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In a crossing-symmetric Regge theory with several coupled two-particle channels, there are many-particle
absorptive effects due to crossed two-particle processes. Also, some of the partial-wave amplitudes have overlapping
left-hand and right-hand cuts in the s plane. To enforce unitarity in such a theory, one needs a coupled-channel N/D
method allowing arbitrary absorption parameters and overlapping cuts. These requirements lead to a nonlinear
marginally singular N/D equation, which is proposed as part of a scheme to construct a coupled-channel Regge

theory with exact crossing symmetry.

1. INTRODUCTION

A central problem in analytic S-matrix theory
is the determination of scattering amplitudes
through the principles of analyticity, crossing
symmetry, and unitarity. A partial solution to
this problem for the case of meson-meson scat-
tering was proposed in Ref. 1. The scheme is
based on a nonlinear integral equation for partial-
wave amplitudes, continued to complex angular
momentum. A solution of the equation leads to a
total amplitude with exact crossing symmetry,
Mandelstam analyticity, Regge behavior, and uni-
tarity. Here unitarity is understood as being ex-
act in the elastic region; in the inelastic region
there are intermediate states of multiperipheral
type arising from crossed two-particle processes,
plus any additional contributions that may be in-
troduced through an externally prescribed central
spectral function. The central spectral function,
which corresponds to virtual states of high mass
in all three channels, is an arbitrary element of
the scheme, but there is some reason to think that
an accurate description of that function is not nec-
essary if the main goal is to understand the pat-
terns of low-energy resonances and the related
Regge behavior at high energy and small moment-
um transfer. Perhaps the central spectral function
can be parametrized in a simple way, for instance,
in terms of Regge trajectories coupling to the rel-
evant inelastic states. Such an outcome would be
more likely if one could generate alarger part of the
spectral functions dynamically, by including more
channels explicitly in the crossing-unitarity equa-
tions. For instance, the equations for 7-7 scatter-
ing might be extended to include K mesons, in such
a way as to preserve exact crossing symmetry.
One would then have coupled integral equations for
the amplitudes of transitions =7 — =, mr—KK,
KK -KK, 1K —~1K, and 7K -~ 1K,

The aim of the present work is to treat the uni-
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tarity problem that arises in such a coupled-chan-
nel scheme. In the example mentioned there are
transitions between channel 1 (77) and channel (2)
(KK), as well as absorption from these channels
due to many-particle states. A further complica-
tion is that the partial-wave amplitude for KK -~ KK
has overlapping left- and right-hand cuts. Conse-
quently, the partial-wave unitarity condition for the
2X 2 transition matrix T of channels 1 and 2 in a
definite isospin state has the form

(T,-T_)/2i =T, pT_+F+A,T , (1.1)

where F is the absorption matrix (sometimes
called the overlap matrix?), A,T is the discon-
tinuity of T' over the intruding left-hand cut, and
p is a diagonal phase-space matrix. The notation
is defined more exactly in Sec. II. Stated schem-
atically,

Fy, =Z>: TyinPuTmns» (1.2)
n’2

where the sum actually includes integrations if
many -particle states are involved, and p, is an
appropriate phase-space factor.

Since T satisfies the reality condition [T (s)
=T*(s*)] and is symmetric, the matrix F is
Hermitian, but in general not real. Since (T,
—T_)/2¢ and AT are real, the imaginary part
of F must satisfy the constraint

ImF = - Im(T, pT_) . \ (1.3)
In the coupled-channel generalization of the

scheme of Ref. 1, both ReF and B, (the latter
being the part of T due to its left-hand cut) are
given as nonlinear functionals of the set of cou-
pled amplitudes (continued to complex angular
momentum) and the set of central spectral func-
tions. That ReF is so expressed is a reflection
of the fact that crossed two-particle processes
give inelastic contributions of multiperipheral
type. Thus, the dynamical problem may be con-
sidered as the problem of solving partial-wave
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dispersion relations of the form

B 1 ® F(l,s")ds’
T, 9)=By0, 9+ [ S

I
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(1.4)

at physical squared-energy s and complex angular
momentum I, One is to solve for the amplitude
T, taking into account that B; and ReF depend on
the continued transition amplitudes themselves.
In the single-channel theory of Ref, 1, an essen-
tial but relatively easy step in the solution of the
full nonlinear system is to solve an equation like
(1.4) for T when B; and F are regarded as given
functions of I and s, temporarily disregarding the
fact they actually depend on T itself. The an-
alogous problem for the many-channel case is the
subject of this paper.

