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Constraints for NV =2 superspace from extended supergravity in ordinary space
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The constraints on the supertorsion and Maxwell curvatures for N = 2 supergravity are derived from N =2
extended supergravity in ordinary space with a closed gauge algebra. Nonlinear constraints are found.

I. INTRODUCTION

Supergravity can be formulated in ordinary
spacetime or in superspace. In ordinary space-
time the theory obtains a closed gauge algebra if
one adds auxiliary fields. For N=1 supergravity,
the minimal set consists of a scalar S, a pseudo-
scalar P, and an axial vector A ,.! For N=2, one
set is known®™ which is presumably minimal and
consists of two spin-3 SO, doublets (\},x%), two
symmetric traceless SO, tensors (A, P¥), four
antisymmetric SO, tensors (V¥ ,#4 M N#),
and three SO, scalars (4,,5,V,). The gauge
algebra of spacetime symmetries, SO, rotations,
and supersymmetry closes, and the structure
constants depend on physical as well as on aux-
iliary fields.

At this point we emphasize that the SO, group
we consider acts only on the photon B but not
on the indices i of ¥, etc. In other words, this
local SO, gauges the central charge of N =2 super-
symmetry, but not the outside charge which ro-
tates the generators Q* and @’ into each other. -
For the action this simply means that the photon
only appears in the Maxwell curl, so that the
action is locally SO, invariant, but not, for ex-
ample, as 9,9, +ec*'Bify — (L —v). As a result,
local supersymmetry and SO, commute. The

.reason we make this choice is that in Ref. 3 only
the results for this case have been given. The
N =2 extended supergravity model was first found
in Ref. 5 and an extension to a local SO, which
acts on the indices for ¥, was given in Ref. 6 with-
out auxiliary fields. This result agrees with a
group-theoretical approach, in which one gauges
Sp(4) X SO(2) (see Ref. 7). Inthis de Sitter algebra
the photon charge appears of course on the left-
hand and on the right-hand side. If one takes a
Wigner -Indnii group contraction, one reverts to
the SO, which is a central charge. Thus, we will
consider a base manifold R* in which general
coordinate transformations act, and a tangent

manifold in which one has local Lorentz sym-
metry and local supersymmetry as well as SO,
rotations of the photon alone. The latter still
enable one to compute the parameter composition
law for the SO, parameter. Also, in superspace
we will restrict ourselves to this kind of SO,
group.

In superspace one needs constraints on the
supertorsions. For minimal N =1 supergravity,
the constraints read (a,b,c are four-component
spinor indices, and 7,s,?¢ bosonic indices)

Th==3(CY)gy, T =T5,=T%,=0. ®
They were found by a series of unrelated argu-
ments,® but no systematic method seems to exist.
However, one can establish a bridge between
ordinary space and superspace by making a choice
of gauge in superspace and requiring compati-
bility.°"** In this way it was found!? that the set
in Eq. (1) follows from the gauge algebra for
N =1 theory with S, P, A . If one replaces in
superspace at § =0 the ordinary spin connection
w%(e, d) by the improved spin connection, one
finds'? the constraints which also appear in the
approach in which superspace consists of two
small chirally conjugated superspaces.'® Also
for N=1 conformal supergravity, the constraints
in Eq. (1) hold.’* Moreover, the bridge between
ordinary space and superspace yields here also
the local scale and chiral transformations in
superspace, and they agree with the ones pre-
viously proposed.!®

For N =2 superspace, Wess has proposed a set
of constraints on the supertorsion similar to
Eq. (1).'% In this article we construct these con-
straints by using the bridge between ordinary
space and superspace and assuming the results
of the N =2 auxiliary fields.>® Qur results are

4 =—%5ij(c'yr)ab9 T:S=T -O:
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where the symbol A€ in our method is the N =2
auxiliary field, and as we shall discuss, must be
replaced in Eq. (2) by

Api =2T§75k : : 3)
The last two constraints in Eq. (2) are conse-
quences of the following constraint which we will
derive

TS =365(6:,0% — 38560y, . (4)

Ai, Bf

Just as in the N=1 nonminimal theory, one can
introduce a spinor superfield T 5, such that its
6 =0 component equals A,,. Capital letters denote
two-component spinors (see the Appendix). We
used in Eq. (2) four -component notations where
it led to a simplification. In addition, we find for
the SO, curvatures in superspace the constraints

