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A rigorous nonperturbative approach to radiative corrections in charged-lepton scattering is derived from a
rearrangement of the QED perturbation series. The new series is covariant and involves no cutoff. Successive terms,
corresponding to an increasing number of “oblique” photons, incorporate the emission of an arbitrary number of
collinear photons. The infrared spectrum of an oblique photon is shown to be suppressed. The zero- and one-
oblique-photon terms are computed and numerical results for the elastic contribution are presented. In the very
inelastic regime, small x; and large Q2, we find an elastic contribution to the cross section much larger than that
predicted by standard perturbation theory. We note that our results may modify somewhat the current picture of

scaling violations, at least in the very inelastic regime.

I. INTRODUCTION

An outstanding problem in practical QED radia-
tive corrections is the following: how to reconcile
the soft-photon nonperturbative treatment, essent-
ial for example in describing radiative tails, with
the perturbative calculation of hard-photon emis-
sion, believed to be justified. In the usual appro-
ach®? to this problem, one turns to some energy
cutoff which defines the boundary between hard and
soft photons. Since soft-photon contributions,
which involve the infrared divergences, exponenti-
ate, one sums up these contributions to all orders,
whereas hard-photon effects are computed per-
turbatively. The drawback of this approach, which
was very important in proving cancellation of in-
frared divergences, is the unphysical, noncovari-
ant, cutoff dependence of the final results. This
cutoff dependence is awkward when both soft- and
hard-photon effects are important.

The main contribution of this paper is a new,
practical scheme for the radiative corrections in
charged-lepton scattering, Let us quote what has
been already achieved by this work.

(a) The approach is rigorous in the sense that our
series is nothing but the QED perturbation series
in a rearranged form.

(b) The theory does not involve any cutoff on pho-
ton energy.

(c) All infrared divergences are canceled out.

(d) There is no limitation for the applicability of
the method.

(e) For very inelastic i +p scattering, the elastic
contrvibution we obtain using our method is much
larger than what is predicted by Mo and Tsai’s®
one-photon-emission formula, which does not
properly take into account important higher-order
multiphoton emission.

Let us now summarize the basic ideas we rely on
and the methods we use in this paper. It is well
known that, at high energy, real-photon emission
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is mainly concentrated along the directions of the
charged particles. This fact leads us to separate
the emitted photons into collinear and obdlique pho-
tons. The important point is that collinear photons
exhaust the real-photon infrarved divevgences, and
their effects are included o all ovder in perturba-
tion theory through the use of the spectral weight
function we have derived in a previous work.*5
Oblique photons, whose emission probabilities are
given by a set of precise rules, are treated one at
a time, that is, perturbatively. Let us note that
oblique photons are always accompanied by an ar-
bitrary number of collinear photons. Thus, the
radiative tail of any process is automatically in-
cluded. This is the essence of our rearranged
perturbation series. )

In Sec. II we present first the guidelines of our
approach and then we derive the oblique=-photon ex-
pansion, in analogy with the method of Grammer
and Yennie? (GY). In Sec. III, we give the explicit
zero- and one-oblique-photon terms for applica-
tions to charged-lepton—proton scattering. The
physical meaning of an oblique photon is clarified.
Section IV is devoted to the analysis of the numeri-
cal results for the elastic contribution, arising
from zero- and one-oblique-photon terms and to the
comparison with standard perturbation-theory re-
sults. In Sec. IV, we summarize the results ob-
tained thus far and enumerate refinements of the
program which remain to be done. Finally, a short
appendix is devoted to the azimuthal integration of
the lepton tensor.

II. OBLIQUE-PHOTON EXPANSION SERIES

We present first the motivations of the oblique-
photon expansion series and we introduce the nec-
essary ingredients. The second part of this section
is devoted to the detailed derivation of this expan-
sion. :
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A. Guidelines of the approach

In this paper, we concentrate on lepton- (electron
or muon) proton scattering, although the general-
ization of our method to similar processes is
straightforward. Also, our considerations will be
limited to the one-photon-exchange approximation
and we shall neglect all radiative corrections to the
hadron vertex. The slight change of notations from
Ref. 6 is done for consistency with the more nu-
merous symbols needed in the treatment of oblique-
photon emission.

Let p and p’ be the momenta of the incident and
scattered lepton E, E’ the corresponding labora-
tory energies, and 6 the scattering angle. The pro-
ton and lepton mass are denoted by M and m, re-
spectively. Note that nowhere is m neglected; use-
ful approximate forms of some formulas, valid at
high energy, are preceded by the symbol =, We
denote by @ ;*> and x, the squared momentum trans-
fer and Feynman variable (E is for experimental)
defined by

Qe =—qp ==(p=p')
=2(EE' - pp’ cosf —m?)

£ 4AEE’ sin?l0 2.1)
and
_ Q5
¥2T M(E -EN 2.2)

We introduce two positive-energy light-cone mo-
menta I and I/, which almost coincide with p and p’
at high energy, by

S Rk A I s 3 N
b= %0 V=g =P @3)

The kinematical variable 7, which is such that

2=1'2=0, 1,20, 1,=0, (2.4)
is given by
_l-up n m®
T Tew Q7 )

Here, uz is the lepton velocity in the Breit frame
which is given by

_ bp _ ( 2 1/2 2.6)
=g, " wfw) ' '
Consider now the momentum % of an emitted pho-

ton, “drawn” on the positive-energy light cone.
When the lepton mass can be neglected, there is a
large probability for % to be collinear with I or I;
this is of course the well known peaking approxima-
tion” which emphasizes the p and p’ peaks. These
peaks arise from k- p and k- p’ denominators cor-
responding to the propagation of the lepton after or

before photon emission, respectively.

When the emitted photon is soft, 2,~ 0, %k goes
down to the light-cone vertex and we encounter the
infrared divergence. In this limit, the relative
probability density in k£ space, summed over photon
polarizations, is given by

~5ox (7%7,08,(62), @.7)

where « is the fine-structure constant, j° the clas-
sical current

. p'P pP
]p_k'p’_k'ﬁ ’ (2-8)
and
5,(k%)= 5(k2)8 (k) = % 6(ky—F), 2.9)
]

where w, =| k|.

Let us rephrase some of the results of our work
in Ref. 4 on which we rely in this paper. As a
starting point, the peaking of the emitted photon at
high energy leads us to attach to the emission of
one photon the relative probability density

al,(k)= aA f%a_ 5%k —ol)
'

+aZfd(i

I

where A =A/2 in the notation of Yennie, Frautschi,
and Suura (YFS),!

54k —0'1'), (2.10)

2
A=2= 75 Jag.=3,), (2.11)

and, explicitly,

(2.12)

The above considerations allow us to distinguish,
among the light-cone photons, collinear and oblique
photons.® The important point is that collinear
photons exhaust the infrared divergences arising
from real-photon emission and their effects can be
included to all orders in perturbation theory
through the introduction of the spectral weight
function

A2V

Q5

-aA
Ex(p, 230 =( ) ros(amesr

*  dodo’
on' W54(K —O'Z-O"l,)-

(2.13)

Here, T and y are Euler’s function and constant,
F(r) is a normalization function given explicitly in



Ref. 4, and K is the effective momentum of the col-
linear photons. As we shall see shortly, the photon
mass regulator X\ which appears in this equation
cancels immediately, once virtual radiative cor-
rections are included nonperturbatively. Here, we
shall rely on YFS or GY analysis, although we use
the vertex function we introduced in Ref. 4. For
spacelike momentum transfer, this function reads

F,o = 27D (1+aA)eBral2r (2.14)

where B is the function defined by YFS. Note,
however, that F is essentially ¢*? at high ener-
gy. Equation (2.14) will be the starting point for
virtual radiative corrections in this paper. -

As in Ref. 6, we shall introduce a spectral func-
tion free from infraved divevgences, which takes
into account the contribution of collinear photons
and also part of the virtual-photon effects repre-
sented by Eq. (2.14). This function is given by

E(p,p'; K)=E\(p,p'; K)F ;2
=(aA ) ™ mdo wdo’(co’)“z“
J o]
X 64K =gl -0'l'),

(2.15)
where
A 1 re! mo 1 Q T
= - - 26 B - gp=XE
F@)=Fb)+2B + — -Aln o, = In ol 2
(2.16)

The form of F(r) which takes into account the com-
plete lepton-mass dependence is given in Ref. 6.

