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A Monte Carlo technique is used to evaluate path integrals for lattice gauge theories with gauge groups given by
the SU{2j images of the rotational symmetries of a tetrahedron, a cube, and an icosahedron, called T, 0, and I,
respectively. The coupling-constant dependence of the mean action per plaquette provides evidence for two phases,
in each of these theories, separated by a first-order phase transition. The critical gauge coupling constant moves

toward zero as the order of the group is increased. The mean plaquette action, the expectations of square gauge
loops, and an estimate of the string tension for the largest group I agree with Creutz's results for SU{2jover a wide

range of coupling constants. A model for the phase transitions in T, 0, I, and Z„ is discussed which predicts critical
coupling constants close to the observed values and suggests, as expected, that these transitions are a special

property of gauge theories over discrete groups.

I. INTRODUCTION

The lattice formulation of quantum chromody-
namics (QCD) (Ref. 1) provides a definition of the
theory's vacuum expectation values which is free
of the inherent ambiguities of a definition using
perturbation theory. The main problems of lattice
QCD are to determine whether the vacuum expecta-
tion values have limits as the lattice spacing goqs
to zero and the box volume goes to infinity, and,
if limits do exist, to find a means of calculating
their values for moderate and small momenta.
For a simplified version of QCD with quarks re-
moved and the gauge group SU(3) replaced by
SU(2), some progress toward a resolution of these
problems has been reported recently by Creutz
using a Monte Carlo calculation, ' and by Wilson,
using a Monte Carlo formulation of the renormal-
ization-group method. '

In the present article we give Monte Carlo cal-
culations for lattice gauge theories simplified still
further by replacing SU(2) by one of its non-Abelian
discrete subgroups. The subgroups of SU(2) which
we consider are those which are homomorphic to
the rotational symmetries of a tetrahedron, a
cube, and an icosahedron. These groups will be
called T, 0, and I, respectively. 4 The group of
an octahedron is the same as that of a cube and
the dodecahedron's group is the same as that of an
icosahedron. I is the best approximation to SU(2)
which can be obtained with a discrete group.

Our motivation for undertaking this project was
largely curiosity. An unexpected result which
may be of some practical significance, however,
is that, although calculations for T, 0, and I can
be done more rapidly than for SU(2), the results
we obtain agree with those for SU(2) surprisingly
well. In particular, our results for I agree with

Creutz's for SU(2) over a wide range of bare cou-
pling g, extending from the region in which the
strong-coupling expansion is reliable well into the
region in which the weak-coupling expansion works.
Thus to study the nature of the transition between
the two regions it may be more efficient to use I
rather than SU(2) itself. On the other hand, the
agreement between our results and those of
Creutz tends to confirm both.

Vfe begin in Sec. II by discussing T, 0, and I
in slightly greater detail and reviewing the stan-
dard definition of a lattice gauge theory for any
of these groups. Then in Sec. IG we present our
Monte Carlo calculations of various vacuum expec-
tation values. Ne work primarily on a periodic
lattice with dimensions 8x 8& 8~ 8. The main
quantities we evaluate are the expectation values
of square gauge loops with sides of length 1 for T
and 0, and lengths 2, 3, 4, and 5 for I in addition.
From the results for I we extract the string ten-
sion.

The essential difference between the results we
obtain and those for SU(2) itself' is that, while
SU(2) shows no sign of a phase transition, and ap-
parently confines static quark" for all values of
the bare coupling, the discrete groups do have a
phase transitu'. on. The phase transition seems to
be first order. For values of P=4gc' below the
critical point P„aphase occurs which confines
static quarks and yields expectation values agree-
ing with SU(2). For P above P„on the other hand,
static quarks are not confined and the results we
obtain disagree with those of SU(2). The value of

P, rises as the group becomes larger.
It is natural to wonder, of course, whether the

transition found in the discrete groups might not
also be present in SU(2) but somehow have been
missed. If such a transition did occur in SU(2),
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II. LATTICE GAUGE THEORIES FOR T, O, AND I
T is the subgroup of SU(2) homomorphic to T,

the subgroup of SO(3) mapping a tetrahedron cen-
tered on the origin onto itself. For each element
of T there are two in T differing by a minus sign.
Since the orientation of a tetrahedron centered on
the origin can be given by specifying which of its
four corners occupies a standard position and
which of the three edges meeting at that corner
occupies another standard position, it follows that
T has 12 elements and T has 24. Similarly, a cube
has 8 corners and 3 edges at each corner; thus the
subgroup 0 of SO(3) preserving a cube has 24 ele-
ments and its image 0 in SU(2) has 48. An icosa-
hedron has 12 corners and 5 edges meeting at
each. Thus, I in SO(3) preserving an icosahedron
has 60 elements and I in SU(2) has 120.

