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We consider the renormalization of strong-coupling expansions for the Green s functions of a quantum field
theory. For the gP' theory that is an expansion in powers of g, '". In less than three space-time dimensions,
we find that conventional renormalization, that is mass, coupling-constant, and wave-function renormalization,
does not lead to a divergence-free renormalized strong-coupling expansion. In three or more space-time
dimensions there is a renormalized strong-coupling expansion which is finite term by term, but the resultant
renormalized Green's functions are triviil.

I. INTRODUCTION

Expansions in inverse powers of the coupling
constant of a Lagrangian field theory have been
introduced by many authors. ' ' These expansions
are at the same time expansions in integrals of
products of the inverse of the Feynman propagator.
Thus the integrals are much more singular (ultra-
violet divergent) than the integrals of ordinary
Feynman-diagram weak-coupling perturbation
theory. This raises the question of regular iza-
tion and renormalization. Bender, Cooper,
Guralnik, and Sharp' suggest regularizing by
putting the (Euclidean g, P') field theory on a d-
dimensional lattice. This defines all of the inte-
grals but leaves the problem of getting back to the
continuum limit (lattice spacing a- 0).

For d ~2, considerable progress has been made
by BCGS, and subsequently by Bender, Cooper,
Guralnik, Moreno, Roskies, and Sharp (BCGMRS). '
They have proceeded by finding reorganizations of
the unrenormalized expansion in 1/Mgc (derived by
straightforward manipulation of the functional in-
tegral) into new series which can be extrapolated
to a=0. For example, ind =1, which is the quan-
tum-mechanical anharmonic-oscillator problem,
the unrenormalized strong-coupling expansion,
which can be extrapolated to a=0, is an expan-
sion in powers of the dimensionless parameter
m, 'g, ' '. They have also obtained rapidly con-
verging extrapolants (for a-0) ind =2, in which
case a mass renormalization is required.

In this paper we address the problem which is
the analog of the standard renormalization prob-
lem of the weak-coupling perturbation expansion.
That is, given the "canonical" strong-coupling
expansion in powers of 1/Mg, arid defining mass,
coupling-constant, and wave-function renormaliza-

. tion by renormalization conditions imposed on the
Green's functions, can one choose the cutoff (1/a)
dependence of g and the bare parameters g„

m, in such a way that after elimination of 1/vg„
m, for I/Wg, m and multiplication by appropriate
g factors, the resultant renormalized strong-
coupling expansion for the renormalized Green's
functions has finite limits, term by term, for
a- 0?

We note that the coupling constant gc (or g) has
dimension a'i 4, so that the terms in the inverse-
coupling-constant expansions are more singular,
as a- 0, as d decreases —just the opposite of the
situation in the usual weak-coupling perturbation
expansion. In fact, the unrenormalized canonical
strong-coupling expansion is an expansion in pow-
ers of a " ' jug, so that for d & 4 each successive
term is more singular, as a- 0, than the preced-
ing term. This suggests that the strong-coupling
expansion is not renormalizable, in the conven-
tional sense described above, for d& 4. However,
examination of the renormalization conditions
shows that the critical dimension is actually three.
For d& 3, the conventional renormalization pro-
cedure does not lead to a strong-coupling expan-
sion for the renormalized Green's functions which
is finite term by term in the limit a- o. This is
not inconsistent with the results obtained in Refs.
8 and 9. None of the series which they extrapolate
to a=0 are conventional renormalizations of the
canonical 1jug, expansion. We also note that the
asymptotic (in g) limit of the conventional re-
normalization procedure is the double limit: first
a-0, then g- ~. The considerations of BCGMRS,
and also of Baker and Kincaid, ' for d & 2, involve
the opposite order of limits, first asymptotic in

go, then a-0.
For 3 ~d ~4, we find that the (almost) conven-

tional renormalization procedure can be carried
out. After the renormalization has been carried
out, the renormalization conditions plus simple
dimensional considerations completely determine
all of the renormalized Green's functions, com-
puted to any finite order in the renormalized
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strong-coupling expansion. They are essentially
trivial. We will discuss this result after we have
derived it.