In some kinematical domains, for example the
vicinity of the elastic peak, the emitted photons are
necessarily soft owing to phase-space limitations.
In this case, the collinear photons alone, which are
also soft, represent an excellent approximation to
the physical process. When we vary slightly the
kinematics in such a way that more phase space
opens to the emitted photons, we can still describe
the process in terms of collinear photons, pro-
vided we include a “hard factor” derived from com-
parison with standard perturbation theory. A full
account of this approach as well as explicit compu-
tations using this nonperturbative technique is
given in Ref. 6.

For recent high-energy u + p experiments®'® in
the very inelastic regime (small x; and large @ )
the emitted photons can no longer be considered as
soft and the above approximation becomes totally
inadequate, at least for the contribution of the

dcn__ a p
dQ'dE’

Xpul... ”n(p’p ;kp R

i Sy -5 ) I

)l 1eesclngliesseln
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elastic peak. In this regime, radiative corrections
are very large owing to hard bremsstrahlung, in
which the squared momentum ¢, transferred by the
exchanged photon, can be considerably lower than
Q2. This process leads to a “¢ peak” where sim-
ple kinematics shows that the minimum value of ¢
is given approximately by fmn™ M>x5%. On the other
hand, a collinear photon implies ¢t ={, or { =i,
which are the values of ¢ for the p and p’ peaks,
respectively. Consequently, as emphasized by Mo
and Tsai,? there are large discrepancies between
the peaking approximation and the exact one-pho-
ton-emission formula in the very inelastic region,
espec1ally for the elastic contribution. In Ref. 6,
we emphasized that in the very inelastic region,
hard bremsstrahlung becomes a basic process by
itself and, as such, it must be radiatively cor-
rected. In other words, at least for small x; and
large Q% we must take into account additional
photon emission on top of the bremsstrahlung pro-
cess. These “corrections” can, and indeed do,
modify the already large hard-bremsstrahlung
cross section. Here, the separation between hard
and soft photon is unclear and, in any case, non-
perturbative effects are too much involved to be
computed by the known techniques. This is not a
minor problem since inadequate radiative correc-
tions to the data will give misleading radiatively
corrected structure functions.

The above problem is completely solved within
our theory. We take into account the contribution
of collinear photons to all orders in perturbation
theory and, in a precise technical sense, we ex-
pand in the number 7, of oblique photons. The ¢
peak can be reached beginning with »n,=1. Without
any cutoff, it turns out that an oblique photon is
mainly hard since the soft part of its spectrum,
dw/w, is suppressed. As we shall see, the emis-
sion of oblique photons is always accompanied by
an arbitrary number of collinear photons. In this
sense, radiative tails are automatically incorpor-
ated in the cross-section formula.

B. Rearrangement of the perturbation series

We shall now derive a rearrangement of the
cross-section perturbation series in the one-pho-
ton-exchange approximation. Although differing in
presentation and objective, this derivation is quite
similar to the GY method.?

The differential cross section for lepton-proton
scattering with emission of » unobserved photons
is given by

d4k 6 k 2
LB 135 (P, Vot 1y (085 s )

(2.17)
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Here W} is the usual nonradiative (NR) proton
structure tensor, p” is the amplitude for the emis-
sion of #» photons of momenta k; and polarization ¢;,
and g is the momentum of the exchanged photon.
For n=0 there is of course no % integration. Let
'us note the following properties of p¥: (a) symme-
try in photon momenta, and (b) gauge invariance,
leading to the Ward identities ‘

k"‘pzl. .o ,J"(P,P'Q kv ey kn) =0.

In what follows we take the explicit convention of
expressing p” as a function of p,p’;%,,...,k,, con-
sidered as independent variables. This extends its
definition outside the support of the §* functions in
Eq. (2.17). Equation (2.18) allows us to sum over
photon polarization using

(2.18)

(2.19)‘

2 etel =gt
pol
and Eq. (2.17) becomes
dou
dQ'dE’
a2 ’ d4
= jmji TqTq)? 6‘*<1b -q-p' -?: k;)Wf.',‘,‘(P, )

n
X[II d“ki]T(’iS’x(p,p’;kl, N AR
=1

(2.20)
]

do aZPI d4q
ao’ ;E' B pn! (@®) oo -a-rf _Zk‘ II @y Z:l W?R(qZ’ V)T,-(,,))\(i),p'; Riy ey k)

with the following definitions:

P,P,
Tian= =8uvThns  Tomp = 255 Thih - (2.25)

M2

The following analysis is most easily understood
by representing T{j\ or T, as a fermion loop cut
onboth lines with n photons, also cut, going across.
Photons arising from virtual radiative corrections,
of course not cut, can be included. Now the basic
ingredient in the rearrangement of Eq. (2.24) is
Grammer and Yennie’s? decomposition -

give, R =Cct’+o}v, (2.26)
with

CV =b(p,p'; ky)RIEY (2.27)

OF" =g’ —b(p, p'; R RLEY . (2.28)

The function b, suitably chosen later, depends on
the fermion lines pair (p,, p,) emitting and absorb-
ing the photon of momentum k;. It is precisely this
dependence which distinguishes Eq. (2.26) from a
trivial gauge transformation.

The lepton tensors Ty, are simply related to the
amplitudes p through '

T&?X(p’ Plikyece,ly)= p:: ceuy, pﬁl. Ry

e [=g"715, (k)]
X 11 (2m)® ’

(2.21)

The A index attached to the T}, reminds us of the
infrared divergence of these tensors which is due to
virtual radiative corrections. To get rid of the
Lorentz contractions in Eq. (2.20), let us write the
standard form of the nonradiative hadron structure
tensor,

1 v 4
leg(P’ !I) = —ZF (Pp"?qp) (Pc —?'qO)WgR(qzy V)

- (gpo - _q_g_;_l__q_)w_l;lk(qZ’ v),

where v=P-q. Since the lepton tensors verify the
following Ward identities,

(2.22)

qp T‘(‘,;’,X(P; p’;kx’ ce0 k,,)é“(p -q 'p’ - Zki> =O3

(2.23)

and also similar identities with qy~4q,, We can
write Eq. (2.20) as

(2.24)

r

To sum up the contribution of the collinear (C)
photons, we shall use the Ward identities repre-
sented in Fig. 1. The graphs include the propaga~
tors of the fermion lines. The dashed line repre-
sents a gauge photon, that is, a photon with a k*
polarization vector. After multiplication of these
identities by the inverse propagators S~!(p’) and
S~Y(p) and insertion between free-fermion wave
functions, the right-hand side of these identities
reduces to the second and first term, respective-
ly.

Let us now expand every real photon which con-
tributes to Ty, in collinear and oblique parts ac-
cording to Eqgs. (2.26)—(2.28), beginning for exam-
ple by photon n. The oblique contribution of &, will
be noted

T(n)x(i’, 1"; kn se0y kn—-p O,,) .

The contribution of the collinear part can be com-
puted since it is obtained by attaching in all possi-
ble ways to T',_,), which is proportional to .
Pl-1) Pa-y> @ gauge photon k,. For a fixed emis-
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sion point, we can sum up over absorbed photons |
belonging to the same line using Fig. 1 identities
and then over emission from the same line, these
photons having the same b factor. Thus we get the
following identities:

T(n))\(p’ p,’ k1; ceey ")
=T(n))\(p’p 5 kp ceoy kn—n On)
+a1(kn)T(n—1)X(p7pl;kp "'7kn-1)’ (2-29)

where

al(k)=— (ZfT)a[b(p,p;knb(p',p';k)

-22(p,p'; 0, (2.30)
equivalent to the GY identities.? /
For later reference, let us reduce one more pho- FIG. 1. Ward identities in graphical form. The graphs
ton. Using twice Eq. (2.30), we obtain include the propagators of the external fermion lines.