In the single-channel case, F is real and is re-
lated to the elasticity parameter 7 by

s'—s

1 -2
F—ReF—T. (1.5)
The solution of (1.4) for given B; and 7 is ac-
complished by an appropriate version of the N/D
method,® which reduces the problem to solution of
a linear Fredholm equation.

An extension of the N/D method to the many-
channel case with B, and F given was proposed in
Ref. 4. I have belatedly noticed that there are
some shortcomings in the proposal, however,
which are corrected in the following. I had mis-
takenly thought that one could specify both B,
and F, but a simple argument shows that the
problem is overdetermined if B, and the entire
matrix F are specified. It is enough to give B,
and ReF, for instance.

If B, and the entire F are taken as inputs to the
N/D equation of Ref. 4, the result is to produce an
output amplitude T having B, as its left-hand-cut
part, but with some F’ as its absorption matrix,
where F’# F in general. On the other hand, a
successful incorporation of the equation in a cros-
sing-symmetric system would require that F=F’,
I therefore propose that the input value of ImF be
adjusted by iteration so as to make F=F’,

Aside from the false implication that F' = F
automatically, there is another oversight in Ref.
4, In fact, the equation of Ref. 4 is correct only
in the case of coincident thresholds of all explicit
channels. When the equation is corrected, it turns
out to be nonlinear and marginally singular.® A
convenience of the usual N/D method is lost, in
that one no longer has a linear Fredholm equation,
but the properties essential to the scheme of Ref.

1 are retained; namely, Regge trajectories may
be generated as zeros of detD, and the Castillejo-
Dalitz-Dyson (CDD)® ambiguity is accounted for.
Although the N/D equation looks more complicated
than the equation (1.4) it replaces, its mathemati-
cal properties are much better suited to the prob-
lem at hand. As in the coupled-channel N/D
theory without absorption,® the matter of overlap-
ping cuts is treated simply and automatically.

I had originally hoped that the equation of Ref.

4 would be useful in phenomenology, but the new
version is perhaps too awkward for that purpose,
except in the approximation of coincident explicit
thresholds. For phenomenology, a much simpler
approach proposed by Stelbovics and Stingl”

seems promising. In place of F the input is a
matrix generalization of the function R of Chew
and Mandelstam,® the ratio of total and elastic
cross sections. In a forthcoming paper I discuss
the matrix R method, considering its possible role
in Regge theory, its extension to the case of over-
lapping cuts, and its close relation to a method of
Pham and Truong® for solution of many-channel
Omnés-Muskhelishvili equations with absorption.

Section II contains the argument that ReF and
B, determine the amplitude (up to the CDD am-
biguity). In Sec. III the integral equation is de-
rived as a necessary condition on ImD when T
is a given scattering matrix. Section IV is con-
cerned with construction of an amplitude T from
a solution of the integral equation, and Sec. V
deals briefly with remaining technical problems
that would arise in applications of the equation.

In this paper I emphasize formal structure, and
leave aside questions of convergence of integrals
and existence of ‘e limits; such matters were
treated carefully in Ref. 6. I suppress the angular
momentum index and in fact write the equations
for I=0. The equations are easily extended to
complex I if T;; (1, s) is understood as a modified
partial-wave amplitude which differs from the
original amplitude by a threshold factor [ p;p;/
4;9;]'. Here g; is the channel-i momentum,
and p; is a factor analogous to (2.28) in the first
paper of Ref. 1; thus ¢; /p;=0(1) at s=«. Corre-
spondingly, the phase-space matrix element p;
is modified by a factor (q;/p;)* .