F:{. s =0, F;.L Py B 7—1-2'_ Cabél'z:ia{] .
The symbols () and [ ] denote symmetrization:
and antisymmetrization; for example, A‘'B¥’
=A'B+AB'. For F'! we find the supercovariant
photon curl, while Tig contains the supercovariant
spin-% curl and T;”;" s contains many auxiliary
fields. Our results agree with Wess’s results on
many points, except that he proposes (in our no-
tation)

€“DA,TM' éjCk =0 (5)

which we do not find. (Note that Wess raises
isospin indices with €'/, whereas we use §%/).
Specifically Wess has proposed the constraints
(in our notation)!?1®

T;i' bj +%6i1(cyr)ab =T:s =T .‘0' ’ (6)

:i, s
T 43,55 = Tas, 5= $im€01 T as, 5 % =0, (M
in addition to the constraint of Eq. (5). It can be
seen that our results [first line of (2)] agree com-
pletely with Eq. (6) above. Similarly, the first
two results in Eq. (7) agree. To see the equiva-
lence of the remaining algebraic constraints, we

note that the general solution of the “cyclicity”
and traceless equations on T ,,, é,é" is

T, 3" ék = (5§5: - %5,55}")&9‘3". (8)

for some spinorial quantity f, éc',,,. Next there is a
dimension-3 superspace Bianchi identity,

[[:DAi Dgy },Bék} + Hﬁék’ DBJ} ’ DAi} |

+[[5ék: DM}, 931} =0, (9)

which on using the constraints on T7; ,, and T}, ,
yields )

T 44, 5576 0)ép +Tén, 571074 +T s, 4" 4055 =0

(10)

as the coefficient of D,. This equation can be
multiplied by (0,)3,. Utilizing the Fierz identity
for two-component spinors (see Appendix) we
obtain a result which contains two independent
equations:

fA(];é)m':O»fAécm:%GcéTAm’ (11)
TSh 5= —3€,450% TS — 56,€ 5y p 04T . (12)

From Eq. (8) we thus obtain

Ty, 5,57 =305(6,,08 — 308017, (13)
and complete agreement has now been shown ex-
plicitly if one identifies T',;,=2,,.

The differential constraint, however, is in dis-
agreement with our results. To show this, we use
the fact that T, the superfield defined in (11)
and (8), is a good tensor. Hence, using the com-
patibility method followed in this paper, one finds

8(e)ne™ = [(¢818/2.98) T *™(x, 9) ;.o - (14)

From the supersymmetry variation 6(¢) of the
auxiliary field 24" as given in Ref. 3, one finds
that

DbjTai =["7u -%(V""ihd)“ -%VG;,
=M +iyN) 1%, = X%y, (15)
The constraint in (5) becomes with (13)
D M4, +k—m =0. (16)

Substituting (15) and using two-component nota-
tion [which means multiplying by (1 +y,)?, =562] we
find 4

2564 +2ip —2ANBle,  =0. )

This completes the proof that the formulation by
Wess is inequivalent to that of de Wit and van

"Holten. We have not, however, shown that the

formulation of Ref. 16 is inconsistent. This re-
quires a detailed study of the superspace Bianchi
identities. Perhaps it allows no action.

Fradkin and Vasiliev? have also given component
results for SO, supergravity. Between their first
and second works, -they have made many field
redefinitions. However, the net effect of these
redefinitions is to bring their formulations into
precise agreement with the form first presented
by de Wit and van Holten. [The differences in
notation used by these two sets of authors obscures
this fact but, utilizing SU(2) Fierz identities,
equivalence has been found.!?]

We have not constructed the constraints on
Lorentz supercurvatures, since they follow ac-
cording to a general theorem from the Bianchi
identities, once the supertorsion constraints are
known.2° '
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Many other authors? have studied constraints in
superspace from points or view or by using me-
thods which differ from ours. We intend to com-
pare in the future their results to the results
obtained by the method we follow, and to see
whether proper choice of integration constants
can simplify our or their results.

II. CONSTRAINTS IN FOUR-COMPONENT
FORMALISM

We extend to N=2 supergravity a method used
in Refs. 9-12 and 14 for finding superspace con-
1

straints. The SO, theory with auxiliary fields®™
is invariant under local supersymmetry s, Max-
well m, and Lorentz transformations 7, all of
which act in the tangent space; and under gen-
eral coordinate transformations g acting in the
base manifold. The closed gauge algebra® is
given by

[6(61) (,01 axl 3 Ei)aé(izy(pz, )\2, 52)]
=55(€12) +5m(§01z) +61(7\12) +5g(£12) , (18)

where

i v i1 i, 1— i i —ri —ri
€12 =E[59,€0, +§7\;§°rs€11] +E€i‘7’p€§(‘/); +¥,\) —%(5}'551 +€ 517555]75)7\‘1