H. THE UNRENORMALIZED STRONG-COUPLING
EXPANSION

F(&) =F(&)/F(0).

Then

(2.9)

The functional Q[J] may be normalized to @[0]=1
by replacing F($) in (2.6) by

The derivation of the unrenormalized strong-
coupling expansion is given in detail in BCGS, with

references to earlier related work. We reproduce
enough of it here to establish the notation and the
series to be renormalized. We deal with the P~

theory ind Euclidean dimensions. The field P is
the canonical, unrenormalized, field.

The functional integral for the generating func-
tional is

and

='X 1+ k]~ Bk J
k=0 0

(2.10)

goal

S(g)(xy), ~ ~ ) xg)
6J( ) 6J( )

nZ[ J]

The functional integral is rearranged as

(2.2)

g[g[ g(f [ggle=xpl- f gx[ '.(eg)*+~l-

, e g eggg[-I. (g. ()

The n-point Schwinger function (unrenormalized,
connected, Euclidean Green's function) is

lnZ[J'] =Co++ ))q, C),[J].
k= 1 ~0

(2.11)

BCGS give a set of diagrammatic rules which rep-
resent the terms in these expansions. The graphs
have internal lines, which are associated with an
inverse propagator G ' and vertices at which any
even number of lines come together. It follows
from (2.3} and (2.6) that, for a fixed number of ex-
ternal lines, each additional internal line brings
along an additional power of 1/vg, . The factor for
a 2P-line vertex is

Z[J]=% exp' --,' dxdy G '(x-y) 1 1
2[e 0/2 [6(0)]3//2-1 2[) e (2.12)

where

d exp dg g0 +J (2.3} where the I» are numerical coefficients defined
by the Taylor expansion of 1nF(x),

G '(x-v) =(m,'-e')6(x-y). (2.4) 1nF($) —g (2„},g (2.13)

The functional

q[g[=Z f [gg[exp —f g (,'g, g' ggx)+-
lee

(2..5)

5(0) =a '.
The function I' is

(2.7)

(2.8)

may be manipulated' into

q[g[=g(exp e(()) f gxl g(g, "e(e()) "g(x))
(2.6}

where 5(0} is the d-dimensional 6 function at zero
argument. This will be interpreted, with lattice
regularization, as

G '(P) =P'+m, '. (2.14)

So, in momentum space, each term in the expan-
sion is an integral over internal momenta q, of
polynomials in the external p's and internal q's,
with powers of m0' and a' making up the required
dimensions.

We now write out specifically some terms in the
expansion of S, and S„which are the starting
points for the renormalization procedure. The
graphs for S„ through order 1/g, ' (three internal
lines), are given by BCGS. We reproduce the
first three orders in Fig. 1. The 1/Mgo expansion
for S„ including the 1/go' terms (three lines) not
shown in Fig. 1, is

There is an integral over the coordinates of all
internal vertices, and each graph has a symmetry
number. At this point the character of every
term in the expansions is clear. There is a
(1/vg, )' and an integral over products of inverse
propagators. In momentum space, the inverse
propagator is
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FIG. 1. Diagrams associated with the 1/~go expansion of the two-point function. Solid lines go with a factor
6 (z~, z&). The dashed lines go with a factor 5(x; —z&). The internal coordinates (z's) are integrated over. The Q&
are the vertex factors, and the numbers in parentheses are the combinatorial factors for the diagrams.