1. DETERMINATION OF AMPLITUDE
BY B, AND ReF

To simplify notation and emphasize essentials,
the discussion is restricted to the case of two ex-
plicit channels, each containing two spinless me-
sons of equal mass. For the work of Secs. III and
IV, the extension to # explicit channels is not en-
tirely obvious, but should be possible with some
effort. The threshold of the éth channel is s;
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=4m,? take s,>s,. The phase-space matrix p(s)
consists of the elements

_g\1/2
P”(s)=Pi(s)6u=9(3-34)(18_‘5')1 5;;, (2.1)

where 6(x) is the unit step function. The unitarity
condition has the form

(T, -T-)/2i=T,pT_+F+A,T, s=s, (2.2)

where

T.(s)=1lim T(szxie), s=s,. (2.3)

€ =0+

For s= s, the left-hand-cut discontinuity of T is
assumed to have the form

0 0
AT(s)= , Sp<S,. (2.4)
0 6(s,—s)o(s)

This form follows from Mandelstam analyticity,
and indeed from weaker assumptions.® Since T is
assumed to be symmetric and real-analytic
[T(s)=T7(s)=T*(s*)], the absorption matrix is
Hermitian

F=FT (2.5)

and (2.2) may be written as
ImT, =T,pT_.+F+A,T=T_pT, +F*+A,T .
(2.6)

In general, F is not real, and
ImF =-Im(T,pT.). : 2.7

For simplicity F is assumed to be zero for s, <s
< s;, where the threshold s, of channels coupled
to the two explicit channels may be less than s,
and even less than s;, as it is in the case of the
rr-KK system for which

§;< 8§ <S.< Sy,
(2.8)
Am < 16m 2 <4(my® —mq?) < dmg2 .

If F were to be nonzero down to s=s,, a technique
like that of Ref. 6, Sec. IV could be used.

It is useful to note the implication of the unitar-
ity condition on the S matrix,

S=1+2ip1/2T+p1/2. (2.9)
From (2.2) it follows that

SST=1-4p'/2Fp!/2 (2.10)

Because of the step function in (2.1) and the form

of (2.4), AT does not appear in the unitarity
condition on S. The matrix H=55" is Hermitian
and also non-negative, in the sense that its eigen-
values are non-negative. In terms of eigenvalues
A; and orthonormal eigenvectors ¢;,

H=H'=55"=2 y,n 00 . (2.11)

i=1

Since F represents the sum (1.2) with T, =T%,,,
one knows that F and p/2Fp'/2 are also non-nega-
tive. Hence

Os\sl, Osp;s3g, (2.12)

where the |; are eigenvalues of pt/2Fpt/2,
Henceforth, the stronger assumption that A; is
positive will be adopted:

0< < 1. (2.13)

I presume that the case of positive A; is generic,
at least at physical values of angular momentum.
In the appendix of Ref. 4 it is shown that any
complex symmetric zXn matrix S with positive

H=5S" has the representation

n
$=3 vio 97, (2.14)
1=1
where T denotes transpose and

H= ¢ lay |2 . (2.15)
i=1

From (2.14) and (2.15) it is seen that S admits a
polar decomposition

S=H2q (2.16)
n n

/2= Z vilagle], Q= ‘Zl B %Yl ap=|agle.

(2.17)

(The ¢; = ¢} depend on the choice of phases of the
¥;, and can be taken to be zero without restriction
of generality.) The Hermitian matrix H'/? is the
generalization of the elasticity parameter n, and
the symmetric unitary matrix § that of the func-
tion e?®, where 6 is the real phase shift.

If H (equivalently, F) is given and is nondegen-
erate, then |a;| is known and the eigenvectors y;
are determined up to phase factors. Since the ¢;
may be set equal to zero, there are then just n
free real parameters, the phases of the §; . Once
a nondegenerate H is specified, there is relative-
ly little freedom left in the determination of S,
and this statement is independent of any consider-
ation of analyticity. It will then not be too sur-

prising to find that when requirements of analy-
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ticity are added, a complete specification of H,
together with the left-hand-cut part B;, leads to
an overdetermined problem. In the 2X2 case
there are two free parameters allowed by unitarity,
but specification of the symmetric matrix B,
amounts to fixing three parameters. When H is
degenerate the situation is different, since there
is additional freedom in the choice of orthonormal
eigenvectors ¢;.

