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%e report results of a measurement of the form factors in E~ leptonic decay. %"e analyze both the Dalitz plot of
the decay Er-+npv and the branching ratio 1"(Eo,)/I'(Ko, ). The experiment was performed in the Argonne 12-foot
bubble chamber exposed to a monoenergetic E~ beam. Simultaneous detection of mph and n.ev decays with large
acceptance results in well understood systematic uncertainties. The results have been analyzed to give 2, + and A, „
the expansion parameters of the form factors dominated by 1 and 0+ E*poles, respectively. From our branching-
ratio measurement of I'(E', j/I'(E,',j = 0.702+0.011, we obtain A, , = 0.041+0.008. A fit to the E', Dalitz-plot
density distribution gives A, o = O.OSO+0.008 and A, +

——0.028~0.010. These numbers are in agreement with our
analysis of the E,, decay Dalitz plot and with other recent measurements. A combined fit to all of our data yields
2, + ——0.028 +0.007 and 2, , = 0.046+0.006.

I. INTRODUCTION

This paper reports the results of an experiment
to measure the K~0 form factors. We used two
techniques: The first was an analysis of the den-
sity of events on the Dalitz plots and the second a
measurement of the Kc»/K,'s branching ratio. The
K» decay analysis complements our previously
reported measurement of the K'„decays observed
in the same experiment. ' There have been num-
erous previous measurements of the form factors,
but since the experiments are difficult and sys-
tematic errors are often dominant, the results do
not always agree. ' ' Experiments using counter
techniques normally have good particle identifica-
tion and high statistics, but have low and non-
uniform acceptance across the Dalitz plot and
therefore rely heavily on Monte Carlo corrections.
Bubble-chamber experiments, on the other hand,
provide uniform acceptance, but particle identi-
fication is poor and the number of events is often
small. The use of K~0 beams introduces an addi-
tional complication in that if the beam momentum
is not known, there is a two-fold ambiguity for
placing an event of a given decay mode on the Dal-
itz plot. Our experiment used a low-energy mon-
ochromatic beam, which eliminated the twofold
fitting ambiguity. Our detector, consisting of a
large volume bubble chamber, provided relatively
good particle identification. We thus obtained high
and uniform acceptance over both the K'„and K'„3
Dalitz plots. Analysis of K'„and K» in a consist-
ent manner in the same experiment further re-
duced systematic effects.

leptonic K~ decay, we can write the decay matrix
element as

M= sin6c [f+ (q')(P»+P„)"u, y (1 +y,)u,QT

+f (q')(P» P.)"u, -r„(&+y,)u.1,

where f, and f are the vector form factors,
which are real functions of q' only. Tensor and
scalar terms do not contribute to the decay in a
V-A. theory. The density of events on the Dalitz
plot is then

(Af'+Bf f +Cf ')

with

A =M»(2T, T „-M» Tx)+ m, '(» T„T„), —

where T stands for the center-of-mass kinetic
energy and

The quantities q' and T are related by

q = (M» —m„) —2M» T„.
More recent analyses have chosen a different
combination of the form factors called f, and fe
expanding them in q /m, ' as below:

II. PHENOMENOLOGY

Assuming the current-current picture of semi-

f, (q') =f, (0) (l+ A.,q'/m„'),

f,(q') =f,( )(10A.,+q /m„') .
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FIG. 1. (a) The distribution of laboratory momenta of
the pions in the decay E~ —&pv. The solid curve repre-
sents the original distribution and the dashed curve the
randomized decay distribution as described in the text.
The arrow indicates the value at which we cut. (b) The
same as (a) but for muon momenta.

With this parametrization and retaining first
terms of the expansion, we get

where M~~ is the mass of the K*(890), the lowest-
mass 1 E' meson. This leads to a prediction for
&, of m, '/Mz„'= 0.025. Similarly, for the scalar

Q
M2 —m2

K

where f has no q' dependence. The advantage of
this parametrization is that if the form factors
obey dispersion relations with, at most, one sub-
traction, and if in addition the form factors are
dominated by K* poles, then f, and f, can be re-
lated to the K* mesons which have spin-parity
1 and 0', respectively.