S, =X21 — 2'Al+&, 'G ' + —'A'1+X~)(.,(—,'Bl+AG ')+X,'H

3 X6A2~46A'1+ ' '(AB1+A'G ')+X,'(~L+ —,'AB1+ —,'A'G ')+X,A, '(BG '+ —,'Cl+ ,'AH)+X, ~—I + ~ ~ ~ . (2.15)

In (2.15), A, B, and C are constants (independent
of x —y, or P') which do depend on the lattice con-
stant a, and are divergent in the limit a-0. They
are evaluated on the lattice by BCGS,

2d +mo a
2+4

L(x, y) = „„G (x- y)

(2d +mo'a')' —(2d +m, 'a')
+ 6+ 2d 5x-y .

a

The vertex factors are

(2d +mo'a')'+2dB= 4+d )a
(2.16)

(st)/2 -Z)d

2P (~)P 20 '

(2d +mo'a')'+6d(2d +mo'a')C= 6+8 0

a

1 is 5(x —y) in coordinate space and 1 in momen-
tum space. G ' is given by (2.4) and (2.14), and
transcribed into the lattice as'

1
G '(x —y)- —, —g (6, „+5,)

p —1

S, =l(S2 '

and inverting the series in (2.15) to obtain

(2.2 1)

In momentum space, the higher-order terms in
(2.14) include terms which are iterations of lower-
order terms. These are most conveniently sorted
out by writing

+(2d +mo'a')5, (2.17)

and

H(P) =(P'+mo')' I (P) =(P'+mo')' (2.18)

Notice that the lattice Fourier transform of (2.17),
in the limit" a- 0, just gives (2.14). H and I are
convolutions of G ' in coordinate space, hence pro-
ducts in momentum space:

X4 ~ $6 X6Ã4 X4 3

6x,' 48m, ' 8x,' 8x,'

+ — 21 AB+—C +. ~ ~ .

The structure of (2.22) is

Vga 2 2 2 2S, -—
2 ~), , +(P a, 1 m, , a )a a

d/2 -2 d/2 -2 2

(2.22)

L(x, y) =tG '(x —y)]'. (2.19)

After transcription onto the lattice, as (2.17),
BCGS evaluate this as (2.22')
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FfG. 2. Diagrams associated with the 1/v g() expansion of the four-point function.

4

-r, = s, '(p, )s, (2.23)

Terms including (P2a2)2 first occur in one-particle-
irreducible graphs with six internal lines. "

The 0-, 1-, 2-line graphs for $4 are given in
Fig. 2. After writing out the expression corres-
ponding to each of the graphs in Fig. 2 and multi-
plying by the 0-, 1-, 2-line terms from (2.22)
for each external leg, we arrive at the expansion
for the amputated four-point function

4/2 2

-r4-g, 1 + (i, m, 2a2)
Vgp

s4/2-2$ 2

Vgp j

(2.24')

HI. RENORMALIZATION

The renormalization of the two-point function is

1
82 =—S2 (3.1)

/I ) 3 )(., 5 X,'l, (I ~,)(.,

A.4+ —'Qf(s)+3(t)+X(u)) +
2

(2.24)

(2d +mc'a') + (2d +me'(22)'
+ 4+4a

The structure of (2.24) is

(2.25)

A and B are the constants given in (2.16). K(P2)
is the Fourier transform of (G '(g —y))', evaluated
on the lattice by BCGS as

ff(P2) =- „,(K+m, 2)
l

with physical renormalization conditions

3, '(P'=-m'}=0, , 3, '(P') =1.d
dp

In (3.2) P' = -m' because p„ is Euclidean four-
momentum. It is convenient to use, in place of
(3.2}, off-shell renormalization conditions

'(P =0) =M', 8, '(P') =l.d

=0
(3.2')

Equations (3.1) and (3.2') define the mass and
wave -function renormalization. The coupling-
constant renormalization is defined by a renor-
malization condition imposed on the amputated
four-point function. Define

4
(tt4( ~

r4(Plt P2t P3t P4), „,(32(pt) s4(Plt P2t P3) P4} t
4=Y

(3.3)
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where $4 is the Fourier transform of S» with
the momentum-conservation 5 function factored
out. The renormalization of the amputated four-
point function is

(3.4)

and the renormalization condition is

(f;)"=z.
lt is convenient to choose the off-shell symmetry
point p, =$2 =p, =p»=0.