To see the effect of analyticity, one may look at
a simple iterative solution of the partial-wave
dispersion relation (1.4). It is assumed that B,
is symmetric, B, =BJ, and has appropriate analy-
ticity; for instance, B, may be a Cauchy integral
over the cut —~<s<s;, where s;<s,, as in the
case of Mandelstam analyticity. Actually, it is
sufficient to make By, and B, analytic in a do-
main having the half-line [s,,«) in its interior, and
B_,, analytic in a similar domain minus a cut on
the real axis running from s; to the left; see Ref.
6 for a diagram and fuller explanation. Let us des-
cribe such an assumption by saying that B, is an-
alytic in a region Q. After substitution of (1.3) for
ImF, Eq. (1.4) is construed as an integral equation
for the boundary values 7T'(s,), as in Ref. 10, If
B; and ReF are sufficiently small and smooth, the
convergence of an iterative sequence to a locally
unique solution may be proved by applying the con-
traction mapping principle in an appropriate Ban-
ach space.!® Although this argument establishes
existence of a solution only for small B; and ReF
(so small that resonances probably do not occur),
there is little reason to think that the situation will
be different in general. Up to the CDD ambiguity®:?
and possible ambiguities associated with the non-
linear, marginally singular character of the N/D
equation of Sec. III, it is expected that B; and ReF
determine a properly analytic and unitary ampli-
tude, at least when detD does not have ghost zeros;
cf. Sec. IV.

III. THE INTEGRAL EQUATION AS A NECESSARY
CONDITION ON ImD WHEN T IS A PROPER
AMPLITUDE

Suppose that T'(s)=T7(s) = T*(s*) is given and
satisfies (1.4), with B, analytic in a domain { as
described in Sec. II. Hence, it satisfies the uni-
tarity condition (2.2). Suppose also that H=SS'
is positive, so that the S matrix (2.10) has the
polar form (2.16), with H'/2 positive and Hermitian,
and & symmetric and unitary. To derive an inte-
gral equation one seeks linear relations between
N=TD and D. In order to derive a linear relation
from (2.16), as in the single-channel case, N
must be formed from S. Accordingly, the factor
p*/2 on the right-hand side of T, in S must be re-

moved before the analogy with the single-channel
case can be completed. To that end, eliminate
H'/? and Q in favor of the matrices

77=P1/2H1/2P-1/2, M=p1/29p-1/2 . (3.1)

Since p,(s) =0 for s< s,, these definitions make
sense only for s> s,; the region s< s, will be
treated presently. Now (2.16) takes the form

1+2ipT,=1M. (3.2)

The D matrix will be defined as a solution of the
Hilbert problem!!' 2 (conjugation problem) with

D_(s)=M(s)D,(s), s=s,. (3.3)

A solution of the Hilbert problem, which is known
to exist under mild conditions on M, is under-
stood!? as a matrix D(s), nonsingular'® and mero-
morphic in the s plane with cut for s= s, such
that that D(s)=D*(s*), D(s)~1, |s| =, and such
that (3.3) holds on the cut. Notice that the proper-
ty

M™t=M* (3.4)

is essential in the definition of D; otherwise,
D(s)=D*(s*) could not hold. Now the desired lin-
ear relation between N and D follows from sub-
stitution of M=D_D,"'in (3.2):

2iN,=nD_-D, . (3.5)
Define n by
ImD, =-pn . (3.6)

In the case without absorption #=N. It will be
shown presently that » is bounded at thresholds.
Separation of real and imaginary parts in (3.5)
gives

2ImN, =p~'(1 -Ren)ReD, +p~(Imn)pn, (3.7)
2ReN, =p~Y(1+Ren)pn+p '(Imn)ReD, . (3.8)

The equations (3.7) and (3.8) have been derived
for s> s,. If they held as well for s> s,, then
they would lead to the integral equation for n as
derived in Ref. 4. Thus, the equation of Ref. 4
is correct in the case of coincident thresholds,
s, =8,. It is possible to give natural definitions
of the coefficients in (3.7) and (3.8),

p~*(1-Ren), p~'(Imn), p~(Ren)p (3.9)

in the region s, < s<s,. The second row of (3.7)
or (3.8) is false for s< s,, however, if those def-
initions are used.