1 =(i ) =i
=5(€ el v, + €l Y ysed vy )N +1E 0™ e) o, N

ij = gv i 1 i 1 =Tt i
P12 [2av¢1j] -3€5%esh,? =73 ‘,5{ EE’] +¢EZ‘PH s

7S = T ty & 1= 1—i ad —_ ; ;
Mz = E@ AT HARA = €1y G wp® +3€1(T +y,T)*Hed +3€((0™n' +n*o™)e] (19)

[T 1= i
glz = ‘El[’zavgr] +?€'|’:2 7“611

and the supersymmetry variations of the physical
fields are

ey =%'€-i7r¢f‘ ’

1
obi =—7—-'2—€[ ¥l (20)
oL =D, e’ + z—Au'ysei +3(Vid +ybiniN)ed

2

=5 G +iurN))rse’ — 50+ THy,e!

= 3vuned = 3@ UNh - 3@\l
In the case of N=2, the ¢¢ term in (19) vanishes.
The notations are as in Ref. 3, the gravitational
coupling constant « is taken equal to 1, and ¢ is
normalized such that 59}, =8,¢ + more. Under
" Maxwell SO, rotations, b =~8,¢% (thus our
signs in ¢!] differ from Ref. 3).

In superspace we assume three local sym-
metries!!; general coordinate transformations
8,(E™) with I1 =(i,a), local Lorentz rotations
6,(A™) and SO, Maxwell rotations §,(®%). The
index convention is as in (12) and (14). The para-
meters Z%(x,0), A™(x,0), ®/(x,0) depend on x*
and 62! with @ =1,4, i=1,2 since we consider
N=2 superspace supergravity.!! The superfields
are the vielbein EA(x,6), the Lorentz connection
Qr"(x, 8), and the Maxwell connection B}/(x, 6).
Their variations under the whole symmetry group
are

6(Z,A,®)ES =Ers, EA + (3, Z2 ) EY
+%ArersEr‘? +%¢ining ’
5(Z, A, @) =Er0, QFF + (9,240

-3 Ars_QrtAts_QstArt (21)
hid n 14 ’
5(=,A,®)BY =523, BY + (3, E*)BY

_an@ ij __Brilnq)nj _Brjlx@ix ,
where the generators of Lorentz and Maxwell
transformations X, and Y;; act on tensors as
follows:
BATX Ef=A", By, A"X, Eft=:(A-0)"Ey, (22)

$®HY Ef=0, 3@y, BY =o*Bi' +3"BE .

In N =2 supergravity, the B® terms in (21) and
(22) vanish. From (21) one can extract the super -
space gauge algebra'l:

[5(EI’A13 61)’ 5(E25A2’ ¢2)] =GG(EIZ) +61(A12) +6M(q)12) ’

Tl — A —1 =11
Fp S Erp0, T +0,
=12 29a-=11] [1=21,
tAt n (23)
rs — r S = rs rs
A12 ‘Arz Al] +~*[23nA11 +5[1Az] ’

if =HikPRi 471 if i
‘1’12 q’[zq’n'*"-'[zanq’l],"'éuq’z]‘

Finally, we define covariant derivatives, super-
torsions, and supercurvatures:

Dy =85+39F X, +3Bly,,, D,=E\D, ,

i

[DA, DB} =- ZT?QBDC +§R'X$Xnn+%FiijBYij >

(24)
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so that
TS, =3(-)**" B E}[D, S - (-A"DyE¢],
R:r}a = (-)A(B’H)EﬁEg[aAﬂﬁ" - (-)Anangxm
+QUeQn — (-NQmeeP],  (25)
FYfy== (N BOELEL o, BY — (-)e;BY
| +BI*BY - (-p"BEBY].

We have chosen the same sign for the X and
BY terms in Dy, so that our BY term has opposite
sign to the one in Ref. 11.

We proceed now as in Refs. 12 and 14 by first
choosing a gauge through the identifications at
order 6°;

Ej(x,9=0)=el(x), E°(x,9=0)=£(x),

Q8 (x,9= 05 =wis(x), A™(x,9=0)=r"(x),
EZ(x,9=0)=yg(x), = (x,9=0)=€*(x),
Bi(x,9=0)=b}(x), ®"(x,9=0)=¢"(x).