Tap(Ds D581 o s ) =T (0, 0" 581y oo o By, 0,21, 0,) + oI Rno JT oy (D, D5 R4y ooy Ry, 0,-1,0,)
+ QIR T ey (D, D5 Ry w0 vy Rygy Oy, O)
+alk,) Iy )T ooy (B, D5 sy o v vy By Oy, O) « (2.31)
The arguments marked with an overbar are in fact missing. We note that every missing argument is trans-

mitted to a factor al. By iteration, we can reduce all photons in succession with the result

n
T(n)x(ﬁ,P';kl,-~-,k,.)=za'2 LGy ) IRy ) Tuarn (D5 05015 40+,0; 22+ 0; *++0,) ¢ (2.32)

1Si<ige ¢ ¢ <ip<n

We return now to Eq. (2.24), Using the Fourier representation of the 6 function,

604 (p-q-p Zk) (2) '“"“""”‘He""f" . (2.33)

and Eq. (2.32), we write Eq. (2.24) as

do, _ ofp' d*x pilo-a-p")x d'q R

dQ'dE’  nl @nr ¢ @iy
" n o d4k,' e—”‘ix)l(k ) . 'I(k,- )
R P 11 S

ij(n-r))\(py p,;ov .. -,6{1, .. ')5i'.7 .. '3OyJ (2.34)

Owing to the symmetry of T,.,) in the momenta k; , ...,%; , all terms of Eq. (2.34) with fixed » give equal
contributions. The number of such terms being

nmw—1)c>@m+1-7) _ n!
7! T rlm-r) (2.35)
Eq. (2.34) becomes |
0 _ i(p—g=p")x d q NR T , r; . 2-36)
= b e TP W WY T (b2 (
Here,
I(x) = f d*k I(R) e, (2.37)
1
T s (D; p'5 %) = o f(n d*k; e—iki") T (D, D'k <o ey By), (2.38)
¢ =1 .

and we have used the abbreviation
Tio(n—r))\(p, P',' kp seey n) TJ(n—r))\(p’p Op ceey 6.‘ P 6177 sy O,,) (239)
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for the lepton tensor components corresponding to oblique-photon emission. Upon summation over unob-

served photons, we get from Eq. (2.36)

223

n=0

after permutation of » and » summations.
E is the spectral weight function?
fined by

Ex\(p,p";x) =explallx)]. (2.41)

Equation (2.40) is more transparent in momentum
space. The spectral weight function, which takes
care of the emission of an arbitrary number of col-
linear photons of effective momentum K, being
defined by

4 : -~
En(p,p'3K) = fg;’gq e E(p,p', )

Here,
*5 in x space, de-~

&Y keroitn
= f (2134 gHfrrel(®) (2.42)
Eq. (2.40) becomes
do o
a9’ dE’ p f @7 a'Qw;itg? v)
x Ex(p,p';0—-q -1 -Q)
X 2 Tln (0 '5Q) - (2.43)

In the last equation T3, (p, p’; Q) are the inclusive
lepton tensor components corresponding to the
emission of m oblique photons of total momentum
@ which, from Eq. (2.38), are given by

TO ( ’. - f ﬁ iQx 0 ’.

i(m)\ b, P ’Q)" (21[)48 Fj(m)x(P;P yx)

= [(II d4ki> T?(,m(p,p';kl, cees k)
=1
><54(Q—S:k‘
=1

Another form of Eq. (2.43), which uses Eq. (2.44),
appears as

do
Q' de’

_ o
3

(2.44)

> ficts [ a5 7570 0

m

XWiRg?, v)E,

XE(p.p5p-a=p'= 2 b) (249)
: I

do

do do, _ ap pi(P —a-p")x d*q
dQ’ dE’ “Z dQ’de’ ~ f (2m)* (q®

Wi BN 650 20 T (b, 25%) (2.40)

At this point, we follow a different course from
GY. The b function, which was left arbitrary up to
now, is chosen such that aI(k), defined in Eq.
(2.30), is now the collinear function of Eq. (2.10):

’
oI, (k) = aA decﬁ'*(k—clHaZ f%f— 6%k ~o'l')

According to Eqé. (2.10) and (2.11), the sym-
metric form of the » function is then

b(p, p; k)= [fdﬂk (Em;)z] f %g‘ 6%k —0ol),
(2.46a)

(2.46b)

b(PiP’;k)=[fd9k

and

b(p,p’;k)=b(1)’,p;k)=[ as —A—p—‘?:——]
f P e p)Rep)

é[fio—é‘*(k ol)

do’ ,
+ -2—0_;'64(]8—0"1 )],

(2.46¢)

where fe”:k“/wk and the Q, integrals have been
computed in going from (2.11) to (2.12).

Equation (2.43) or (2.45) must be complemented
by similarly analyzing virtual-photon contributions
to the lepton tensors. This has been done by Gram-
mer and Yennie and we shall, throughout this pa-
per, rely on their results, except for the replace-
ment of e*® by F, given in Eq. (2.14). F, has the
correct threshold behavior for timelike momentum
transfer,* but ¢*® and F, differ very little at high
energy. Of course, both functions exhaust virtual-
photon infrared divergences. When F,? is lumped
with E,, infrared divergences cancel and Eq.
(2.45) can be written in the form

a9 dn’ @ p f 2)2 Wik (g?, V)Tj(o)(P,P’)E(P, pip—q-p)

aP

+Za

np=2

f ( 2)2 dRW N V) TS0 (0, 0 RVE (D, 050 —q =17 —F)

(2)2 (Hd"k,)w“(q V) TGy (B D5 By s ,,O)E(p,p ip—q-—p —2k> (2.47)
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where E is given explicitly in Eq. (2.15) and
Tjo(n)(P: p’; kv ey kn) = T?(n))\(p’ P',' ku RS kn)/F932
(2.48)

are infrared-convergent lepton tensors. To lowest
order, every one of these tensors can be computed
in the tree approximation. The next order, in-
frared divergenceless virtual radiative correc-
tions, are known only for the simplest lepton tensor
T jip) from our knowledge of lepton e —m vertices to
‘third order.

The first term of Eq. (2.47), which describes an
arbitrary number of collinear photon emission,
was discussed in detail in Ref. 6. The next term,
corresponding to one oblique photon and an arbi-
trary number of collinear photons was taken care
of approximately. In particular, we have shown
that when the ¢ peak is not very conspicuous we can
take into account, approximately, the effect of the
second term of Eq. (2.47) by multiplying the zero-
photon lepton tensor T, by

H2(1-0+30®)(1+0 +50'?), (2.49)

where o and ¢’ are the parameters appearing in Eq.
(2.15). Strictly speaking, oblique photons are
merely corrections to collinearity, especially in
the quasielastic domain (x;= 1) where H can be
less than one and the second term of Eq. (2.48) is
negative. . .

The above approximation breaks down when the
lepton loses a large fraction of its energy in the
scattering process. Since f.;, has its lowest value
when the hadron vertex is elastic, this breakdown
occurs first for the elastic contribution. In other
words, when the ¢ peak becomes important, we
have to compute exactly the first two terms of Eq.
(2.47). This is done in the following sections.
From a close examination of our results, we shall
claim that two-oblique-photon emission, whose
contribution could be computed with some labor, is
not expected to appreciably modify our results.