To relate the second row of N to D for s<s, it



is sufficient to go back to the definition of N and
apply unitarity. It will turn out that for s< s, only
ImN,,;, not ReN,,;, must be expressed in terms
of D to obtain an integral equation. For s<s,,

ImN,,;=ImT,;ReD,,;+ImT, ,,ReD,
~ReT.npmy; . (3.10)

Here the coefficients involving T'may all be ex-
pressed in terms of D and F if unitarity and sym-
metry of T are invoked. The first row of T, hence
T, =T,,, may be obtained from (3.5) if the ex-
tended definition of n given below is applied; see
Eq. (3.17). Then ImT,,, is obtained from unitarity
as :

IMT, 5, =P, Ty 5T 1o+ Fop+ 0(S, — 9)0, (3.11)

where ¢ is the left-hand-cut discontinuity defined
in (2.4).

Before giving the explicit formulas for the co-
efficients in (3.10), let us proceed with the deri-
vation of the integral equation. The extended def-
initions of matrices (3.1) and (3.9) are required.
The principle of the definition is that the matrices
should obey relations which they do obey for
s> s,, and which are well-defined for s<s,. For
instance, from (2.10), (2.11), and (3.1) it follows
that

n?=1-4pF . (3.12)

Since 7? is zero below its diagonal for s< s,, it is

easy to compute 7 in that region by substituting

a general superdiagonal form in (3.12). The re-
J

{3671 ~Ren} =Rea=| L7/
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sult is

<ss<s, (3.13)

[nl (Flg/Fu)(Th _1)]
n= s S

0 1
n,=(1-4p,F, 2 . (3.14)

Having determined 1, one can then define Min
accord with (3.2) as

M=0"Y1+2ipT,) . (3.15)

This definition is satisfactory if and only if M~!
=M* holds. In fact, M~'=M* follows from the
unitarity condition on T, as may be proved through
a computation aided by the following identity:

T.pF* —FpT,=ImF . (3.16)

To verify that (3.16) follows from unitarity, mul-
tiply (2.2) on the right by 1+ 2ipT,, and then use
(2.2) again to simplify the left-hand side of the re-
sulting equation.

With the definition (3.15) of M, the first row of
N, (equivalently, T.) is given in terms of D, and
7 [in its extended definition (3.13)], for s, < s<s,:

2ip,N,,;=[nD_-D.],; . (3.17)
Next, the extended definition of A=3p~*(1 -17)
may be fixed by the equation A satisfies for s >s,,

3A(l+n)=F. (3.18)

The result for s, < s< s, is

(ReF,,/F,)(1 -1,)/2p, (3.19)

.

(ReF,/F,)(1-n,)/2p, (ReF,,?/F,*(1 -n,)/2p,+detF/F

The curly brackets in the left-hand side of (3.19)
will be retained as a reminder that separate fac-
tors within the brackets are not defined. With
the above definitions all matrices are continuous
at s=s,, asisverified by calculating H'%indetail
as a function of F for s> s,. This continuity, and
certain nice cancellations that occur later, pro-
vide the justification for the otherwise arbitrary
definitions. Similarly, an explicit computation of
M above and below s, shows that z in (3.6) is con-
tinuous for s=s,. Clearly, M has a superdiagonal
form for s<s,, so that ImD, ,;=0 for s<s,.