A lattice gauge theory for a discrete subgroup
G of SU(2) on a periodic four-dimensional hyper-
cubic lattice A can be constructed in the usual
way. ' To each ordered pair of nearest-neighbor
lattice sites [x,y] assign an element U(x, y) of G

with U(x, y) = U(y, x)t. For each oriented closed
loop of nearest-neighbor sites l =[x„x„... , x„],
assign a loop variable

W(l) = —,
' TrU(x„, x„,) ' ' U(x„x )U(x, x„). (2.1)

Loops differing by a cyclic permutation are identi-
fied, but for convenience later on we distinguish
those differing by a reversal of order. Loops
through four sites will be called plaquettes and
written p. Following Creutz's convention, the
action 8 for the theory is taken to be

S= QS(p),

S(P) =.1 —W(P),
(2.2)

where the sum includes each plaquette on A in an
arbitrarily chosen orientation. For any function 5

then since the theory's continuum limit has large
P, the continuum limit of SU(2) would not confine
static quarks. In Sec. IV, therefore, we consider
a model of this phase transition which tends to sug-
gest the transition is a special property of discrete
gauge groups as expected. The model yields the
prediction

In(I+V 2)
1 —eos(2v/n) '

with n= 6 for T, 8 for 0, and 10 for I. This
model also predicts a strong-coupling phase tran-
sition for Z„gauge theories with n=N. Oo.r pre-
dictions for P, are all in reasonable agreement
with the numerical results in Sec. III and in Ref. 5
for ZN. -

of the link variables U(x, y), the vacuum expecta-
tion value is

(6 ) = Q
' g s exp (-J3S), (2 ~ 3)

where the sum is over all ways of choosing each
link variable U(x, y) as an element of G, Q is the
partition function defined by the condition ( 1) = 1,
and P is 4g, ' with g, the bare gauge coupling con-
stant.

III. MONTE CARLO

It is impractical to evaluate the sum in (2 ~ 3)
directly even for small groups and small lattices.
For example, a periodic lattice of size 2 x 2 x 2
x2 has 4x24=64 links. Thus if 6=7.', the sum
in (2. 3) has 24~ =2x 1088 terms. An alternative
(and equally impractical) way to find (p) is to
average S over an infinite ensemble E of field
configurations with each possible configuration
occurring a number of times proportional to
Q 'exp(- pS). The Monte Carlo evaluation of (S}
consists of averaging F over a finite and tractable
approximation to E.

The finite ensembles we use are generated by an
algorithm suggested by Wilson. ' To describe the
algorithm it is convenient first to define the set
C(G) for each of our discrete groups G to be the
elements of G, other than the identity, which are
closest to the identity. Thus C(T) has eight mem-
bers consisting of the SU(2) images of rotations by
+2w/3 about an axis through one vertex of the tet-
rahedron and the center of the opposite triangle.
C(0) has six elements consisting of rotations by
+n/2 about an axis through the centers of opposite
squares. C(I) has 12 elements consisting of ro-
tations by +2n/5 about an axis through a pair of
opposite vertices.

The finite ensembles we use to evaluate averages
start with a single conveniently chosen set of link
variables U(x, y). Starting configurations are de-
scribed later in more detail. Then each link vari-
able on the lattice is successively examined and
either changed or left unchanged according to the
following procedure: At each link [x,y] one of the
elements V of C(G) is chosen at random. The
variable U(x, y) is then multiplied on the left by V

giving a new U(x, y}'. The difference betweyh the
action S with U(x, y} in place and S' with g(x, y)'
in place is then found. If S —S' is 0 or positive,
U(x, y) is replaced by U(x, y)'. lf S -S' is negative,
we evaluate q=exp[P(S-S')] and choose a random
number r between 0 and 1.. If r ~q, U(x, y) is
again replaced by U(x, y)'. If r&q, U(x, y) is
kept.