II. METHOD OF TREATMENT OF OBLIQUE-
PHOTON EMISSION

A. Summary of previous results and kinematics

For later use, let us first present a summary of
zero-oblique-photon-emission treatment, discussed
in detail in Ref. 6 and represented here by the first
term of Eq. (2.47). To lowest order, the lepton
tensor corresponding to zero-photon emission is of
course well known and is given by

Tly =3 Trly™(# +m)y"(f +m))]
=2(m® —pp’) g"? +2(p*p’ + p'p"H) (3.1)

and, from Eq. (2.25), »
Ty (0, 1)) =2@Q 42 = 2m%), Ty =4EE' -Q,*,

‘ (3.2)
where @ ;? is defined in Eq. (2.1). The infrared-
convergent parts of higher-order virtual radiative
corrections to T, are easily derived from the

known expressions of the electric and magnetic
lepton vertices which, in our notation, read*®

Fe =FesVH
=F,, {1 + %[2((1;_77))— Iny~!=- 1] +0( 2)} ,
(3.3)
Fy=F,q Tz:y? Inr-[1+0(a)]. (3.4)

Taking these corrections into account, Eq. (3.2) is
modified to

Ty =2Qz" - 2m*V,*(1+7C)), (3.5)
T3 (0 =(4EE’ ‘QEZ)VHZ(l +7C,), (3.6)
where
C. = (1+7)
T -1 -4 +4?)
a . 1/a\ (1+9)
X [—1-1—- Iny —g(;) =7 lnzfr] S (3.7
C.= (E+E')? [_Z_a__ Iny (iz In% ]
2T AEE - L (1-+9) * 'n) 41~ |°

(3.8)

We note that these corrections are small compared
with those already taken into account via F .

We shall denote by E and E’ the energy compon-
ents of the four-vectors [ and I’. From Eq. (2.3)
we get

E -vE'
1+7

E' -vE

T, CF - (3.9)

- m -~
E= =E, E'=

Besides E =P p/M and @z, one needs one more
‘“experimental” invariant which is chosen as
vp=P* (p=p')=P* (1=1U)=M(E -E’)

=M(E-F)  (3.10)
or, alternatively,
wpt=(P+p—p' V=20, -Q, % +M". (3.11)

Let K be the total momentum carried off by the
emitted collinear photons which, from Eq. (2.15),

is represented by :
K=o0l+0'l'. (3.12)

Without oblique-photon emission, the spacelike
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momentum transfer « carried off by the exchanged
photon is given by
u=p-p'—-K=1-1'-K
=li(1-0)=lI'({1+0"). (3.13)
The fundamental invariants, which incorporate col-
linear-photon emission only, are defined as

R2=-u?=Q2(1-0)(1+0"), (3.14a)
V=P u=MAE =y, ~oME -o'ME’, (3.14b)
and
w?=(P+u)?=M?+2MAE -Q°
=wg=0Agp—0'Ap +00'Q %, (3.14¢)

Here Ay and A are the following useful combina-
tions:

CHAHINE 22
Here F, is the Mott cross section,
and
Wn0=0= (oA )2eF ) Vil fﬂ do'fm do’ (0o?)*A1
(o) 0
WNR(WZ’ ) (3.20)

X =01+’

where we have used Eq. (3.14a).
In the (0,0’) plane, the boundary- of the integration
domain in Eq. (3.20) being defined by

020, 0’20 and w3=M?%, V=0, (3.21)
A =2MFE -Q;?2, 3.15) ’ _
E -, s . ¢ we make the change of variables (0,0’)~ (W2, 1),
Ap =2ME’ +Qpg (3.16) where 7 is a variable which varies between 0 and 1
and we have used the equation along a constant @ line,
A=UP=(p-p' V=5 (3.17) o= (W52 =01 - 7) (3.22)
Setting Eq. (2.15) into Eq. (2.47), the zero- Agll-z@?1] ~’ ’
oblique-photon contribution to the differential cross 2 2
section can be written in the form ol = ﬁﬁ’ﬁzﬂ , (3.23)
El
dono=0 -
aQ' dE’ =FO[W’2|0 0(1 +’)’C2) where
2 2 2 2 5772
no=0 (@p —-2m?) oy _ Qg (wg® — w?)
+2W AEE - Qg (1+rc)|. z(w?) AAL (3.24)
(3.18) Equation (3.20) results in the form
J
— @ZA)? eaf«:(r) i fl dr [sz dﬁzWNR(Wz,QZ) (5.25)
(AgAg)ed "8 J [1(A=7] o4 Jp (wg?-w%) "4 [1 -z (@7)7]%A(1-0)*(1+0")* ’

We note that while the exponents of the 7=0 and 7= 1 singularities are decreased by @A, that of the W2=wy?

singularity is decreased by oA .

When we consider the elastic contribution to the structure functions, this last equation simplifies. The
elastic, nonradiative structure functions are expressed in terms of Gz and G, the electric and magnetic

proton form factors by the well-known formulas

NR wz_MZ ~ wZ_MZ N2 .
Wia= M5<‘—2—‘>W1(Q2)E M5<—*2—>W G, (@%), (3.26)
NR _ w2-M? \ & = _ w2 =M%\ [G£*(@) + G,2@)Q%/ (4 M?)]
Wz-l - M6< 2 >W2(Q )— M6< 2 [1+ @2/(4M2)] (3-27)
For numerical applications in this paper, we shall use the dipole expressions of the proton form factors
Gpmton 1
proton_ M = . . i
G 2.793 (1+ @3%/0.71 GeV?)? (3.28)
Using Eqgs. (3.26) and (3.27) in Eq. (3.25) we get
- (@A)’ F 2 mv,? f dr[r(1-7)]*4 W @3
Wno=0= H .
o (wEZ—Mz)l-aA(AEAE')aA () (3.29)

[1-2z(M*)T]*A(1 ~0)3(L+03)?°

where z, 0, and o’ are given by Eqgs. (3.22)-(3.24) with @WZ%= p7°.
Let us end this summary by noting that a very efficient method for effecting the 7 and @ integrations is
the Gauss-Jacobi quadrature described in Ref. 6, which we use frequently in this paper.
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B. Practical form of one-oblique-photon emission

We study now the second term of Eq. (2.47). The lepton tensor corresponding to one—oblique—photon
emission is known only in the tree approximation. Higher-order infrared-convergent virtual radiative
corrections, not known for the moment, are expected to give small corrections to the cross section we
shall compute, in analogy with the case of the zero-oblique-photon cross section we have presented [see
Egs. (3.3)-(3.8) above]. The reason is that these corrections, unlike additional photon emission, do not
modify the kinematics of the basic process; they are neglected throughout this paper.

The ordinary lepton tensor, corresponding to one-photon emission, is given by

Ttllsj (2 )3 5 (kg)z 2 Tr{(ﬁ"’+m)[g/(#’+ k+m)y“ - y"‘(ﬁ—k+m)¢]

& 2k-p’ 2k p
V(B +E+me £ —K+rm)y :
X (ﬂ+m)[ ep - kg ]} (3.30)
and, explicitly, reads®®
T8 = Ty O (L2 (m? =p ) g7+ (049" + "5 + RESY, (331

where

. v o h? 1 1 2(k'p’ kep > k-p k°[)']
R = -2 [(Zp ? +m2)(k'1>’ - k'P>+m ®&p? ~ w7 Tp T Ep

' vy pY 1 1\, 4™ _ 4pp” (P'“k”+p"’k" )( Rl )
Byt p - - _ N _
+2(pPp" +p"p )(k ra P)+ Py it 2 i 1
T )(p.pl -1 )‘ S 3.32
+2( kep' Bep kep’ +1 (B-p)(E-D") (3.32)
and
-2 2? b’ m? m?

- - . 3.33
N N R L ey O (8.33)
It is well known that the classical current term, proportional to (-j?), leads to an infrared divergence

while the “remainder” R gives an infrared-finite contribution. From Egs. (2.29), (2.10), and (3.1) the cor-

responding lepton tensor is given by
TR =TES - [2(m?* =p -p") *” +2(pHp"" + p*p'M)] [ f—-*é“(k oll)+olAf Ak - o’l’)} (3.34)

The physical meaning of this equation is obvious. The “counterterm” al (k) T(o), which is subtracted from
T(" 1';, avoids double counting of the p and p’ peaks and, as we shall see shortly, cancels the infrared diver-
gence. To be rigorous, we may assume temporarily that the W functions are arbitrary test functions and
use them to control the infrared divergence of the separate terms of Eq. (3.34).