If the f, (q') amplitude is indeed unsubtracted
and the dispersion integral is approximated by the
K~ pole, then

form factor, the model predicts A,, =m, '/M~~&»50, '
since the K~(1350) is the lowest 0' strange me-
son. Thus, ~0 is expected to be smaller than ~,
in this approximation. The existence and proper-
ties of the K*(1350)are not completely establish-
ed, ' but all solutions favor a wide resonance for
which a simple pole approximation may not be
valid. The prediction of Callan and Treiman, '
based on current algebra, place the value of ~0

near 0.02 assuming a linear extrapolation to the
unphysical point q'=MK'. A detailed discussion
of theoretical questions related to leptonic K de-
cay can found in the review of |hounet et al. '

The parameters ~, and ~0 ean be obtained by
directly fitting the E~ Dalitz-plot density. In our
experiment a more accurate measurement of ~,
can be made, assuming p. -e universality, by fix-
ing ~, at the value found from analysis of the Z,',
Dalitz plot and measuring the branching ratio
I'(K'„,)/I (K',,).

III. EXPERIMENTAL DETAILS

Approximately 300000 pictures mere taken in
the Argonne National Laboratory 12-foot hydrogen
bubble chamber exposed to a 550 +35 MeV/c Ko~

beam. Details of the experimental arrangement
have already been presented. ' "' A scan for two-
prong events, which correspond to E~ decays,
yielded about 45000 events which were measured,
reconstructed, and fitted to the following decay hy-
potheses:

(a) K~0-m'w s',

(b) K~0-w' e' v,

(c) Ki-w'y, ' v.

After two measurement passes, 95/g of the candi-
dates gave satisfactory fits to one or more of
these channels. The remaining events were attri.-
buted to decays of scattered K~'s and K~ interac-
tions in which the recoil particle was not seen. '

The average scanning efficiency for K» events
was measured to be 0.90 +0.01. Scanning losses
oeeur when the ~ or p, interacts or decays close to
the K~ decay vertex. Losses also occur if one of
the decay products has very low momentum or is
nearly parallel to the magnetic field. These los-
ses have been studied using the following tech-
nique. Each reconstructed event is transformed
into the K~0 rest frame, rotated by a random angle
and transformed back to the laboratory frame.
The distributions of laboratory momenta obtained
in this way are compared to the original distribu-
tions in Fig. 1. The data show a deficit of events
if p„& 70 MeV/c or p„& 60 MeV/c. These losses
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TABLE I. Cuts and weights for unique events. TABLE II. Parametrization of the scan-measure ef-ficienciess.

Average
weight Final state a (MeV )

go --mp,
L MeV/e

M:eV,~'&

p, & 70

p, & 50
l„~& 8
T, &40

MeV/c
MeV/c

MeV/c

1.15

l)0-

100—

7 )

+++ ''+ +;,+, , +$++ +, , +
+

:)0
:)0

T

7:) 100
I'M( i )

1:)0

100—

+ ++. +++w ~ ~ + +'
I I 1 + +

++

are corrected by cutting the data sample at these
values and weighting the remaining events by a
compensating factor in the same manner as was
used for our K„events. ' Table I summarizes
the cuts and average weights for a sample of
uniquely identified events.

After making these corrections, the scanning
and measuring efficiencies were studied as func-

71' P, V

7/™jL~V

V

71 eV

0.940
0.933
0.949
0.926

-0.000 41
-0.000 33
-0.000 33
-0.000 11

tions of T, and T„. They are very nearly constant
as shown in Fig. 2 and averaged about; 94o/o. We
have fit these efficiencies for each of the semi-
leptonic decay channels to functions linear in T„,

~8N ~p+ O Tm

The parameters, listed in Table II, have been
applied to subsequent analysis.