For the integral equation one needs a Cauchy
representation of D in terms of ImD, = -pn, and
the definition of a function B to replace the input

T
function B= B, used in N/D theory without absorp-
tion. According to Ref. 6, a general representa-
tion of D is

n

D(s)=1+

b

C; 1 (7 p(sn(s')ds
-

§=0;

7
- s'-s

(3.20)

where the Castillejo-Dalitz-Dyson (CDD) poles
are at arbitrary distinct real points o; <s, and the
CDD residue matrices are real and singular:

det C;=0. Let us for the moment suppose that the
amplitude T is such that CDD poles are not pres-
ent. The definition of B will be that of Ref. 4,
altered by putting some new terms, suggested by
(3.10), in the second row:
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(3.21)

BY (s)=B,(s)+= j;] %{:%pfl(sl N 1-Ren(s")]},

0

0

BROL o InTan) g Lt Ia(s)= 00 5)0(")
a

s'-s T

s 51

The integral equation is derived by evaluating
the auxiliary function A :
A(s)=[T(s) = B(s)]D(s)

1 (® ReB,(s')ImD, (s’ )ds’
T s'=s

. . (3.22)

S1

The procedure is first to find the value of A im-
plied by the expressions (3.7) and (3.10) for ImN,,
and then to take the real part of (3.22) on the cut.
When the representation (3.20) is introduced, the
result is an integral equation for n(s). By (1.4) the
difference T - B is analytic except for a cut at
s=s,, and therefore the same may be said of A.
With the goal of writing A as a Cauchy integral
over its cut, ImA, is evaluated for s> s, by means
J

s'—s

r
of (3.7) and (3.21):

ImA ,=ImN, -ImB,ReD, - ReB,ImD,+ ReB,ImD,

=30 (Imn)pn, s>s,. (3.23)

For s<s,, the first and second rows of ImA, are
treated differently. For the first row the required
value of ImN, ,; is obtained from (3.17) and (3.13):

a-n)
ImN,,, =2—p11‘- [ReD,;+ (ReFm/Fu)ReD,,z,] ,

s, S s<s, .

(3.24)
This is equal to (ImB,ReD,),;, however, so that

ImA,,;=0, s, <sss, (3.25)

With account taken of (3.10) the second row of ImA, is given by

ImA,,;=ImT,;, ReD,,;+ImT,,, ReD,,,~ReT,, p,n,, —[{3p ™" (1 - Ren)} ReD, |,; - 0(s, — s)p ReD,.,

-ImT,, ReD,,;~ImT,,,ReD,,;+0(s; — s)¢p ReD,,,

=—ReT,pn; - [{z0~*(1 - Ren)} ReD, Jaj -

The Cauchy representation of A is then

86)=3 [ o ) oo

sl
5, S2 ds’
‘_;2' f S —s ReT+21(S’)Pl(S')”1j(S’)
S

5 S2 ds’
__1172-./3‘1 s’'=s
x{zp7*(s")[1 = Ren(s")]} ReD, (s"),; «

(3.27)

Now in taking the real part of (3.22) on the cut
to get the integral equation, one takes s> s, for the
first row and s> s, for the second, since the sec-
ond row of the unknown #(s) is defined and inte-
grated only in the region s>s,. In evaluating the
first row, (3.8) is used; it is easy to check by
(3.17) and (3.13) that (3.8) holds for s=>s, with the

(3.26)

r
extended definition of 7. Thus for s =s,,

" ReN,,;=[3p""(1+Ren)pn + 3p~*(Imn) ReD],,

= [ReA+ +ReB, ReD, +{3p~*(1 - Ren)}pn

(3.28)

£ f ”ReB»,(S’)p(S’)n(S')dSJ
T Jg §'=s 15

When the Cauchy representations of A and D are
substituted, Eq. (3.28) leads to the first row of the
matrix integral equation for », stated in (3.40) and
(3.41) below. The evaluation of ReN,,; for s=>s, is
formally the same as (3.28), except for the pre-
sence of new terms in the second row of ReA,.
Those terms are best understood by rewriting the
last term in (3.27) as
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—5,.2\112j(s)-%3 f:ds'[—(—)—:—s\l—'(—s——)p(S')ﬂ( ’):Lj

y s
(3.29)

where

\If(s)=—f2 ds’ { p~1(s’)[1 - Ren(s’)]}. (3.30)

The expression (3.29) cancels a part of the inte-
gral in B® of (3.21) wherever the latter appears
in the integral equation. Alternatively, it cancels
a part of B®, By leaving B® intact and letting
the latter cancellation occur, the most illuminating
form of the equation is obtained.

