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Consequences of the angular momentum of the cosmic microwave background

Edward L. Wright

(Received 9 Jurie 1980)

A nontrivial conserved isotropic total angular momentum for the cosmic microwave background radiation in the

chronometric theory of cosmology gives a distribution which is isotropic when viewed from the origin of the angular

momentum measurement, but not homogeneous. Everywhere except the origin (and its antipode in a spherical

universe) the distribution is not isotropic. Furthermore, at the origin the spectrum reduces to the Planck law and

cannot explain the observations of Woody and Richards.

Woody and Richards' have observed the cosmic
microwave background radiation (2-K background)
and found a small but possibly significant devia-
tion from the best fitting Planck function. Theo-
retical calculations generally predict a spectrum
that is wider than the Planck function, "but the
data of Woody and Richards 8,re narrower than a
blackbody. Jakobsen, Kon, and Segal (hereafter
JKS) have proposed a radical model of the back-
ground, which claims to be able to fit the Woody
and Richards data. It is the purpose of this paper
to show that' the proposed model gives a micro-
wave background that is not homogeneous, is not
isotropic except at one (or two) points, and gives
a Planck spectrum at the point(s) where it is iso-
tropic.

JKS use the chronometric cosmology' which

predicts that space has spherical geometry with

a radius R -3 x10" cm, then work in units such
that @= c = R = 1. In these units, they find that
the eigenstates of photon energy are v = 2, 3, ~ ~ ~

&

where v is the magnitude of the photon wave vec-
tor, so E =P/c = Kv/c = v. Therefore, a photon
circumnavigating the Universe accumulates a
phase change of 2nRv rad or simply v complete
cycles. Note that v = 6 cm ', at the peak of the
3-K background, corresponds to v = 2' v -10",
so all quantum numbers are enormous, ju,stifying
a classical approach to the calculation. A com-
plete set of commuting quantum numbers4 is
formed by the energy, the total angular momen-
tum M' = rn„'+ m, '+ m, ', the s component of the
angular momentum m„and the helicity X, where
the eigenvalues of I' are l(l+ 1) with 1 an integer
1- 1&v, the eigenvalues of m, are integers -l
&m, &l, andk is+1.

The microwave background for a constrained
total energy and total I' is given by JKS as

V
2

E(v) = 4v (e""' —1) 'fdl .
0

Here P and y are Lagrange multipliers to be ad-

justed until the total energy and total angular mo-
mentum constraints are satisfied, and E(v) is the

energy density in photons with wave vector v,
averaged over the entire universe. The effect of

, the parameter y is to suppress states with /

&y ', and if y=0, all the allowable l's for a
given v are populated according to their statisti-
cal weights. Thus, the difference between the
JKS spectrum and a blackbody is due to a rela-
tive absence of high-angular-momentum photons.

What are the characteristics of the high-l pho-
tons'p Classically, a particle with momentum v

and angular momentum / has an impact para-
meter 5 = l/v. Quantum mechanically, a, state
with wave number v, angular momentum /, and

m, = nz is given in flat space by

g(r, e, y) =~ (vr) 1', (e, 4), (2)

where Y, is a spherical hermonic and j, is a
spherical Bessel function, and for r &5 = l/v the
radial wave function is not oscillatory but decays
like (r/b)'. Since /-10'8, the probability of find-
ing a particle with ~ &b is negligible. Thus the
high-l photons are the ones that never approach
the origin of the (r, 8, P) coordinate system. That
the value of l for a photon depends on the origin
used for its measurement follows from the clas-
sical definition L = r xp. While JKS take l as the
total angular momentum, not just the orbital ang-
ular momentum, the difference is not significant
for l-10' and a photon spin of 1. In any case, the
total angular momentum is not invariant under
space translations. Quantum mechanically, the
density matrix depends on /, so it does not com-
mute with space translations. JKS recognize this,
and impose spatial homogeneity by making an arb-
itrary translation (rotation in a spherical uni-
verse) for a given base point. This can be done
for one observer, but not for two observers sim-
ultaneously. In what follows I will show that we
must be at the coordinate origin, and that, there-
fore, the background spectrum we observe is a
pure Planck function.