Since the K~ beam angles and momentum are
known, the fits to reactions (a)-(c) are kinemati-
cally constrained. Also, because of the Large
bubble-chamber volume, many of the particles
from the decays could be identified visually via
interactions, decays or stops. ' The K3„events
are cleanly separated from the semileptonic de-
cays and are not a significant source of back-
ground. ' However, even after fitting and visual
classification, a significant number of the events
have a,mbiguous semileptonic decay assignments.
The event classification and ambiguities are sum-
marized in Table III.

Qf the candidates for the K&3 decay sample, 530/0

are ambiguous with either K'„or the opposite
charge K'„, mode or both. This is to be compared
with only 37/() ambiguous in the K'„. In our analy-
sl s of Kg 3 decay, ' we used only the unique events
for measurement of the form factor f, and Monte
Carlo techniques were used to calculate the cor-
rection factors. This was possible since most of
the ambiguous events are actually K» decays and
the fraction of unique K'„events was reasonably
uniform across the Dalitz plot. If we were to use
this same procedure on the K'„, events, not only
would we be left with a smaller sample, but sys-
tematic distortion of the data would be more of a
problem since a larger fraction of the events
would be discarded. Therefore, we use a differ-
ent method of analysis which combines both the
unique and the weighted ambiguous events.

:)0
0 :)0

1,
1

100

FIG. 2. (a) The scanning-measuring efficiency as a
function of T„ the center-of-mass kinetic energy of the
pion. (b) The same as (a) but for T„.

IV. ANALYSIS PROCEDURE

The ambiguous events are assigned to the dif-
ferent channels according to calculated weights.
In order to determine these weights, we make use
of necessary constraints. The first is that the
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TABLE IG. Events fitting %~0 decay channels.
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Final state Unique

Ambiguous with Ambiguous with opposite Ambiguous with other
other semQeptonic charge within 71 pv or &ev semileptonic modes

decay modes channels only and opposite charge

'll P, P

7f p
'll

F e p

3570
3299
6718
6547

2599
2041
2981
2284

508 1967

distribution of cos8$, the angle of the lepton in
the K~ decay frame, must be isotropic. The sec-
ond is that the charge ratio II'f vlII l'v be unity
in all regions of the Dalitz pl. ots (within a small
known asymmetry). Figure 3 shows the cos8II
distribution for the two semileptonic modes sep-
arately for unique events (full line) and ambig-
uous events (dashed line). The ambiguous events
must be assigned either to the ~e v hypothesis or
to the ~p, v hypothesis in order to fill in the hole at
positive cos8$ values seen for the unique event
samples.

These assignments are done independently for
different regions of the Dalitz plots. The events
in each channel were divided into bins of T, and
and T, , and the cos8f distributions for both the
unique and ambiguous events were made. Then
we assigned weights to the ambiguous events so
that for each value of cos8 f some fraction of the
ambiguous events plus the unique events were a
constant independent of cos8~. That is, we re-
quired
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U, +soA, = U, +soA, = ~ ~ ~ =U„+~A»
where the subscripts refer to the ith bin in cos8 1',

and we had the additional condition that

= (U) +au ( A),
i~ 1

where (U) and (A) are the averages over cos8 ).
This implies ((U) -U, )+ev((A) -A,') = 0 for each
i. Thus, we minimized the quantity

y'=+[&Uf (T„T,)+u, (T„,T, )f Af (T„,T, )]'
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where

~U, =(U) -U, ,

6A, = (A}-A, .