Let us see how the cancellation works by evalu-
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@ (1-n,)® < FY
“Taetn, P, ™ detD+)

1 2

P IV Y (3.34)

4p1F11

Subtracting Im¥, ={}p~*(1 - Ren)} where appro-
priate, one has the following expressions for func-
tions a, b, and ¢ which appear in the integral equa-
tion:

a(s)=Im7,,, —Im¥,, =& Im(detD,)™", (3.35)
b(s)=ImT,,, —0(s, - s)p —Im¥,,,

®2 (1-1n,) <F ) (ImF )]
) 12 12
“Taetn, 7 oy, 12 ™ \Getn o

ating more explicitly the absorptive parts Im T, (3.36)
and Im7T,,, in B®, For s, <s<s,, (3.17) and (3.13) ¢(s) =ReT,,, =& Re(detD,)~* - (ImF,,/2%,F1,)(1 =n,).
give the first row of 7, as
(3.37)
1 [ detD_ Define
Tinn= % [77 1 detD, 1] , (3.31)
ip, et C=ReBM +CW | (3.38)
r % _Fp(1-n,) (3.32) where B® is given in (3.23) and
127 GetD,”  2ip,Fy, o
0
where c®= . (8.39)
1 (%2a(s)ds’ 1 [*2 b(s’)ds
®=®*=7,[n,,ReD,, —n,, ReD,,]. (3.33) o j; o' —s o —s
1
Unitarity and symmetry of 7 then yield The integral equation, includmg CDD terms which
will be derived presently, has the following form
I 7, = 0(sy = 8)¢ =py | Ti1|* + Fop for s>s,:
1
- R;+ReB
p~(s)Ren(s)p(s)n(s)=C(s) — 3p ~*(s) Imn(s) + ——L—s—;is—) C;

1 =1

+1;) f sfii's [C(s) = C(s") = 3p~*(s) Imn (s) = 6(s" = 5,)30 ™" (s") Imn(s") ]p (s ) (s”)
—[(1) Z]% Lsz sds c(shp(s')n(s’), s>s,. (3.40)

For s, <s<s,, only the first row of n(s) appears on the left-hand side and the equation takes the form

n,(s)ny;(s) = [ReB‘”(S) zp~H(s) Imn (s) + 2:‘ B, +ReB(s) C;

S=0;

P°°ds

+= - (ReB‘”(s) ReB™)(s’) = 2p~1(s) Imn(s)

T
$1

~6(s" - ,)p™ (s”) Imn (s')>p(s')n(s')] , S$;S85<S,. (3.41)
1j

Equations (3.40) and (3.41) constitute a nonlinear
system of integral equations obeyed by the matrix
n(s) when the associated amplitude T satisfies the
unitarity condition and is properly analytic and
symmetric. The functions a and & which appear in
C, and ¢ which appears in the last term of (3.40),

r

are nonlinear functions of » and F given by (3.35)—
(3.37) and (3.33).

The origin of the CDD terms is seen by observing
that CDD poles in the D matrix (3.20) produce
poles in A of (3.22), so that the following term
must be added to the expression (3.27) for A:
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< R.C,

2 Ry » R;=T(;) =~ Bo,). (3.42)
1=l §$—0;

Correspondingly, for s > s, the real part of the
right-hand side of (3.22) acquires the new term

< Re B(s)C;

—h
=L S—0;

(3.43)

The entire change in the integral equation is then
to add to the right-hand side a term equal to the
difference of (3.42) and (3.43), as shown in (3.40)
and (3.41).

The derivation involved certain divisions by F,
which must be justified by slightly stronger as-
sumptions on F than those made heretofore. The
ratio (ImF,,)?/F,, appears in the 22 element of the
matrix of (3.19) and also in (3.36). It must then
be assumed that

(ImF,,)*/F,,=0(1), F,;~0. (3.44)

At the inelastic threshold s =s, where F -0, this is
a reasonable assumption.

In order that the integral equation have decent
properties the inverse of the coefficient of # on the
left-hand side must exist. Otherwise, the equa-
tion is an “integral equation of the third kind”
which requires special treatment.'* Accordingly,
it will be assumed that

(3.45)
(3.46)

detRen(s) #0, s=s,
17,(s)#0, s;<s<s,.