Upon contraction of T(u 1]; according to Eq. (2.25), the oblique-lepton tensor components read

. 42 _ d _ do! , o
T =2(Qs* ~2m?) [‘2‘2—(7T’)—’ 0.6 ~ o [ Lt 5t(k-0 1) - oA [Lhotk-o1t)] + Gy 0,09 R.0

(3.35a)

2(1)—(4EE' Qb{a( ]) 5, (kz) aX fdo' 64(k Oll) oAk f——J- 64(k O’LZ')] (2772) 5+(k )Rz(l),
| (3.35b)

where
1 1 k- ke
R1<1)=8P‘P'<k—.—7 - —-) + 4(k~ L

and

A~3

’ k.pl k.p 1 _L]
)+4m2[(k'p)z -_(k'p’)"’ +k'1>' - Ep (3.36a)
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_1—_ kB k-p) kB p k'j)']
Faw™ ‘2[(2" prem? ( v 'k~p) ((k PP T ® ) e Tep

1 1 4E2 4E'? Pk ( Py m? 1 )
—4EE | —— e —— — —-4E’ - o —
4 < ) k'j)+k'15' 4 -

BD R M\ p)&-p) ~ (k- pY
Pr(_pp _m 1 4m2(P k)
HAET ((k DY) E P R )‘MZ(k-p)(k-pl)' (3.36D)

Using again Eq. (2.15), the one-oblique-photon contribution to the differential cross section, the secohd
term of Eq. (2.47), is

do"o™ _ ofp’ 2 aF(r fm fm NeZA-1 'k ‘
T (aA)Pe o do A do’ (oo’ @F WiR T7ay» (3.37)
where now
g=u-k=1(1-0)-I'(1+0')-F. (3.38)
Using Eq. (3.34), we can bring Eq. (3.37) to the form
domost P dodo’ [ f do, WNBT, |
_— — R 7 —aAd =1 i i(0)
A% dE’ (oo )& @7 W i) o, @7 oy
_ do! WYRT
- aA —L ] 3.39
0.1/ (q2)2 k=o]{1. ’ ( )

where T, are the invariants formed from the ordinary lepton tensor 77}). It is convenient to present
the last equatxon in a form similar to Eq. (3.18):

do "ot = =1 n,=1 (QE —2m2) ]
dQIdE, F {W o™ + ZW o m (3.40)
where

0

- © - _ d4k WNR
wro=1 = (aA )2 e””’f dodo’ (00 ')*4 l[T“o) ‘f T WRT o) —0& f 7 QE)Z

0y k=01
do/ WNR
~ad f ] . 3.41
1 q QE )2 ( )
I
Here, T, are given in Eq. (3.2) and there is no Here, AE is the energy component of u«.
summation over j in the right-hand side of this =, ,
last equation. AE=u,= E (1-0) -E’(1+0") (3.44)
The collinear or (o, 0’) integration is the same and
as in part A of this section. Thus, we need dis- - = 211/ 2
cuss only the & integral and the counterterms = IuI =[@%+(aE)] ’ (3.45)

for a fixed (0, 0’) point. Since W® are functions From Egs. (3.42) and (3.43), we note that the ener-
of w?, the squared mass produced at the hadron gy w of the oblique photon is given by

vertex, and ¢, the squared momentum carried off

by the exchange photon, it is natural to use these w= Q*-t+w® -w’ (3.46)
quantities as integration variables in Eq. (3.41). - 2M ’ ’
In the laboratory frame with u as a polar axis, For the counterterms in Eq. (3.41), we shall use
w=w, and x, = i * k, these variables are given by w? instead of ¢, or o/, variables. Using Eq. (3.42),
wi=P +q)P = (P +u —k)? we get
=w?-2w M+ AE —ux,) (3.42) WPleaoy = (P +u — 0,1 )
and =w? =20, ME +u-1)

t==g®= = u-k)?=Q%+ 2w (AE —ux,). (3.43) =w? -0 [2ME - Q2 (1+0")], (3.47a)



w2|k=cil'= (P +U - 0.’11/)2
=2 =20 (ME' — u-1')
(3.47b)

The corresponding ¢ variables represent the
value of ¢ for the p(k]|7) and p' (k| I’) peaks, with
collinear photon emission incorporated. Using
Eqgs. (3.43) and (3.47) we obtain

=2 ?—0'1[2ME’+ Q2(1-0)l.

Loy )= tlk:olt == (u-0,l)

Q7 (1+0) WP - w?)
" - TR MR- QA (1+0)

(3.48a)
and

tyriy @)= U pmgpy = = (u =0 1)

Q1 =0)@? = w?)
2ME' +@2 (1-0)
(3.48b)

After the change of variables defined by Egs.
(3.42) and (3.43) is effected in the first term of
Eq. (3.41), we are left with the azimuthal integra-
tion which is analytically effected in the Appendix.
Defining

=Q—2 +

2T

e? 1
Gy 06 iy =57 | Ao Tiy (3.49)

and, similarly [ compare Eq. (3.31)]

1 27

(Rj(l) = 'i; d<pRj(1)’ (3-50)

Eq. (3.41) becomes
’ w 2
% dw® 8;.
) M2

wno=l= (@A)? F "
d (o0
(3.51a)

Here

- 2
s, =29 Luo” IIW) g WA Ty
1 8TuM £

tn (02)

A R NR ’
_eAQg (Wit ) | Wit w?
W2 - w? t,2 [

() ')

(3.51b)

and the integration limits on the ¢ variable result
from Egs. (3.42) and (3.43) and read

M +AEFu (3.52)

buu =Q° +
Consequently, the integration domain for the first
term in Eq. (3.51b) is the ABC triangle of Fig. 2.
Let us note that, in our change of variables, the
origin of the light cone has been transformed into
point C, while the k=0l and k=07’ lines are

22 LARGE NONPERTURBATIVE EFFECTS FOR SMALL x, IN... 2737

FIG. 2. Integration triangle in the (w?,t) plane for
oblique-photon emission (schematic). The lines ;)
and ¢ (1) correspond to the collinear counterterms sup-
ports. '

represented by the lines #,, and #,;,, respective-
ly.

To demonstrate the absence of infrared diver-
gence and also to gain physical insight into Eq.
(3.51), we make the decomposition introduced in
Eqs. (3.35) and (3.36) in which we separate the
classical current contribution, which is of order
w™, from the remainder R which is of order w™'
or higher. Furthermore, we effect on the inte-
gral representation of oA (Eq. 2.11) the azimuthal-
angle integration (in the laboratory frame with 4
as the polar axis) and we change the x, =cos 6,
variable to f. The result from Eq. (3.51b) is

2 tM(wz) NR
- 2% [ dt{w, @, 1) Gy
8TuM tm(w2) t Tj(o)

1 mfa wla’
ACTEEE Shh
C[Pn 0 B )

t Ztm';'

_ WNR(wz’i l“]) }} .

2
2y

(3.53)

The combination 2p* p’ X — m?a/S® — m?a’/$? is the
result of the azimuthal integration and is given
explicitly in the Appendix, while w is given in
Eq. (3.46).

By noting that the quantity in the square brackets
of Eq. (3.53) vanishes at point C of Fig. 2, Eq.
(3.53) demonstrates the infrared finiteness of the
one-oblique-photon contribution and clarifies the
role played by the counterterms. This is a basic
result of our theory and has important corollaries.
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In particular, it implies that the oblique-photon
dw/w spectrum is suppressed and thus, in prac-
tice, an oblique photon is automatically a hard
photon without the need to recourse to any cutoff.
Note that the converse is not true: collinear
photons may also be hard. If the experimental va-
J

riables are such that only the soft domain cf phase
space is available to the emitted photons, as it is
case for xz= 1, the oblique-photon contribution is
expected to become negligible.