(26)

Then the higher-order components follow by re-
quiring consistency between the gauge algebras

of SO, superspace supergravity and of SO, or-
dinary supergravity. As the purpose of this paper
is to find constraints on gauge-invariant quanti-
ties, all the “integration constants” are set equal
to zero. The results, to first order in 6, are

given in Tables I and II

Using (25) and Tables I and II, it is now straight-
forward to derive Tﬁs(x, 6=0). We get the fol-
lowing tensov relations (therefore true to all
orders in 6):

T =T, 670, T o= =50;,(C¥')p,

ns=T,
T3 5 =50, ,(CY )gs(veX*)°

= & [68,Co05; +8%,(C¥g), (2 0)°]

— L85, (CY") (oA ) + 8, (CYs) oy (YoYsA 1)

+ §68,(Co™) (00 (27)

R =14 kR R
T:.s_zere:(z/)&ovv ¢ —z,bf,“ngf (T‘;L.Bj)’

ck =87 (Tck Lrrck
Tai.s d)sl (Tai' Bi ) + ZHs. ai >’
where (&) is the supercovariant spin-3 curl,
i.e., )

W)™ =Dy} (28)
and D, is defined by 5 %=D,e* [see the super-

symmetry variation of $ in (20)]. He . is the

tensor e}(D,,EZ* — D, ES*), which can be written
(order 6°) as

e%d,EF - 3(w, - 0)0%5% (29)

and from the explicit form of E*(x, 6') we see that
the w terms cancel, leaving

TABLE I. Superfields to order 6.2

Em=el+ .;.5 bymyi
EZ=0-1@7",

. B i .
B =g 4 Loy -0 9 42 A, 05997 + $(V ¥+ FEA 99 = IAY 4 4G Lvp )] 050 7)" = 0 - TH, 0

= $un* 99 - L3N N _ L G iy (vspl)e

B = 050! + £ 09)e (7, M)% = FIS L 6EME + (§ Uyg) 65 (vs1 2]

= 1B Ya8P A% + (B By 25)a 8 0,128 + LB U0 )08 (0, A%

Bi=pif _-lﬁs(ﬁ Ligsd)

1 -
3 (S %6/h

By =0+

Q“,"s: wu.rs + %’5 ‘[_ ‘Yr(l,b“f: : + ys(d'ﬁbrv)‘ —yu(w;.év) i] + é’ﬁ i(o'fsﬁ‘j + ‘Fli’o’s)z[){‘ + T:'Si(' t,fé +?j§'y§)zp{‘

+ E9 TV eYar+ Tl vevevs Dol

Qy;,rs=0 "‘%'[5‘ T+ ‘Ysi‘),_,,’,,]a S NN +N}oy)]a

247¥ contains only the S, P, A fields (7' =S6% + iy;p — iy 6%),
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TABLE II. Superparameters to order 6.2

I

Bo gk —%gj’y“é)j

iy

= el Lamyiy LedyPoii vy )

—iEloh e [iyssjlys))tj_i_ié(g(i.ypsj)yp + € liy by 93ty ypd + 1€ 9029 7) g, NI

e id gy 1 (Shypehypii )
o @Y+ 2%y PeR)pl + 2«/'?3'6]

A= XS~ L@y S)wpe + LT + ;Yo g + A0t 4 nidg )90

2A term —¢¥97 in =i present in Ref. 1 is absent here, because our S0, gauges the central

charge.

Hck

7 ai

(6,9 =0) =54 (3,)7,0% + (A +TEN1)07 8]

"zz‘(A':f'+i($’:vsx’>s)<vs)°.,éi -3(0 T*y,),0]

= 3y, )% 03 = ZOTNI ST — (85 (vs\) )5 (s, )

We turn now to the B -field strength Fi/;, and we
derive at order 6°:

. . 1
Fii=ereg(dubif) + 7 gliyl?,
(31)
. 1 .
Fil s=0, Fitjz,wz'ﬁ C,,05'07" .

Notice that the right-hand side of the first re-
lation is the supercovariant curl of b [cf. the
supersymmetry variation of b in (20)].

III. CONSTRAINTS IN TWO-COMPONENT
FORMALISM

We can now rewrite the constraints using the
explicit representation of y matrices given in
the Appendix, and we immediately get for their
dotted and undotted components

r —pr  —mpr =
Tm'l TAiv m TAir Bj 0 ’
r =_L.r

T 5=~ 5001505,

Ce - 3 r NC _1lgC kD
T4, 5=~ 3€ 4500251 — 00 4€ »OGA)

=1 2 _ 1

T{j\t. Bj =205(0,,0% - 25’;5%)75&2 s

G —15C 1

Aki. Bs =3075(8,,0% - 20%65)0 5, (32)
TCi =0 3 _LsCoDr =0

Ai,Bs "’ T AiyBs 2B Aypy
TS =0

AiBs Yy

ij . =pid =Fil] =pij =
FAk'BE FAk,El FAk.s FAk.s 0’

, 1
Fi pe = _‘/_—2‘5,43515{5?1” ’
Fii 1 .