In this way a sequence of field configurations is
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generated, one for each completed sweep of the
lattice. Configurations with large values of
exp(-PS) are clearly favored over those with
exp(-pS) small. It can be shown' that as the en-
semble of lattices is progressively increased by
the method described the ensemble average of any
s converges to (s) no matter what starting con-

figuration has been chosen. The finite ensemble
we used to evaluate a particular (6) was typically
considered l.arge enough once doubling or quadru-
pling the ensemble's size left (s) sufficiently un-
changed. The scatter of values of (v) calculated
on subensembles of a quarter of the final set of
configurations was then taken as a measure of the
uncertainty in (p) . More sophisticated methods
can be used to ensure the accuracy of the final re-
sult and estimate its errors, ' but we did not feel
that great numerical accuracy was of sufficient
importance in our calculations to justify the extra
machine time which would have been required.

There are, of course, an infinite number of
other algorithms which could be used to generate
a sequence of configurations with the property that
the running average of s approaches (p) as the
number of configurations grows. One possibility
would be to choose a trial U(x, y)' on each link
randomly over all of G rather than by multiplying
the old U(x, y) by a random element of C(G). The
disadvantage of this procedure is that for moderate
and large P once the iteration has run for a while
most of the trial U(x, y) generated will turn out to
cause a large increase in S and will therefore be
rejected. The algorithm we use rejects fewer
trial U(x, y)'. As a result the algorithm requires
less machine time to generate an ensemble which
yields a satisfactory approximation to (g) .
Another possible algorithm is Cruetz's heat-bath
method' in which the U(x, y) on lattice links are
successively replaced by new U(x, y)' chosen ran-
domly according to the probability distribution
Q 'exp(-pS). This procedure requires more
machine time on each link but fewer sweeps of the
entire lattice to give an adequate approximation to
(p). On the whole, it is not clear whether this
yrocedure or the one we adopted is faster. The
programming for the method we have followed is
simpler, however, and more easily adjusted when
G is changed.

The first runs we carried out were calculations
of the mean action per plaquette (S(p)) as a func-
tion of P. Our purpose was primarily to locate
the phase transitions expected as a result of the
arguments to be given in Sec. Dt'. We began with

P = 0 and U(x, y) for each link chosen randomly
over G. The value of ( W(p)) averaged over all
ylaquettes for an ensemble of such states is 0 and
therefore (S(p)) =(1 —W(p)) is 1. We then in-

creased P progressively in steps of 0. 1 and for
each p swept the lattice 40 times, taking as the
starting configuration the final lattice configura-
tion of the preceding p. For the group I we car-
ried out 50 lattice sweeps at each P. For each P
the average (S(p)) was calculated over all pla-
quettes in all 40 or 50 configurations. This was
continued to a maximum of I3 = 3 for T, P=4 for
0, and p=7 for I. The results are shown in Figs.
1-3. For P at which two points are plotted, the
upper yoint is the value obtained in this sequence
of iterations. When the maximum p was reached,
we set all the link variables to a single element of
C(G) since only fields in the gauge orbit of constant
configurations contribute in the limit p —~. Then
we swept the lattice 40 times (50 for I) and suc-
cessively reduced P in steps of 0. 1 back down to
0. These results are also shown in Figs. 1-3 and

are the lower set of points for those P at which
two values have been plotted. An estimate of the
uncertainty at each P is provided by the difference
betweentbe upper and lower sets of points.

The solid lines at small P in each graph are the
two. leading terms, 1 —p/4, of the small p expan-
sion for (S(p)). These terms are the same for
T, 0, I, and SU(2) itself. The solid line at large
P is the leading term in the large-P (small-go)
expansion for SV(2), 3/(4p). The results of
Creutz for (S(p)) for SU(2) are shown in Fig. 4

along with the two asymptotic curves and our val-
ues for I. For clarity we show only points ob-
tained by successively decreasing p. It is clear
that our results for all three discrete groups fol-
low SU(2) quite well in the small-P region. In ad-
dition, the curve for I stays with SU(2) all the way

up into the region in which the large-P expansion
is valid. We found this result somewhat surpris-
ing.