Substituting (2.22) into (3.1) and (3.2'), we see
that the wave-function renormalization has the
form

4/2 2 2 L 2

= 1+ Z(0) +n Z(1) +. . .
k=O k=1

x Q zP'xx+Zpn"'x" +Z'Qn' 'xx*+
)k= -1 k=o k=1

(3.11)

where the Zk" and nk" are finite numerical-coef-
ficients (functions of the L»). Substituting (2.24 )
into (3.4) and (3.5), the coupling-constant renor-
malization has the form

1 4 qa'
$2

= a4 'Z'(I"4)„

=—
l &++ z,"'x'+q Qz,"xx X )k=O k=1

So to this order (through three lines),

(3.6)
x~ Qpt )y tzQ p( )y ~, )(k=0 k=1

(3.12)

z-~,g (""')' z. , (3.7)

2

1 & 2 6L 2
2

(3.8)

When one goes to higher orders in (2.22'), one
will encounter terms

d/2-2 L -1
( p2 a2)R(m 2a2)N

vg,
(3.9)

Z=1. Z(" n Z"' '"
k~O k=1

where

+N Z(~) +
k=N

(3.7'}

4/2 -2
g = ~ q =mo2g2.

Vgp
(3.10}

We note that all of the one-particle-irreducible
S2 diagrams that we have calculated, using the
lattice techniques of BOGS, have the property
that the term with R =1 and the maximum value
of 1V=L —1 is absent. [For example, see Eqs.
(2.19) and (2.20).] If this is true in general, then
in the term in (3.7') with qN, the sum on k starts
with k&N. Then Z= 1 +0(x). If it is not true in
general, then Z=constant+O(x).

Again substituting (2.22') into (3.1) and (3.2'),
the mass renormalization has the form

m=M a

a2ZS -1(p2 0)

where I, is the number of internal lines. With L
inverse propagators and R powers of p', one would
expect values of P7 from zero to L, -g. Then

q-1/x (for x-0). (3.13)

This marks a breakdown of the (bare) strong-
coupling expansion. For q- I/x, there are an
infinite number of terms in (3.11), and in (3.12),
which are of order x ', an infinite number of
order x, etc. To truncate Eqs. (3.11) and (3.12)
at some finite number of terms, we need a new
definition of order, which we take to be the num-
ber of internal lines of the associated graph. This
is the same as the formal expansion in powers of
1/vg, . For example, Eq. (2.15) includes all terms
with from zero to three internal lines, and Eq.
(2.24) includes all terms with from zero to two
inter nal lines.

We can now discuss the behavior of x, q in the
limit of a-0, as determined by (3.11) and (3.12)
truncated at any finite order, as defined above.

Now if we can determine the dependence on a of
g„mo (x, q) so that (3.11}and (3.12) are satisfied
as a-0, for fixed g, M, then we expect that after
eliminating g„mo from (2.22) and (2.24) in favor
of g, M and multiplication by the appropriate Z's,
the resulting renormalized 82 ', I» will have
finite limits for a- 0. Inthe limit a-0, m =M g'
goes to zero, and for d & 4, so does I/$2 ~ga4 '.
(We will discuss the case d =4 separately. ) After
truncation at any finite order (maximum power
of the expansion parameter x), we can think of
"solving" (3.11) and (3.12) in three steps. First
solve (3.11) for q(x, m). Substitute the resulting
ri(x, m) into (3.12) and solve for x($, m). Substitute
x($, m) back into q(x, m) to obtain q(g, m). Already
at the first step we learn something significant
about the strong-coupling expansion. Since n ',
= I/Lzzk 0, Eq. (3.11) will have a solution in the
(bare) strong-coupling limit x- 0 only if
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1 go-0 (3.14)