We obtained a weight to be applied to ambiguous
events which is a function of 7, and 'E, given by
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FIG. 3. (a) The distribution of cos8*„, the angle be-
tween the p and the E~ in the center of mass. The solid
curve represents the unique events and the dashed curve
the ambiguous. (b) The same as (a) but for cos~,*.
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(5U~ 5A~ ) (-5 U' 5A') +( 5A" &A")
~e(T~ Ts ) =

(5A~ 5A~) ~(5Av5A&)

and w„= (l -u. ).
We note that the K„events are 70%%uo unique and

for values of cos8) between —0.5 and —1, there '

are few ambiguous events. The success of the
ambiguity assignment depends on this fact, and
since it is true for all regions of the K,'3 Dalitz
plot, requiring isotropy in the cos6$ distribution
is a powerful constraint. The falloff of the cosg f
distribution near cosof = —1 is filled in by the
correction for loss of slow leptons.

Since our experiment is done with a unique beam
momentum, there is a one-to-one correspondence
between the pion kinetic-energy values calculated
for a K» or K„hypothesis, so the K».K„am-
biguity resolution does not significantly change the
pion c.m. kinetic-energy value. The spread in the
beam energy introduces an uncertainty of -5 MeV
in T, .

In order to handle the ambiguities between the
charged modes, we used the constraint that there
should be equal numbers of ~'l v and n l+v
events, and that they should have the same distri-
bution on the Dalitz plot. The ratio R of the num-
ber of events in the n.'l v channel, X, (T„~, T,-),
to the number of events in the ~ l' v channel,
X (T„,T, +), c-an be predicted given values for
the form factors. For each event in a given bin,
which is ambiguous between charge modes, we
found the number of unique events in that bin,
U, (T,+, T, -), the number of ambiguous events,
A, (T,+, T, ), and the corresponding quantities
U (T„,T,+), A -(T„, T,+), and-solved for the
weights applied to the ambiguous events subject to
the condition that

X+ (T„,T g ) U+ (T ~, T, ).+ w +A(T+„,T, )
X (T~, T, ) U (T„,T, )+(l so, )A -(T„,T, )

As stated above, R depends weakly on the values
of the form factors. Therefore, these weights
were calculated in an iterative manner. Again,
this constraint is applied bin by bin over the Dalitz
plot and because of the reciprocity between the
~'e v and ~ e'v systems, the technique does not,
to first order, result in a distorted event distri-
bution on the Dalitz plots.

We have also made corrections for the few
events which uniquely fit a false hypothesis.
These corrections, which are less than 3%%up, are
made by generating a Monte Carlo sample of
events, processing them through the same kine-
matic fitting programs as the data and subtracting
or adding them to the appropriate data sample.

Radiative corrections were applied using the
formulation of Ginsberg. ' For photons with ener-

gies less than 1 MeV, Ginsberg gives explicit cor-
rection factors. For photon energies greater than
1 MeV, we generated Monte Carlo events of the
type K~ - ~ivy, passed them through the analysis
chain, and repopulated the Dalitz plots according-
ly.

V. RESULTS

The weighting procedure outlined above leaves
a total of 13748,+186 ~p, v events and 19201+227
nev events, corresponding to a branching ratio
of 0.716 +0.008. However, since we have cut the
E 3 Dalitz plot at T~ & 40 MeV, a correction is
needed. The correction factor is weakly depend-
ent on the value of ~, and for a ~, value of 0.028,
the correction factor is 0.980. This gives a final
branching-ratio result 1 (&&,)/I'(&,',) of 0.702
+0.008 in agreement with the world average of
0.695 +0.01]..'

In order to determine the form factors ~, and
~0 the data were fit in four ways and the results
are summarized in Table IV. The values of un-
certainties in parentheses are the statistical, er-
rors, i.e. , the changes needed in the parameters
to lower the logarithm of the l.ikelihood function
by 0.5 units. The second errors, as shown in
Table IV, include, in addition to the statistical
error, the estimated systematic effects. These
systematic errors were estimated by observing
how much each of the following changed the
fitted parameters: (l) changing the scan efficiency
numbers in Table II by one standard deviation,
(2) allowing the number of events in each bin of
cosa~, to vary by one standard deviation, and
(3) removing the correction for events which
uniquely fit a false hypothesis. The total errors
were calculated by adding the systematic plus
statistical uncertainties in quadrature.