Each of the grayhs of mean plaquette action
shows a hysteresis loop —a region in which the
value of (S(P)) obtained by progressively raising
P disagrees significantly with the value obtained

by lowering P. These loops strongly suggest that
a phase transition occurs somewhere in the inter-
val of p over which the loop extends. To find the
order of tbe transition and the critical P, itera-
tions were performed on mixed lattice starting
configurations. At various P within the range of
the loop, initial. lattices were constructed by splic-
ing together half of the final configuration found on
the upper branch of the hysteresis loop with half
of the final configuration on the lower branch of
the loop. Then this starting lattice was swept
600 times. For P at the low end of the hysteresis
loop the upper values of (S(p)) eventually won the
iteration contest, and for P at the upper end of the
loop, the lower values of (S(p)) eventually won.
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At a critical P within the loop range, the final
equilibrium values of (S(p)) changed abruptly from
the upper branch of the loop to the lower, suggest-
ing a first-order phase transition. Figure 5 shows
the result of such sweeps. for T with P= 2. 10,
2.15, and 2.20. Figure 6 shows the results of 0
with P ranging from 3.20 to 3.30 in steps of 0.02.
Figure 7 shows the results for I with P ranging
from 5.96 to 6.06 in steps of 0.02. These results
yield critical P, of.2.15+0.05 for T, 3.25+0.01
for 0, and 6.01+0.01 for I.

Since the mean action per plaquette for I dupli-
cates that of SU(2) so well, a more detailed com-
parison between I and SU(2) seemed worthwhile.
We therefore also evaluated the averages ( W(l})
for square loops of sides 2, 3, 4, and 5. For a
side of 1, ( W(l)) is the quantity ( W(p)) already
discussed. Our results for I on an 8x 8x 8x 8
lattice and P up to 3 are shown in Fig. 8 in com-
parison to Creutz's results for SU(2). Again the
agreement between I and SU(2) is excellent. Our
estimates of the errors for I in all cases are
smaller than the plus signs used to indicate points.
The errors are almost all less than 3%% with the
exception of the errors in the smaLLest values
found for loops of sides 3, 4, and 5, in which
cases the errors are as much as 20%%uq. The

curves in Fig. 8 are the Leading term in the small-
P expansion for ( W(l)). Each of our values of
( W(l)) was obtained from an ensemble of 100 lat-
tices generated from a starting configuration
given by the final configuration obtained in our
evaluation of (S(p)). On each of the 100 lattices
for each P, ( W(l)) was found by averaging over
all square Loops of the appropriate size on the en-
tire lattice. The deyendence of the averages on
lattice size for P=3 is shown in Fig. 9. The de-
pendence on lattice size is less at lower P.

Now it is expected that for loops with large val-
ues of area A the averages ( W(l)) will approach
the area law

ln(W(l)) - ItA+ o(A)

with some string tension K determined by p. If
this holds, static quarks are confined. It is by
no means clear that loops only up to size 5 are
sufficiently large to extract K reliably beyond the
region of small P. The numerical uncertainties
in Monte Carlo values of ( W(l)) add an additional
complication. Nonetheless, if we simply ignore
these problems and follow Creutz's fitting pro-
cedure, we can obtain a set of values of K(P) for
I to compare with K(p} for SU(2). The results
are shown in Fig. 10 along with Creutz's results.
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For 1.6 & P & 2.1 loops of side 0, 1, and 2 were
fitted to

InW(l) =KA+K'&A+K". (3.2)

IV. PHASE TRANSITION

We will now present a model of the large-P
phase transition found in gauge theories with
discrete gauge groups. The model uses a re-
formulation of the path integral over gauge poten-
tials on a D-dimensional lattice as a sum over
closed (D-2)-dimensional surfaces on the dual
lattice which may be thought of as the trajectories
of (D -3)-dimensional lines of flux of the dual

electromagnetic field. When P is large, the flux
surfaces have finite size, but as P is lowered, the
surfaces grow, and at a critical P the average
size diverges, giving rise to a phase transition.
We will begin with an exact discussion of the phase
transition in a Z, gauge theory, and then show how

this discussion can be adapted to yield an approxi-
mate picture of the transitions in theories with

gauge group Z„, +& 2, T, 0, and I. As mentioned
in the Introduction, the picture we will develop
tends to suggest that this class of transitions is a
special property of discrete gauge groups and has
no analog in gauge theories with continuous gau. ge
groups,