For a-0, we have m- 0, and (3.11) becomes an
equation to determine q(x) =q(x, m =0). When this
result is substituted into (3.12), with I/$' =0, the
resulting equation is an equation to determine z,
in the limit a=0. We can make this more explicit
as follows: In any finite order, (3.11) is an alge-
braic equation for q, depending on x, but not on
m, in the limit a=0. Thus it will have some num-
ber of solutions, depending on x, q„(x), each of
which behaves as 1/x for x-0. Then we may ex-
pand x))(x) in a power series in x, and truncate it
at the appropriate finite order. Now multiply Eq.
(3.12) by x», set I/$'=0 (the limit a=0) and sub-
stitute the polynomial from xq„(x) into the trunca-
ted (3.12). Multiply out the polynomials and again
truncate at the indicated order. The result is
another algebraic equation, for x, 0 =P„„(x),
with solutions x„„which are independent of
m, $. Thus the various "solutions" x, q of the
renormalization conditions (3.11) and (3.12) all
have the property that they have finite limits,
independent of $, m, for a-0. For aWO, x, q do
depend on $, m in just the way required to satisfy
the renormalization conditions (3.11) and (3.12).
The multiplicity of solutions of the renormalization
conditions [arising from the breakdown of the
strong-coupling expansion implied by (3.13)] is
not a problem for the renormalization program.
When we construct the renormalized Green's
functions we require only the knowledge that x, g
have finite limits for a- 0, and that they satisfy
the renormalization conditions (3.11) and (3.12).

In four dimensions, the only difference is that
I/('=ga =g is independent of a; hence the
(finite) limits of x and ri as a-0 do depend on $.
The asymptotic limit (g, - ~, x- 0) of (3.12) gives,
in this case,

1—-(constant) —(independent of a for d =4).
go

suits to determine the renormalized Green's func-
tions to any finite order (in the number of internal
lines). Start with 3,. The generalization of
(2.22') to any finite order is

s, ')p') =/A, (x, g)(P')')a')' '. (3.15)

The A&(x, q) are multinomials in x, q. Since x, q
have finite limits as a- 0, so do the A~(x, q). The
renormalization conditions (3.2') determine

——2=M .
A, a'

(3.16a)

(3.16b)

[The )7 which solve (3,11) determine A (x, )7) -m
-a' for a-0.] Thus

= lim Q~(P')'(u')' ' =M'+P'. (3.17)
A

) A,

For I'», the generalization of (2.24') to any finite
order is

k l ~k ~l y 2x 2~y (3.19)

and the Az, ...& (x, q) are monomials in x, q, hence
they have finite limits for a 0. The renormaliza-
tion conditions (3.4) and (3.5) determine

(3.20)

[The x, )7 which solve (3.11) and (3.12) determine
A, ...,(x, q)-1/g'-a "for a-0.] Thus

~ 1
I'»(s„) = a p ~A(,...~ (x, )7)

x (s,~, ~)
'

~ ~ . (s, , ) '(g ),
(3.18)

where

The constant in (3.14) can be evaluated to any
order in internal lines, but this has no numerical
significance because of the circumstance of g
being of order I/x=Mgo. It is striking that the
coupling-constant renormalization is finite in
d =4 in the strong-coupling expansion. This hap-
pens because the strong-coupling expansion in-
volves only integrals over polynomials, "hence
it never produces any logarithms. For the same
reason, the dimensionless wave-function renor-
malization (3.7 ) is finite in the strong-coupling
expansion.

Now that we have determ. ined the behavior as
a-0 of the solutions (x, q) of the renormalization
conditions (3.11) and (3.12), let us use these re-

!'g for d&2,

=(g+ ~ A, „(x,)7) s„ for d =2,

!

k, l - a=o

for 4& 2,

(3.21)

i.e. , the renormalization of the strong-coupling
expansion fails for d& 2. Recall the earlier re-
mark that the ultraviolet -singularities of the
strong-coupling expansion became more severe
as the dimension decreases. The coupling-constant
renormalization has eliminated the leading diver-
gence (as a-0) from I;, but for d&2 there are
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nonleading divergences, the a s»a' terms,
which are not removed by the coupling-constant
renormalization. If we go on to consider the six-
point function, for which there is no renormaliza-
tion condition in the P~ theory, we find that the
renormalization fails for any d&3. From the
first few terms in the (bare) strong-coupling ex-
pansion and simple dimensional considerations we
determine

&&/A,",.', (x,q)(s. ..a') '
~ ~ ~ (s, , a') ' (3.22)

and

(3.23)

Since Z is a finite function of x, g, it is sufficient
to consider (3.22). We already know that renor-
malization fails for d&2. For d&2, the most sin-
gular term, as a-0, is the smallest P for which
there is no renormalization condition, i.e. , I', .
We see that

0 for d&3,

I', ~0 a'" '= constant for d =3,
for d& 3.