The first fit in Table IV uses only the branching-
ratio measurement. This is insensitive to ~, ,
and we fitted only for ~„repeating the fit for three
values of ~, . With a value of ~,=0.028, which is
close to the world average, we obtained ~, = 0.041
+0.008. Next, we fitted the K» Dalitz-plot density
allowing both ~, and ~, to vary. This fit gave ~,
= 0.050 +0.008, which is in agreement with the
branching-ratio value. We have also fitted the
&'„Dalitz plot for &+ and the result, ~+ = 0.029
+0.005, agrees with our previous measurement
of ~, =0.025 +0.005 using the unique K,', events
only. ' Finally, we made a simultaneous fit to both
the K» and K„Dalitz-plot densities and the
branching ratio and obtained our final values of

0 028 +0 007 and &o 0 046 +0 006 The larger
error on ~, , given by this fit over the K'„analy-
ses, represents the small systematic inconsist-
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TABLE IV. Results of fits to A., and Xo. The error values in parentheses are the statistical
errors. The second error number includes the estimated systematic effect added in quadra-
ture to the statistical error.

Fit xo

2
3
4

i(x„/z„)

K» Dalitz plot
%~3 Dalitz plot
g(K„3/x,3) and
Dalitz plots combined

0.018
0.028 Input
0.038
0.028 + (0.008)0.0k O

0.029 + (0.003)0.005
0.028 + (0.003)0.007

0.038 + (0.005)0.008
0.041+ (O.OO5) O.OO8

0.043 + (0.005)0.008
0.050+ (0.005)0.008

o.o46+ (o.oo4)o.oo6

encies between the different techniques for mea-
suring this parameter. Figure 4 shows the weight-
ed T, and T~~&,„distributions with the curve re-
presenting the results of the final fit. The fits
give )t'/DF=1. 1 for T from K», 2.2 for T&, 2.0
for T„ from K„, and 1.8 for T, . The magnitude of
these X'/DOF reflect the fact that only statistical
uncertainties are included in the T, and T„„„dis-
tribution.

VI. DISCUSSION

The results of these fits are compared in Fig. 5
with the world-average values of ~, and ~0 deter-
mined by Ko~ Dalitz-plot analyses and the Ko»/K,',
branching-ratio measurements. ' The values we
obtain for ~, and &0 are in excellent agreement with
other measurements based on the Ko&/K'„branch-
ing ratio and the K,', Dalitz plot. ' Our value of ~0
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FIG. 4. (a) The distribution of weighted events in the X„3decay mode in T,. The curve shows the predictions of
fit 4 from Table IV. (b) Same as (a) but for T„. (c) The distribution of weighted events in the E,3 decay mode in T,
and (d) the distribution in T,. The curves are also from fit 4.
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0,07

0.06-

0.05-

0.04-

0.03-

0.02-

0.0&-

r(K &)/r(K, &)

DP

= 0.050 +0.008, obtained from the K» Dalotz-plot
analysis, is somewhat larger than the result given
by previous K» Dalitz-plot experiments.

The world-average measurement for ~, and ~,
from the K» Dalitz plot, shown by the hatched el-
lipse in Fig. 5, is dominated by three high-statis-
tics experiments. ' The internal consistency of
these experiments is satisfactory for ~, but not
for ~p. ' The parameter ~p can also be measured
from an analysis of the muon polarization and we
note that the most recent experiment" gives a val-
ue of ~0= 0.044 +0.008 in good agreement with our
result.

In summary, our measurement of the decay
parameters ~ and ~p give a consistent picture,
but since we find ~p», , our results are not in
agreement with the simple pole model.
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FIG. 5. The results of fits 1-3 in Table IV for X, and
Also shown as shaded areas are the world-average
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the branching-ratio results and the ellipse the values
measured from X 3 Dalitz plot.
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