Consider a Z, gauge theory on a D-dimensional
hypercubic lattice A with free boundary conditions.
The link variables U(x, y) now range over the val-
ues 1 and. -1 and loops W(p) are defined by (2.1)
without a trace or factor of —,'. The action S and

For 2.2 & p &2.4, loops of side 1, 2, and 3 were
fitted to (3.2), and for P = 2. 5 and 2.6, loops of
side 1, 2, 3, and 4 were fitted to (3.2). The same
procedure was used by Creutz for each of the
SU(2) points. Once again, I closely follows SU(2)
from the region in which small-P expansions work

. to the region in which the large-P approximation
is reliable.

It is easily shown' that if K(P) does agree with
the large-P curve in Fig. 11, then restoring the
lattice spacing a and fixing K(P) in macroscopic
units as a renormalization condition, we will ob-
tain, as n-0, g, '(a)=4p ', which goes as the
continuum perturbation theory prediction

12 '" =111n(a,yu) "~("
~,u, ~

for some constant a, . In other words, g, (a)' will
exhibit asymptotic freedom. Thus in a sense Fig.
11 suggests not only that an SU(2) lattice theory
exhibits asymptotic freedom but also that an I
theory does so too, at least over a restricted range
of go,

vacuum expectation value (g) are given by (2.2)
and (2.3), respectively, without change. In par-
ticular, the partition function Q in (2.3) is

Q= g exp(-PS), (4. 1)

and the mean action per plaquette S(p) is

(S(P))= ——S -'lnQ,
ap

(4.2)

c+ = N)y vga x'p $ (4.3)

c* can be interpreted as the trajectory swept out

by the (D-3)-dimensional lines of flux of the dual
electromagnetic field arising from the gauge po-
tential U(x, y). An example of [x,y], [u„v„x,y],
and c* for D= 3 is shown in Fig. 11.

In both of the cases considered we have shown
that fields U(x, y) on A can be represented by
closed (D-2)-dimensional figures c* on A with the
action S of the original field given by 2A(c~),
where A(c~} is the number of elements in c~.

where P is the number of plaquettes in A. Thus
the phase transition found in Ref. 5 in Z, as a rapid
change in (S(p)) as a function of P should appear
as a singularity in the P dependence of the infinite-
volume limit of P lnQ.

To obtain a picture of the phase transition in the
Z, theory we will represent configurations of gauge
fields on A as geometric figures on the lattice A

dual to A. The sites of A are located at the cen-
ters of the D-cubes of A, the links of A pass
through the centers of the (D —1)-cubes of A, and
so on. The m-dimensional element f* of A passing
through the center of the (D —m)-dimensional ele-
ment f of A will be called the dual of f

Before stating jn general how to convert. fields
on A to geometric objects on A, let us consider
two simple examples which have small values of
S and therefore make relatively large contribu-
tions to Q in (4. 1). The smallest possible S is 0
occurring on the gauge orbit of the identity con-
figuration with all U(x, y) = 1. On the dual lattice
this will be represented by the absence of any ob-
ject. The lowest S& 0 occurs on the gauge orbits
of configurations with U(x, y)= -1 on one link

[x,y], and all other U(x', ,y')=1. In this case we
have W(p)= —1, S(p)=2, on each of the 2D-2
plaquettes [u„v„x,y], i = 1, . . . , 2D-2, passing
through the link [x,y]. On all other plaquettes

W(P) =1, S(P) =0. Thus S=2(2D-2). The dual,
[u„v„x,y]* to each of the plaquettes [u„v, , x, y]
is a (D-2)-dimensional element of A. The surface
formed by taking these dual elements [u„v„x,y]*
together is closed and can be regarded formally
as the sum
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This correspondence can be generalized to arbi-
trary fields U(x, y) on A as follows: We first as-
sign the field U(x, y) to a linear combination U of
links [x,y] with coefficients in the additive group
Z, on the integers 0, 1,

U= g-', [1—U(x, y)][x,y]. (4.4)