Finally, in four dimensions

I'»(s~, ) —0 for all 2P&4 (d =4).

(3.24)

(3.25)

Equations (3.17), (3.21), and (3.25) are the bases
of the assertion that, to any finite order (in inter-
nal lines), the renormalized strong-coupling ex-
pansion gives essentially trivial Green's functions
in four dimensions (in fact, for any d & 3).

IV. DISCUSSION

We have studied the technical question: Can one
carry out the renormalization of the canonical un-
renormalized strong-coupling expansion for the
Green's functions of the P~ theory and obtain a
renormalized strong-coupling expansion which is
finite order by order as the cutoff is removed
(lattice spacing a-0)? The problem is complica-
ted, compared to the analogous problem of re-
normalization of the weak-coupling expansion, by
the circumstances that the two-point function in
lowest order in the strong-coupling expansion is
not the free two-point function and, in less than
four dimensions, the degree of ultraviolet singu-
larity of the terms of the canonical strong-coupling
expansion increases as the order increases. We
have found that the standard renormalization con-

ditions (for mass, wave-function, and coupling-
constant renormalization) do not lead to a finite
renormalized strong-coupling expans ion in less
than three (Euclidean) dimensions. In three or
more dimensions the renormalization procedure
does lead to an expansion which is finite order by
order, where the order is defined by the number
of internal lines in the associated diagrams.
However, the resultant renormalized Green's
functions, to any finite order, are trivial.

We believe thai these results have a certain
intrinsic interest, but we conclude that the con-
ventionally renormalized strong-coupling expan-
sion does not tell us much (or anything?) about the
P~ theory. In low numbers of dimensions (d ~2),
the failure of renormalizability of the strong-
coupling expansion is completely misleading,
since the P' theory is known to exist. In one
Euclidean dimension, the unrenormalized theory
is finite and solvable, and it is known that the
true strong-coupling expansion is an expression
in powers of the dimensionless parameter
~p'gp '". Thus, in this case, the question of the
renormalizability of the canonical strong-coupling
expansion (which is in powers of g, '") is irrele-
vant. 's In higher dim'ensions (d ~ 3), our results
superficially resemble the results of BCGRS' and
of Baker and Kincaid" (see also the earlier work
of Wilson" ) who claim numerical evidence for
the triviality of P~ theory in four dimensions.
However, the two statements are really very
different. BCGRS and Baker and Kincaid do not
carry out coupling-constant renormalization. They
attempt to compute g, defined as (I'4)„, in an
asymptotic limit, first g, - ~, then a- 0, and find
some numerical evidence that the renormalized
coupling constant g goes to zero in this limit.
In our study of the renormalization of the canoni-
cal strong-coupling expansion, the renormalized
coupling constant g is an input fixed parameter,
and the corresponding asymptotic limit is first
a-0, then g- ~. From the standpoint of the
renormalized theory, the analogous calculation
would be to compute

and to see if the limit g, had some unacceptable
value, i.e. , negative or complex. In fact, the
renormalized strong-coupling expans ion cannot be
used for this because every term in the expansion
with order defined by the number of internal lines
is of the same order in I/Wg, so there is no nu-
merical significance to any finite order. Finally,
we remark that the triviality of the renormalized
strong-coupling Green's functions (in d ~ 3) is a
direct result of an essentially unphysical feature
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of the strong-coupling expansion —to any order of
approximation, in the unrenormalized theory with
finite cutoff, or in the renormalized expansion
with 1/a- ~, none of the amputated Green's func-
tions have any imaginary part. In the limit a-0
they are approximated by polynomials in the mo-
menta. (For finite a they are entire functions of
the momenta. ")
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