Similarly, the w®/p° ratio of Donoghue (for the
bag model) is very close to the ratio (27:11) we
find in the relativistic column of Table V; note
also the very small rate of n production in the
bag model as against the zero value in the re-
lativistic column of Table V. The discrepancy
with the bag model in the case of the pion stems
from an additional form factor used by Donoghue
to suppress large momentum transfers. Note

TABLE IV. Some amplitudes for proton decay to phys-
ical mesons, in three models (arbitrary units).

Relativistic

Process  Static model Recoil model model
P ERw 3/2/3 IN 30 12/6
pr—~Egp" 1/2V3 3A30 4N
po—2g’ -3/2/3 -7/30 -8/N6
D —’ERTIS 1/2 1/\/T(7 0
P 8wy 3N6 615 viz
b, —~erpy 1IN6 4/2N30 viz
P —THgK" —/372 -9N60 —4N3
p,—~VrK" 0 1NT5 23
Py —~PRK* 2/3 430 0
Dy —VRK** 246 3N15 2N3
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TABLE V. Some proton decay rates in three kinematic

models (with SUg for hadrons) (arbitrary units).

Relativistic
Process Static model Recoil model model

p—egw 2 L3 36
p—~egp’ t * 4
b=’ T i 3
P—egrMs i * 0

p—~ 7K’ 3 & 3
P~ VRK" 0 * T
p—VrK** 2 % 5

that all three sets of rates of Table V refer to an
SUg-invariant world in which all mesons have

the same mass; the differences are due entirely
to the treatment of antiquark recoil in the basic
four -fermion process. To get somewhat closer
to the real world we allow for SU, breaking in the
meson masses by introducing the phase-space
correction (1 —x%)(1 —x*), where x is the ratio

of the meson mass to the proton mass; this is
equivalent to the prescription of Gavela et al. We
also have to include left-handed fermion pro-
duction. This we do for definiteness by spe-
cializing to SU, [~ =2 in the Lagrangian (1)].
Using the formulas of Wilczek and Zee and Wein-
berg, which amount to multiplying the right-han-
ded positron rates of Table V by a factor of 5
[equals (1 +4?)], our final branching ratios for
proton decay are in Table VI. We have ignored
the K** final state which has very small phase
space resulting in a branching ratio of less than
1% (0.7%) in the static case, which is most favor-

TABLE VI. Branching ratios for proton decay in SU;
in three kinematic models.

Relativistic
Channel Static model Recoil model model
etw 21.4% 24.9% 25.9%
et p? 2.4% 6.6% 10.5%
etnd 35.7% 39.8% 38.4%
e*ng 6.9% 1.5% 0
vp* 1.0% 2.6% 4.2%
ot 14.3% 15.9% 15.4%
pt KO 18.3% 8.4% 4.9%
VMK+ 0 0.2% 0.6%
Total 100.1% 99.9% 99.9%

TABLE VII. Neutron-decay branching ratios in SUs
in three models.

Relativistic
Channel Static model Recoil model model
Tw 4.7% 4.5% 4.6%
7 0.6% 1.2% 1.8%
w0 7.8% 7.3% 6.8%
TN, 1.5% 0 0
etp— 5.5% 11.8% 18.5%
etn— 78.7% 72.2% 67.8%
7,K° 1.1% 3.0% 0.6%
Total 99.9% 100.0% 100.1%
able.

In all three models we note that the decay into
e'm° (which is experimentally important) varies
rather little and is sizable, between 36-40%; in
addition the decay into the charged pion is an
extra 15% and also quite model independent. This
is rather fortunate from an experimental viewpoint.
Similarly, the w®e" mode is fairly model inde-
pendent and large. The model-dependent channels
are e'n, €'p°, and u'K° where we do not know
which model is closer to real life. Charged-kaon
production appears quite insignificant in all cases.
Given the proton-decay branching ratios one can
compute the values appropriate for neutron decay
by isospin arguments already published.®” The
only exception is the v,K° channel which we com-
puted explicitly. Our results are given in Table
VII for the three kinematic models discussed.

It is again noteworthy that the decays involving
single pions (¢'7" and vn°) form about 75% of all
neutron decays in each of the three kinematic
models discussed. This again is a favorable
experimental feature. ‘

V. OTHER COMMENTS

In our computations above we obtained the decay
rates by squaring the probability amplitude for
the elementary processes qq — 1§ weighted with
the amplitude of finding the specific gq pair in the
proton. Since we were interested only in branching
ratios we dropped a common factor (from all am-

_plitudes) involving the amplitude of finding the two

quarks gq at the same point in the proton. This
involves dropping a factor of |[$(0)|2=(y,|83(T,,)|¥p)
from the rate of decay. We discuss this approxi-
mation in more detail here.

This approximation assumes that the factor
|#(0)]? is in fact identical for all possible flavor



and spin orientations of the annihilating quark
pair gq. This is the case in the SU; limit when
the spin-flavor wave function factorizes from the
orbital wave function of a proton which is a pure
56-plet. As discussed elsewhere'' this approxi-
mation is not good since SUg is violated by
color hyperfine interactions, which give rise for
example to a nonvanishing charge radius for the
neutron.'? We therefore expect distortions at
short distances which favor spin singlet over spin
triplet and change the branching ratios computed
in the SU, limit. A more elaborate computation
should include SUg violations.

In addition, even in the SU;-invariant world,
the prescription of multiplying by |#(0)|? is not
quite correct in that it ignores the fact that the
“spectator” quark has to move in the right di-
rection and with the correct momentum to join
the antiquark into a physical meson. In other
words, there is additional momentum dependence
in the amplitudes, over and above the correct
choice of Dirac spinors, which we emphasized. A
more correct calculation takes into account the
third quark through a complete three-fermion
to three-fermion amplitude. This can be carried
through for the harmonic-oscillator wave function
for the initial baryon and final meson. The answer
we find is

| Amp|2 =const X exp[- 3%%/(8a® +68%)],

where a® and 8% are harmonic-oscillator para-
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meters for the baryon and meson, respectively,
while k is the three-momentum of the meson in
the proton rest frame. The exponential does not
vary too strongly from unity even at the largest
momentum transfer k corresponding to the chan-
nel 7l, as correctly noted already by Gavela
et al.5 who choose a®~0.166 GeV? when the
diminution in the production rate for pions (re-
lative to vector mesons, in the approximation
=#?) is about 15%; even for a®=~ 0.1 GeV? the
reduction in the rate is 25%. Therefore, it is a
reasonable approximation to neglect the variation
of this factor with momentum, as we have done.
We apologize for having thought otherwise at an
initial stage of our investigations and communi-
cated the erroneous conclusion to J. F. Donoghue.
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