Each link in (4.4) appears in this sum exactly
once oriented, say, with coordinates fulfilling

y&
~ x„ i =1, ... ,D. Such linear combinations of

links are called 1-chains over Z, . Next we de-
fine the coboundary operator V on 1-chains by the
condition that it act linearly and take each oriented
link [x,y] into the sum of all D 2coher-ently
oriented plaquettes [u„v„x,y] which contain
[x,y] in their boundary

m-chains into (m-1)-chains. The operator 2 is
defined by the condition that it acts linearly and
takes any element f into its boundary oriented co-
herently with the orientation of f. Since a point
has no boundary we have

~[x]=0,
&[x,y]=[~1-[x],
&[u, v, x,y] = [I,v]+ [v,x]+ [x,y]+ [y,u].

(4. 10)

A closed chain c then fulfills ~c=0. It can be
easily verified that any boundary 4 c is closed and
thus 4b c=0.

We can now reformulate (2. 3) and (4. 1) as sums
over closed (D-2)-chains* on A. For example, Q
becomes

V[xqy] = Q [Qgs 5)exp'] (4.5)
@=M +exp[-2PA(c¹)], (4. it)

c¹= (VU)¹ (4.6)

is the generalization to arbitrary fields of the c*
in (4. 3). It follows from standard results of com-
binatorial topology' that all c* given by (4. 6) are
closed in A. Moreover, since A and A are top-
ologically trivial, every closed (D-2)-chain in A
can be realized as (VU)* for a unique gauge orbit
of fields U(x, y) on A. It is not difficult to con-
vince oneself that S for a general field U(x, y) is
simply 2A(c*) as before, where A(c*) is the num-
ber of elements summed in c*.

It is perhaps useful to mention here some facts
about chains. For a general discussion see Ref.
V. The addition and multiplication appearing in an
m-chain over Z„obey

1xf=f,
Oxf=0,
a xf+ p xf= (c.+ p)f,

(4. 7)

where f is any m-dimensional element. For coef-
ficients in Z, we have in particular

f+f= (1+I )f= 0 . (4.S)

For any coefficient group Z» we let any f with
orientation reversed be equal to -f. Thus

Linear combinations of two-dimensional elements
with coefficients in Z, are called 2-chains over Z, ;
m-chains over Z, for any m=0, . . . , D can be de-
fined similarly. If we now form V'U, the dual

where the sum is over all closed (D-2)-chains c¹
on A and M is the total number of gauge transfor-
mations of any field U(x, y) on A.

The total contribution to (4. 11) of all chains c¹
of size A is N(A) exp(-2PA), where N(A) is the
number of chains of size A. Thus when P is very
large, only chains with small A. will contribute
significantly, while if P is made progressively
smaller, larger and larger chains will contribute.
If we hit a P small enough so that N(A) for large A
rises faster than exp(-2PA) falls, then chains of
arbitrarily large size A. will suddenly contribute,
limited only by the boundaries of A. In the in-
finite-volume limit the system will undergo a
phase transition. This is the mechanism of the
phase transition found in Ref. 5.

By considering the effect on a %ilson-loop am-
plitude of a linear superposition of widely sepa-
rated fluctuations of form (4. 3), it can be shown
that for large p the Wilson loop obeys a perimeter
law. Since strong-coupling expansions prove an
area law for small P the phase transition suggested
by (4. 11) should be the transition between these
two regions of P.

A rough estimate of the critical P, can be ob-
tained for D=4 by noticing that if we have a two-
dimensional surface with boundary and add one
more plaquette to the boundary there will be five
different ways of orienting it. Equations (4. I)-
(4.9) imply the plaquettes in c* never overlap each
other. Thus we expect roughly N'(A) =5" different
ways of forming a surface of area A. The critical
P, becomes

[x,y] = -[y,x],
[u, v, x,y]= -[y,x, e,u].

(4.9) ln5
P = =0.804 ~ ~ ~

C

The condition of closure for a chain can be stated
conveniently using the boundary operator 4 taking

The correct result given by exact duality argu-
ments' combined with the Monte Carlo results of
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Ref. 5 is

1n(1 +v 2)
C

(4. 12)

(4. 13)

We define c* again by

c+= (VU)+.