Using the change of variables defined by Egs.
(3.22) and (3.23), Eq. (3.51a) becomes

_ 2 wp? 2 1 ,
ano=l = (aA)z eaF(r) f dw )1—aA ./0‘ ar [AEAE

2 (sz— w

where 8; is given by Eq. (3.51b) or (3.53). On this
last equation, we see that the one-oblique-photon
contribution involves, for a continuous spectrum,
a fourfold integral whereas the zero-oblique-
photon contribution, given by Egs. (318) and (3.25),
involves a twofold integral only. The delicate
integrations over %? and 7 are very efficiently ef-
fected using the Gauss-Jacobi integration method
discussed and used already in Ref. 6. Here, we
shall quote the formulas permitting the fixing of
the notations.

Suppose we have to compute the integral

1750 8)2B(0, 820 [ ax (1 =21 + 9% (),
(3.55)

where B (o, ) is Euler’s B function and the normali-
zation is such that

I(1; a,B)=2. (3.56)

The approximation for “degree” »n to this integral
is given by

150,823 Cploy B) £ (o),

where x,, are the roots of P{*® (x), the Jacobi
polynomial of degree %, and C,, the corresponding
weights. These polynomials are orthogonal on
the [ -1, 1] interval with weight function (1 — x)*

X (1+x)’. When a =8 =0, we recover the well-
known Gauss integration method where P{® re-
duces to a Legendre polynomial. In this case,

%Xy, and C,,, can be computed once and for all and
are available in many computer libraries. Sup-
pose now that @ -~ -1+ @A and 8 is zero. In this
case, the weight (1 —x)"**4 is concentrated in the
vicinity of x =1 and, if the function f is smooth
enough, the main contribution to the integral
comes from the vicinity of x =1. This fact is
taken into account automatically by this method
since, in this case, there is a root x, =1 -0(@A)
whose weight is C,, =2 -0(xA) out of a total
weight of 2. A similar remark holds if ¢ =~ —~1
+aA. As for the Gauss method, the rapidity of
convergence of the Gauss-Jacobi method depends

(3.57)

- 20, 2_. , 2Y]~aA w2
TQE (WE w )] % [ dw? SJ-, (3.54)
M

[r(1—7)=4

. on the smoothness of the function f; for a given f,

the convergence is accelerated when aA decrease.
Finally, to effect the w integration in Eq. (3.54) or
(3.25) we have, for simplicity, scaled the whole
interval [M, wg] to [ -1, 1]. Of course, whenw; > M,
one may avoid the computation of roots and weights
of Jacobi polynomials of large degree by splitting
thew integrals into two (or more) parts and using,
after the appropriate scaling, the Gauss-Jacobi
method only for the interval involving wg.

Equations (3.25) and (3.54), which give, respec-
tively, the zero- and one-oblique-photon contribu-
tion to the structure functions, summarize the
results of this section,

IV. ELASTIC-CONTRIBUTION RESULTS

In this section, we present and discuss some
numerical results illustrating the physical con-
tent of our theory. Generally speaking the rela-
tive order of magnitude of the zero- and one-
oblique-photon contributions varies rapidly, at
high energy, with the experimental point (x5, @ %)
under consideration. For quasielastic scattering,
xg= 1, we know already that the zero-oblique-
photon process is dominant, since the emitted
photons are necessarily soft. On the other hand,
the one-oblique-photon process is expected to
dominate in the very inelastic regime, for small
xp and large @,°. Comparing Egs. (3.25) and (3.54),
we note that while the (1, w?) or (o, 0’) integra-
tions are common to both contributions, the one-
oblique-photon process involves two more inte-
grations delimited by the ABC triangle of Fig. 2.
Of course, one may consider that Eq. (3.25) in-
volves also the (¢, w?) integration, provided a
factor

5@? - w?) 6t -Q?)

is incorporated in this equation. This remark
points to the fact that the zero-oblique-photon
contribution is concentrated at point C of Fig. 2,
while the leading contribution to the one- (or
more) oblique photon arises from the vicinity of
the line AC, that is for ¢~¢,, where ¢, is given
by Eq. (3.52). Using Eqs. (3.14c) and (3.45), we



get after some elementary algebra

2) = Q4 + w? —Mz)Qz(AE +u)/M
T w+AEV[1+QE -w)/M]

t, (4.1)

The lowest value of ¢, ¢, (M) is attained at point
A for the elastic contribution

t,01%) =

N4 N4

Q __Q
w+AE?[1+ (AE —uw)/M] 4QE)

(4.2)

and the indicated approximation holds for (A E)?
>Q?2, For 0=0¢"=0, we see that the minimum
value of ¢ is

tm~M2xE2) (4.3)

I
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which is very small in compa:éison with QEZ, in

the very inelastic regime. For the rest of this
paper, we shall discuss numerically only the elas-
tic contribution, arising from zero- and one-
oblique-photon terms. In Ref. 6, we have presented
numerical examples of the zero-oblique-photon
contribution for continuous spectra and we intend
to compare the corresponding one-oblique~-photon
contribution elsewhere.

For the elastic contribution, the zero-oblique-
photon term is given by Eq. (3.29). The corre-
sponding one-oblique-photon term is a particular
case of Eqs. (3.54) and (3.53) or (3.51b) where
Wi w?, 1) =2M6w? - M)W ;(t) and we get

jel (sz_
Qs
X { e
47TuTJ-(O)

Here, ty, and #,, are given by Eqs. (3.48) while
the 7; are given in the Appendix and, in all quan-
tities we must put w? = p72.

Table I represents a small fraction of our nu-
merical results for the elastic contribution to
1 + p scattering. Our choice of kinematics was
inspired from Ref. 9 where the incident muon
energy is E =219 GeV. The results are listed for
fixed w; =1/x; and varying 2. The first three
columns give the kinematics of the experimental
point. Columns four, five, and six give our re-
sults for F'=v, WS, F'=21w¢, and the elastic
contribution to the cross section. Column seven,
labeled (1y) gives, in particular, the result of the
exact one-photon-emission cross section derived
by Mo and Tsai.> The two lines corresponding to
every experimental point are, respectively, the
zero- and one-oblique-photon contributions com-
puted from Egs. (3.29) and (4.4). For the column
labeled (1y) the content of the two lines is as
follows: The first line is the result of the peak-
ing approximation in perturbation theory using Eq.
(2.10). The same result is obtained® from Eq.
(3.29) if the 7 integral is computed in the Gauss-
Jacobi method with degree » =2 and the roots are
taken to be 7=0 and 7 =1. The second line is the
result of Eq. (3.41) with a 6 function in place of
the spectral function. In more physical terms,
the second line is the difference between the
exact (1y) and the peaking cross sections.

The elastic contributions is thus the sum of the
numbers appearing in the two lines; for the
column labeled (1y), the sum reproduces Mo and
Tsai’s® (1y) cross section. Let us now point

wp? —2 1 2(,,2 _ 7=2\]-0A
n0=1 _ (yA)2 po () f £ aw [ApApr - 1Q2(w; - w?)]
w (aA) e . w2)1—a]'/o‘ dr 71 = )]-o%

ftM it Wil Tyy  2MoAQy [W,-(tm)) . Vf/i(te.m)]}.
t

e w2 - MP

Ly Lyay
(4.4)

I
out what can be learned from this table.

(i) The first w, value illustrates the quasi-
elastic regime. The negative signs of the one-
oblique-photon contributions to F, and to the
cross section are easily understood. In the vicinity
of the elastic peak, the one-oblique-photon contri-
bution can be incorporated® in the zero-oblique-
photon term provided a hard factor H is included in
Eq. (3.25). From Eq. (2.49), we see that H <1 for
the important domain ¢’~ 0 and 0 <o <1. We note
that for this argument to hold, one must assume
that the lepton mass can be neglected and this
does not seem to be justified for F .

(ii) As @z® increases, the one-oblique-photon
contribution increases while the zero-oblique-
photon contribution decreases: This behavior is

. steepest for larger w,.

(iii) For low @z*, our predicted cross section
is slightly lower than the standard one,

(iv) The most dramatic results appear in the
very inelastic regime, Here, the predicted cross
section is much larger than the standard one.
Looking, for example, at the last two experi-
mental points of this table, we see that our cross
section, which is about four times larger than
the standard one at @;*=1.7 GeVZ, becomes about
twelve times larger at Qz°=2.2 GeV?