While the previous paragraph considered a
Euclidean geometry, the result can be carried
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over into a spherical universe by identifying the
impact parameter l/v with the smallest classi-
cally allowed value of sinx in the standard &, ~,
Q coor ma esd' tes on the three-sphere with metric

ds' = dy. '+ sin'y(d8'+ sin'8 dP ). (3)

which can be rewritten using x =cos &, y = cosy,
and l= vsinesing as

Sv ' '(1 —y ) / dxdy
s 0 0 exp(Pv+yl )-1

S 3 (1-I / & d (1 2)1/2d

J dl exp(Pv+ yl') -17l p p

Sv " ldl
s 0 exp(Pv+yl') —1

„(( 2/ 2)1/2

'o l1 —(P/v') —y'j"'

=F (v) (6b)=4"
~, exp v+yl' -1

as asserted above. The intens' yit I(v o', y) shows
a quadrupole anisotropy of

2 ~ 2 ~ 2 (6)&I -yv' sin'y sin 0'
-SvI 1-g

Figure 1 illustrates these conclusions. The two
solid curves show. the minimum and maximum in-
t 't at y=n/2 where the anisotropy is greatest,ensi y a X=z

lotted for the values P '= 3.4 K and y/P =po e
The u er curve is a Planck function, an d is also
the intensity observed at X =0 or g wherwhere the dis-

From the observed upper limit' to quadrupole an-
isotropy o & x — . ', ef 3 x10 at p=1.1 cm ', I can derive
a limit on the shape of the spectrum. 1.1 cm

requires yv sin X ~1.2 x 10 when v = 1.1 cm
so yv sin X&10 2 for all v (10 cm" . For such a
small ysin'g the spectrum I(v) deviates insigni-

There is one forbidden region X &sin '&l,/'v& around
the origin an a sed a second region at the antipode X&m

—sin '(l/v).
Now I can calculate the spectrum observed at

a osition X at an angle & to the g axis. The
t t'al momentum of a photon with wave num-
ber v is v sin,'

&, so l = v sin& sing. The observe
intensity is then

I(v, o', g) =2v'/[exp(pv+ yv' sin'n sin'y) —1]. 4

Note that the average of I(v, o.', g) over o' and y
is

2 3 ' ' sin

casino'do'dg

v
2 ~ 2 ~ 2

w J exp(Pv+yv'sin o'sin y)-1
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FIG. 1. Soli cur ves ' ' in-are maximum and minimum in-
tensities showing the anisotropy at y= x/2 when P
=3.4 K and y / p2=0 & Dashed curve shows the average
intensity I'(v).

ficantly from a blackbody.
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APPENDIX: TYCHO-DIMENSIONAL ANALOGY

= 0 M acts like a generator of rota-¹arx=y=
1 M /R and -M„/R generate trans-tions, whi e

P =M~Rlations, so one can identify them as
and P„=-„=-M,/R. The invariant Laplacian is M /

'=P ' P '+M '/R', where the last term cor-
t for the curvature of the two-sphere. erec s or

wherenfunctions of the energy are E'. . . w

=an y .= ' + )/ R. They=tan '(y/x) and 8.=sin [(x +y /
analog of the Planck function comes from the oc-
cupation number

n(0 = (""~'-1)',
while the JKS model would introduce an extra

EQUATOR IRL
FIG. 2. Two views of a two-dimensional analogy

with yP =4, showing a large anisotropy at the equator
an ad large inhomogeneity. The equatorial view is a
projection on e xti n the xz plane while the polar view p
jection ont e xy p ane.th lane. The top of the equatorial view
is the center of the polar view.
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term,

(i ~) (e82Kl&+rm2 i }-&

If y=0, the distribution is homogeneous because

Z I
& .(» ~~ I'=,„

independent of 8 and P. However, by suppressing
the high-m states for a given l, the JKS model is

not homogeneous.
Classically, the y term suppresses rays with

' impact parameters sin8 „&y ' 'l '. Figure 2
illustrates a random sample of 44 rays drawn for
a case with yl =4. Note that the flux is very an-
isotropic on the equator and very inhomogeneous.
The figure corresponds to i= 15 cm ' in Fig. 1,
where the anisotropy is &50:1.
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