It becomes a closed (D-2)-chain over Z~. As a
result of our simplified choice of U(x, y), the coef-
ficients which may appear in c* are restricted to
0, 1, and -1. If we had begun with an arbitrary
ZN field, U(x, y), the natural extension of our
definition of c.(x, y) would have led to a U with ar-
bitrary coefficients in Z„, realized as the integers
mod N. The number of coefficients A(c*) differing
from 0 in (4. 14) is equal to the number of
plaquettes P on A with S(p) =.1 —cos(2v/N) for the
original field U(x, y). Thus the action S for U(x, y)
becomes [1 —cos(2v/N)] A(c*).

The contribution to Q in (4. 1) arising from
fields U(x, y) with all S(p) either 0 or 1 —cos(2v/N)
can now be represented on the dual lattice as

(4. 14)

Q =M g exp( —P[1 —cos(2m/N)] A(c~)], (4. 15)

where the sum is over all closed oriented (D-2)-
chains c* with coefficients 0, 1, or -1.

Every cg which appears in (4. 15) can be made
into a cg, which appears in (4.11) simply by re-
placing all coefficients of -1 by 1. Thus the num-
ber of distinct cz„ for each cz, is just the number
of ways of orienting each ez, by replacing some of
its coefficients of 1 by -1 consistent with the con-
dition that 4 c~„must vanish.

Expression (4. 15) should exhibit a phase transi-

Let us now adapt the preceding discussion to a
theory with gauge group Z„, N& 2. In this case
each U(x, y) ranges over the values exp(2nim/N),
m=0, . . . , N —1, S(p) in (2.2) must be replaced by
1 —Re W(p), and Eqs. (2. 3), (4. 1), and (4. 2) hold
without change. When P is large the main contribu-
tion to (4. 1) will come from configurations with

S(P) for each plaquette given either by 0 or its
minimum value greater than 0, which is 1 —cos(2n/
N). The configurations which give rise to such
S(p) are all in the gauge orbit of fields with each
U(x, y) either 1, exp(2'/N) or exp( —2'/N). For
such fields dual representations can be con-
structed similar to the representation for Z, .

For each [x,y] with U(x, y)=1, let a(x, y) =0.
If U(x, y) = exp(2'/N), let a(x, y) = 1, and if U(x, y)
=exp(-2'/N), let n(x, y)= -1. Then U is defined
to be a 1-chain over Z„, rather than over Z„
given by

tion of the same sort that is shown by (4. 11).
Since (4. 15) arises from a sum over a restricted
set of field configurations U(x, y), however, it is
not immediately obvious what relation a transition
in (4. 15) should have to a transition in the exact
Z„ theory. We believe the transition in (4. 15)
is closely related to the exact transition. If N(S)
is the number of configurations of U(x, y) with fixed
action S, then lnN(S) should be well approximated
for large S by the set of configurations included in
(4. 15) with all S(P) either 0 or 1 —cos(2m/N). For
example, for reasonably large N, if we permit m
plaquettes with S(p) = 1 —cos(4v/N), the lowest
value above 1 —cos(2v/N), the increase in action
will be nearly the same as letting 3m plaquettes
which originally had S(P) = 0 to be given S(P)
=1 —cos(2n'/N). There are many more ways of
adding 3m plaquettes with S(p) = 1 —cos(2v/N)
than there are of raising nz plaquettes from 1
—cos(2n/N) to 1 —cos(4v/N). If the configurations
counted in (4. 15) do yield a reliable approximation
to lnN(S), then following our discussion of the
phase transition in Z„Eq. (4. 15) should also
give a reliable value of the critical P,.

On the other hand, by considering a few typical
examples of large surfaces it is not hard to show
that for large A(c*) the number of oriented c~„
entering (4. 15) for each c~ in (4. 11) is typically
at most of the order 2" ' or 2"~, while the total
number of surfaces itself, as we showed, is
roughly 5". Thus we expect lnN(A) for cz*„ in
(4. 15) to have about the same large-A asymptotic
behavior as lnN(A) for c~ in (4. 11). Therefore,
the critical points of (4. 11) and (4. 15) should be
related by

[1 —cos(2v/N)] P,(Z„)= 2P,(Z,),
and by (4, 12) we obtain

in(1+~2) 0. 881
1 —cos(2n/N) 1 —cos(2w/N)

This formula agrees quite well with the results
found in Ref. 5 and in effect explains the fit

0.78
1 —cos(2 v/N)

found empirically in Ref. 5. A comparison of
(4. 16) with P,(Z„) reported in Ref. 5 for N=3, 4,
5, 6, and 8 is shown in Fig. 12.