Such discrepancies of our results from the
(1y) formula of Mo and Tsai, for large w, and
@2, were so unexpected that we spent some time
to check our formulas and programs. Without
entering in all technical details, let us briefly
discuss the origin of the large cross section.

As we have said above, the (w, T) or equivalently
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TABLE I. Elastic contribution to p+p scattering at E=219 GeV. For every kinematical
configuration, the first and second lines are the zero- and one-oblique-photon contributions,

respectively.
Qpl E’ 6 do®!
Gev) (Gev) (mrad) Fol=yewsl  Fo-omwd  dgam /ST GeV)
This work This work  This work (1y)?
wp=1.5
1 218.2 5 3.30x1073 6.86x 1073 1.63x10*  1.80x10%
—-1.4 x107¢ 2.2 X107  =6.7 x10® —6.77%10?
13 208.6 17 * 3.51x107¢ 2.87x10°8 7.22x1073 7.99x1073
-2.3 x1077 9.7 x1075 -3.2 x10™%-1.5 x107¢
31 194.2 27 1.64x1077 1.19%x1077 2.17x107% 2.36x107°
1.53%1077 8.48%1075 7.40%107% 8.73x107°
49 179.8 35 3.22x1078 2.23x107%  9.27x1077 1.00x107¢
3.37x1077 8.30x1075 4.03x107° 4.70%x1075
wp=14.5
0.7 213.6 4 2.07x 1073 5.23x107 2.96x10°  3.10x10°
-5.7 x107¢ 4.11x107% —=8.2 x10 —6.9 x10
1.7 205.9 6 4.82x1074 8.01X107%  4.46x10  4.66x10
1.4 x107° 3.96x1073 1.3 2.0
14.2 109.3 24 1.89x107° 9.45%1077  8.49x107* 8.78x107*
4.88x1073 5.13x107° 2.22x1071 1.78x107!
wE=46
0.7 204.1 4 2.06x1073 1.87x1074 9.74x10° 1.01x10°
1.5 x1074 2.49%1073 7.39x10  1.51x10
2.7 161.5 9 3.29x1074 1.41x107° 1.70 1.74
1.15x1073 2.57x1073 5.92 5.92
6.2 86.9 18 7.13x107¢ 1.47x1078 8.79X107% 9.02x10"2
2.82x 1072 3.68x1073 3.48 1.85
8.2 44.2 29 7.77%1073 9.73x1075 1.07x1071 1.10x107t
3.01x107! 6.67x1073 4.16 1.21
9.2 22.9 43 9.35x1072 7.82x107¢ 2.45x1071 2.50x107!
1.68 1.27x1072 4.42 9.38x1071
wWg =60
0.7 196.6 4 2.14x1073 1.28x107¢ 6.25x10%  6.42x10?
1.16x1074 1.95x1073 3.4 x10  4.03x10
2.7 132.7 10 7.48x1074 1.89x107° 1.74 1.78
4.63%1073 2.18x1073 1.07x10  8.91
5.2 52.7 21 9.62x1073 1.09%x1074 4.94x107! 5.05x107
2.34x1071 4.36x1073 1.20x10  3.34
5.7 36.8 27 3.45x1072 3.08x1074 6.53x1071 6.66x1071
6.90x10™1 6.12x1073 1.31x10  2.78
6.2 20.1 37 2.46x1071 1.54x1073 1.15 1.18
2.86 1.04x1072 1.34x10  2.02
wp=160
0.2 201.9 2 4.77x1073 1.68x107¢ 2.37x10*  2.41x104
3.56x107 1.10x 1073 1.77x10°  2.51x10%
1.2 116.7 7 4.88x1073 6.21x107 3.74x10  3.80x10
1.36x1072 1.18x1073 1.04x10%  5.62%x10
1.7 74.1 10 1.55%10 72 1.30 x10™¢ 1.68x10  1.71x10
1.28x1071 1.60x 1073 1.39x10%  3.26X10
2.2 31.4 18 1.88x1071 8.27x107% 1.69x10  1.72x10
2.1 3.15x1073 1.9 x10° 1.59%10

2 This column is the result for a 6 function replacing the spectral function. Note that
the sum from the two lines in this column gives the Mo and Tsai (1y) exact cross section.
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the (o, 0’) integrations in Egs. (4.4) are effected’
by the Gauss-Jacobi method, using twice Eq.
(3.57) with degree approximations » and m. For
fixed » and m, the roots of the relevant Jacobi
polynomials generate nXm points in the (o, (_7_' )
plane with weights C,, (- 1+a4,0)C, (- 1+0A,
~1+ aA). Then, for every (g, 0’) pair, the ¢
integral is computed separately in the regions
corresponding to the ¢, p, and p’ peaks and in
the region between the p and p’ peaks. Apart from
the counterterms which may be computed separ-
ately, the ¢ integral reduces to Mo and Tsai’s
(1y) formula when o = o’ =0 and this permitted

a useful check.

In Table II, we present 2X 8 (0, 0’) points with
the corresponding /-integrals and courterterms
for Wd at E=219GeV; @;2=2.2GeV?, and w;=160.
The weights attached to the # integrationare givenin
the first line while the weights attached to the 7
integration are, in this case, one for each line,
The lines labeled ¢, p, p- p’, and p’ give the
results of the ¢ integral in the corresponding do-
mains, p-p’ being the contribution originating
from the region between the p and p’ peaks. The
lines labeled C-p and C-p’ give the results of
the p and p’ peaks counterterms and the line
labeled s-total is the result of the total ¢ integral
minus the counterterms.

Let us note two important facts appearing in
this table:

(a) Some (0,0’) points, typically with large o and
small o', overcompensate the handicap of a small
weight by a very large contribution to Wjt.

(b) The most important contributions arise from
the ¢ peaks. It is possible to understand, technic-
ally, why the ¢ integrals for large o and small
o’ values are much larger than for o=0’=0.

What happens is that for the o0=0’ =0 part of T,
all large terms of the form @ 2(E*+ E'?)/[(% - p)
(k-p')] cancel, leaving® instead [#(E*+ E'?) - @,*/
4]/[(k *p)(&*p')] and this cancellation does not
hold for the terms proportional to o or ¢’. These
facts explain why, in the very inelastic regime,
our results are much larger than those predicted
by the (1y) theory. We note that our We¢! values
are comparable to the (1y) results, not presented
here explicitly.

At this point, the reader may object that since
the one-oblique-photon contribution to W' is much
larger than the zero-oblique-photon part, why not
include the two-obique-photon contribution and
so on. To answer this objection, we note that
loosely speaking, the large contributions arise
from the emission of a collinear photon whose
momentum is K=ol besides the oblique photon
of momentum 2. When we come to the two-obli-
que-photon term, these large contributions will
be suppressed since, according to Eq. (2.31),

TCb,0"5 k1, k) =T ) (0, 073 Ryy k)
—al(R) T ,(p,p"5 k)
—al(k,)T o, 0, 0"; k)

- al(k)ad (k)T (0,07 - (4.5)

To be sure, one would like numerical estimates

TABLE II. A 2X 8 table of unweighted ¢ integrals and counterterms contributing to W*z’l at E=219 GeV, Qz*=2.2
GeV?, and w;=160. The raw (7) weight is 1 for each line and the column (w) weight is as indicated.