Ar, B = -7—-5-65;,6,5‘53” ,

F}! . =supercovariant photon curl.

(30)

r
Note that A, can be replaced by ZT’g:Bk, as we see
from the expression of T$% ,,. Hence, A, is the
6 =0 component of a superfield T,,. -

Note added. Breitenlohner and Sohnius in Ref.
4 have also derived a set of constraints on super-
torsions and supercurvatures in superspace with
(gauged) SU, internal symmetry. The torsion
constraints read

Tni. b]r = %eij(c')/‘.}’yr)ab s Tai, mr =0 )

T,;,», " should not contain spin or isospin 2:

mn

(T0,aClys) " ¥T, *=0, T,7=0,
F o, 05 =€,5(C¥s) 5 €xp(C) .

They do not impose a differential constraint and
state that their formulation is equivalent to that
of Refs. 2 and 3, the difference being a rede-
finition of fields and connections.

Recently, J. Wess replaced his differential
constraint in Eq. (5) by

c LBe_pém. Bk
DiTe;, 57 =DiTs;, 5™ -

With Egs. (13) and (15) one may verify that this
constraint is not in agreement with our results.
However, we can propose an alternative to Eq.
(5) which is satisfied. We find

(D4, -2T4, 5, BMT ;6. 6,)
+€ "2[(1_3‘41 - ZTAm. BI, Bm)Tﬁi. Ck, c}] =0

To lowest order in 6 this equation merely implies
the reality of S and P,

Stelle and West (Ref. 21) applied an algebraic
method of determining constraints to N=2 super-
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space supergravity. All constraints were deduced,

with the exception of the differential constraint.
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APPENDIX: TWO-COMPONENT FORMALISM

We give here our conventions for two-com -
ponent spinors, and the explicit representation
of y matrices used to translate from four-com-
ponent to two-component formalism:

—-io . .
Ye= *), o, are Pauli matrices
oy,

[ 1 [
74 - ’ 75 - )
1 -1
1 +v, 1- Y,
X4 ( 5 )X X;= (—52 )X,
XA = (XA)*, XAE(XA)* .

Lorentz transformations on spinors
Xa’= (e(llz)w‘o)abXb ,
X’A'={exp[($+ i;)!ia]}ABxB ,
x;={expl(@-i)i51}42X 5,

iw}m
w, = 1€ w0t , o= 5
Invariants:
€48, €45 (€1 =1),
AB ;5 (e3=-1),
) )
84, 61§ .
Contraction rule:

X,=XPep,, X4=et"Xy

and similar for dotted indices. From the de-
finitions

(0u)43=3,i1)43,

(Ou)jBE (6, —il)A'B;
it follows that (0,),3=(0,)3,. Conversely, given
(c“)“é and defining (0,)3;=(0.) 54, Where (0,)z3
=(0,)%Pe €54 One finds the quoted result for
(04) ;5 Since the (0,);, are Hermitian (except
for u=4), (0¥),3=(0,);5(-)"* as the indices
suggest.

y matrices in two-component notation:

) AB €
Yu= (Uu) , C='y472 —_-< AB ! >’
i(ou) i e4s

TR <["“’°"]" \.
%[OIMQGV]AB

Note the useful properties (due to €;3=-1)

(0,)15(0")P4=20"
(Uu)jg(cu)él) = 2€,ic'€ BD
(o) 15(0*)%0 =208205

(0")45(0,) g = 0404 +2(0" ) -

Our conventlons are further that Cy,C™ =-97

and 9, o for a Majorana spinor. [Since in
a general representatlon C™ =~ C does not always
hold, one should not define 6% =C*¥§7. This is
already obvious from the indices of (y,‘)"‘,3 be -
cause then C has indices C,4 and not C*®.] Re-
quiring that Co,,C* =-¢1, (i.e., that 6 trans-
forms as 9*74) leads to the general solution
C=A(1+v,)0, +B(1 - v,)o, since X* and X trans-
form in:lependently, but invariance of the Dirac
equation equates A to B.

The four -component contraction X1 =y ceax“
becomes in two-component notation - XAx, x
=X M +x ;M since C= (€amr€? 5) and one always
contracts as Me ,, and eaBy 3
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