We are at last ready to adapt our model of the
large-P phase transition to T, 0, and T. Let G

be the particular groups we are considering.
Motivated by the discussion of the transition in Z„
we will assume that a reasonable approximation
to Q in (4. 1) near the phase transition is obtained

by restricting the allowed set of fields to those
with each U(x, y) either 1 or an element of C(G)
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FIG. 12. Critical P~ compared with the predictions of
Kqs. (4.16) and (4.18). The groups Z&, with N=2, 3, 4,
5, 6, and 8 are the lower points at N=2, 3, 4, 5, 6, and

8, respectively. The upper points atN=6, 8, and 10
are T, 0, and I, respectively. Values for ZN are from
Ref. 5.

and each S(p) either 0 or its minimum allowed
value above 0. The set C(G) is defined in Sec.
III as the collection of elements of 6 closest to
the identity but excluding the identity. We mill
also impose the restriction that if U(x, y) is as-
signed to a link on the boundary of a plaquette p,
the other U(x, y) on that p must be either 1,
U(x, y) or U(x, y) '. We have not examined in de-
tail the extent to which this condition is likely to
restrict N(S) for the set we are considering. We
wi1.1 return to this question shortly.

With these conditions, the allowed fields U(x, y)
contributing to the partition function Q for G split
up into disjoint regions each of which has U(x, y)
given only by 1, g or g ' for a particular gCC(G).
Since t" has a finite number of elements, for some
X, g"=1. Thus, the subgroup generated by g is
isomorphic to Z„. The minimum action S(P) de-
fined by (2. 2) then turns out to be 1 —cos(2v/N),
and the same N applies to all gEC(G). It follows
by an adaptation of the discussion we gave for Z„,
that the partition function Q for G becomes

q=M +exp[ —P[1 —cos(2v/N)]A(c*))m~" ',
(4. 17)

where c* is a closed (D-2)-chain on A, m is half
the number of elements in C(G), and B(c~) is the

number of disjoint regions into which c* can be
separated. For any particular disjoint region of
e* there are m different mays to assign that re-
gion a gGC(G) consistent with our restrictions,
hence the factor of m " '.

This expression should exhibit a phase transi-
tion similar to the transition in (4. 12). For large
A(c~) we would expect the disjoint regions of ty-

(pical c* to become large so that the factor m " '

makes a relatively unimportant contribution to
lnN(A). We therefore expect the critical P, here
to be the same as for Z„:

G = ln(1+ ~2)
1 —c os2w/ N' (4. 18)
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For T, 0, and I it turns out that Ãis 6, 8, and
10, respectively. A comparison of this prediction
with our results discussed in Sec. III is shown in
Fig. 12.

We now return briefly to the effect of our re-
striction on U(x, y) which share a common pla-
tluette. Clearly this approximation reduces N(S)
and therefore lowers our prediction for P, below
the correct value. At least as the lattice dimen-
sion D becomes large, however, the main con-
tribution to lnN(S) will come from the number of
ways large c* in (4. 17) can be embedded in A and
our condition on U(x, y) will be a small correction
to lnN(S). Looking at Fig. 12 it is clear that di-
mension 4 is already large enough for our ap-
proximation to be fairly accurate for T, 0, and I.
It is least reliable for I presumably because I has
the largest number of elements and therefore in
this case our approximation does the most damage
to the true N(S).

The error in (4. 18) will tend to increase for
larger groups. A version of (4. 18) for large-
dimension discrete subgroups of SU(S), for ex-
ample, could be completely unreliable.

Finally, it is perhaps worth mentioning the
obvious fact that for continuous gauge groups the
allowed values of each S(p) extend continuously
domn to 0. Thus, in effect, the correct value of
N in (4. 18) is infinite, P, becomes infinite and
transitions of the sort we have discussed do not
occur.
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