Cu(v,8) 1.8542 0.0614 0.0323 0.0208 0.0141 0.0093 0.0056 0.0023
o 0.0005 0.0908 0.2705 0.4802 0.6614 0.7804 0.8371 0.8544

g’ 0.0000 0.0031 0.0092 0.0164 0.0226 0.0266 0.0286 0.0291

t 7.8x1072 1.9 1.7x10 5.4X10 7.7X10 3.5X10 3.6 7.6

» 1.2x1071 1.5x1071 3.7x1071 1.6x1071 2.6x1071 7.1x1071 2.9 2.6%x10
b’ 6.2x107¢ 8.7x107¢ 1.9x 1074 6.5x107° 3.1x107? 1.8x1071 1.2 1.3x10
p’ 2.5X1075 4.1x107° 1.2x1074 7.2x1074 7.5X1073 1.0x1071 1.3 1.7x10
Cc-p 1.0x1071 1.1x1071 1.4x1071 2.1x1071 3.9x1071 9.8x1071 3.8 3.3x10
Cc-pt 2.8x107%  9.0x107? 1.3x1077 6.8x107¢  7.5x107!  6.1x107% 1.8 3.0x10
s total  9.6x107% 2.0 1.8x10 5.4X10 7.7%10 3.5x 10 3.5 7.1x107
o 0.0000 0.0004 0.0013 0.0024 0.0033 0.0040 0.0043 0.0044

o’ 0.0035 0.6271 1.8688 3.3176 4.5692 5.3912 5.7826 5.9019

t 7.9x1072 7.9 3.4 5.6x1071 5.4X107%  2.0x107%®  8.0x107¢ 2.6x1077
b 1.2x1071 1.2x1072 4.1x1075 8.6x1077 1.0x1077  6.1x1078 1.3%x1077 9.3%x1077
P 6.1x107¢ 7.0x107° 2.8x10°7 1.9x1077  3.9x1078 2.8x1078 6.2x1078 4.6x1077
b’ 2.5x107%  3.7x107¢ 3.8x10°7 7.8x107%  3.5x1078%  3.4x1078 8.4x1078 6.4x1077
(o) 9.9%x1072  4.7x1073 5.1x1075 1.3x107%  1.5x1077  8.2x107%  1.6x1077 1.2x1076
cd' 2.8x107°  3.2x107? 4.2x107° 6.6x107°  1.3x107%  3.3x107%  1.3x1077 1.1x1078
s total 9.7x1072 7.9 3.4 5.6x 1071 5.4x1072 2.0x1073 7.9x1076 -1.5%x1078
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of the two-oblique -photon effects. This involves
a quite lengthy computation of the trace implicit
in T, and one additional photon momentum inte-
gral which could, presumably, be done analytic-
ally since it affects the lepton tensor only. This
program is under way.

V. DISCUSSION AND CONCLUSION

We have presented a rigorous nonperturbative
method to effect the radiative corrections in
lepton-proton scattering in the one-photon-ex-
change approximation and neglecting the radia-
tive corrections to the hadron vertex. Every term
in the rearranged perturbation series incorpor-
ate the emission of an arbitrary number of colli-
near photons. The dw/w spectrum of an oblique
photon is suppressed. We have applied this meth-
od to compute the elastic contribution arising from
the zero- and one-oblique-photon terms. In the
very inelastic regime, this elastic contribution is
larger than expected from ordinary perturbation
theory. We observed that this involves two hard
photons, one oblique and one collinear.

From the theoretical point of view, our method
resembles that of Grammer and Yennie for the
rearrangement of the cross-section perturbation
series. Using the spectral function derived in
earlier work, we avoid the noncovariant separ-
ation between hard and soft photons. In the se-
cond work of Ref. 3, Tsai incorporates phenomen-
ologically multiphoton effects by the method of
equivalent radiators. We do not believe that our
method is equivalent to the latter. Even if one
considers that his exponentiation is similar to
the use of the spectral function, the most impor-
tant effects, associated with the kinematical mod-
ification of the lepton tensor, are missing in
Tsai’s method. Of course we have, in this paper,
neglected all straggling and ionization effects
which are negligible for u+p in the kinematical
domain we have considered.

Within this framework, it will be possible to
check by explicit computation in the near future,
that the two-oblique-photon contribution is small.
Here, we have just presented a qualitative argu-
ment to explain the suppression of the large con-
tributions encountered in the one-oblique-photon
process. Also, finer details such as higher or-
der, infrared finite virtual radiative corrections
must be derived and incorporated in the one-obli-
que-photon emission. To go beyond the one-pho-
ton approximation, without being involved from
the start with nonperturbative quantum chromo-
dynamics we have demonstrated how to rearrange
the QED perturbation series for charged-lepton
scattering, I+7’—~1+1’, in the ladders and cross-
ed-ladders approximation and we hope to present

the results of this work soon. By extrapolating the
result found in this problem, we expect that multi-
photon exchange are not expected to significantly
modify the results of this paper.

This theory predicts, for small x5, larger rad-
iative corrections than the Mo and Tsai, and
Tsai® method used by experimentalists. However,
until one demonstrates that the two-oblique-
photon contribution is indeed small we cannot,
convincingly, explain part of the scaling viola-
tions of the structure functions as originating
from inadequate radiative corrections.
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APPENDIX

In this appendix, we give the details of the azi-
muthal integrations appearing in Eq. (3.50). We
set

k.p=wla+bcosy) , (A1a)
k-pr=w(a’+b’cosy) , (A1D)
where v

a=E - pcos,cosb,, b=-psind,sind, (A2a)
and
a’'=E’'-p’cosb, cosb,, b’'=-p’sinb,.sing,.
(A2b)

Here, 0,, 0,, and 6, are the angles of p and p’
and % with the polar axis U in the laboratory
frame. Simple geometrical considerations lead to

-~ - ’ - -~ - "
cosf, = pX —p'cosby pucosey , cosb, ______p cosG;c ry
(A3)
and
'Sino% < om
singp ___‘_D_Slrl_y s sinep. = j7_s~1ll_9_.9_c , (A4)
u u
where
. _l-o+r(l+0) m
%= T ~1l-o0, (A5)
~ 1+0’+7(=-0) m
y_mTr—1+o'. (A6)
From these equations we observe that
b 'y
5 am

In effecting the ¢ integration in Eq. (3.50) we use
the following formulas:



—LIZI d(p —1 _]__—f2' d(p g_
2r J, a+bcosg S’ 21 J, (a+ bcosg)® ~S?

(A8a)

L fZ. d(ﬁ
21 J, (a+bcosg)(a’+b’cosy)

I S (2 b_')
" (@'b—-ab’)\S TS’

_ (Fa’ +xa)
= 55/ (957 +x5)
EX(d9 b’ a” b,) ’
where we define (A8D)
S=(a*- b2 Sr=(a?-br?)/2, (A9)

In Eq. (A8b) the advantage of the second form over
the first, in a numerical program, is the absence
of the spurious singularity which arises from the
vanishing of the denominator q’b — ab’. Using Egs.
(A2), we can write Eqs. (A9) in the form

E
S=p[ (cos?k -3 cos9,)2+—52- sin?%,]'/2 | (A10a)
2
cosb,, )%+ ;n,—z sin®g ]/ 2
(A10p)
Using Eqs. (3.36) into Eq. (3.50) we get after
straightforward algebra,

Q 2 2) 2/
L_w_ﬂ_(zp pX - ,3 ﬂg") + Ry s

S3
(Al1a)

S*=p’[(cosb, -%

Tray=2
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_(4EE'-QE"‘) . m?a wm3a’
Ton)= w2 20 p'X - S3 " 573 +®Rza)
(A11b)
where
@p-p'+m?) 1
Ry = -4 - o S s,

2 1 1
(aa’ - bb’) (S? '§7§) +4Y
E - E'
mz<1>=4[1>'1>"(—‘r‘)— —m"’]X
2 "
* 5 [2p-p’ +m2—2E(E+ E") + 2E'w]

2
~ o5 [2p-p’ +mZ~2E"(E + E’) - 2Ew]

2
--an3 (aa’ ~ bb’ ~ 2E’a)
2m2 .
+ Z}—S—'T (aa’-bb’—2Ea')-2Y s (A,12b)
and
DX , 1
Y(a b,a’,b’)= 7 -3')' + (% -ay) (fs’ —-;—s~) .
(A13)

We note that w is a function of £ and w? given in
Eq. (3.46). The variable x, is also a function of
¢t and w? as is seen from Eq. (3.44).
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