The requirements (3.45) and (3.46) are in the same
spirit as the previous assumption that H is posi-
tive, which implies that detn(s)>0, s=>s,. Positiv-
ity of H and (3.45) and (3.46) are guaranteed if F is
sufficiently small.

IV. CONSTRUCTION OF AMPLITUDE 7 FROM A
SOLUTION OF THE INTEGRAL EQUATION

The integral equation stated in (3.40) and (3.41)
constitutes a necessary condition on a matrix n(s)
associated with any real-analytic, symmetric 2 x2
amplitude 7(s) having the representation (1.4),
where B, is analytic in a domain § as described
in Sec. II, H=SST is positive, and condition (3.44)
holds., Here ImD, =-pn, and D is related to T
through (3.3). Let us now take a different point of
view, and suppose that 7' is not in hand, but that
B, and F are given. Now F is not known to be a
possible absorption matrix for an analytic unitary
T with left-hand-cut term B ; it is merely some
Hermitian matrix function with support in the re-
gion s>s;>s, [and compatible with condition (2.12),
let us say]. Can the integral equations (3.40) and
(3.41) be used to construct a satisfactory ampli-
tude T?

A candidate for 7 is obtained by solving (3.22)
for T:

T(s)= B(s)

1 ” ReB(s)p(s'n(s)ds"] ,._,
+[A(S)+;-/; o —s ]D (s).
(4.1)

Here z is a solution of (3.40) and (3.41), D is given
by (3.20), Bby (3.21), and A by (3.22) [the latter
with the term (3.42) added if there are CDD poles].
The functions T,,, and ImT,,, that appear in B
and A are expressed in terms of » by (3.32) and
(3.34). A tilde will be temporarily affixed to the
functions of (3.32) and (3.34) in the following dis-
cussion (7,,,, Im7,,,) to emphasize that they have
not yet been proved equal to the corresponding
functions T,,, Im7,,, computed from (4.1).

The input parameters are assumed to have the
following properties:

(@) B (s) = Bf(s*) is analytic in a region  as
described in Sec. II. In particular, its discontin-
uity over the real axis, AB; =A; T, has the form
(2.4) for s=s,.

(b) B, = B.

(c) The absorption matrix F from which 7 is
constructed is Hermitian, has support in the region
s$>s;>s, with F(s;) =0, and satisfies (3.44).

(d) C;=C5, detC; =0; the o; are distinct real
points, 0; <s,.

1

1
(e) R, =R}, R{ - R;=7; 0 , 7; =any real con-
-1 0
stant,

The property of RY — R, is motivated by the defini-
tion (3.42) that the CDD parameter R; had in the
case of a proper amplitude 7: since 7= 77 in that
case, and since B® = BT follows from B; = B
and Hermiticity of 7, one has

R -R;=B®(0;) - B®(0,)T

0 -Bfj0y)
Bz(f)(oi) 0

(4.2)

Further it will be assumed that
detD(s) #0 (4.3)

in the cut plane, including points on the cut. This
is the condition of “no ghost poles.”

The following properties of 7 given by (4.1) will
be established:

i) 7(s)= T*(s*)=T7(s).
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o (s")T_(s")ds’
s’'-s

(11) T(s)= B, (s) += f T.(s

f F'(s')ds’
s'=-s ’

where F'(s) is an Hermitian matrix with F’(s,) =0.
(iii) The expressions for F’ in terms of M

=D_D7' are as follows:
(@) For s>s,,

F'=F+5p7n[p-MpMnp-".

(b) If s;<s<s,,

74;—1 (1= (M) (M%),

1
Flo=- '4;; [(771”)11(71 *‘M*)lz + (ﬂM)m] =F3F,

-
Fu'_

r
F22—F22’

where 7 is given by (3.13).
@iv) 7. has the representation

1
T+ij=§l-'p1 [ﬂM 1]117 >Si.

Note that there is no such representation of T,,,
for s, <s<s,.
(v) For small amplitudes, F'=F to first order:

F'=F+0@0?*, x-0, uniformly in s for s>s,,

where A is a strength parameter. It is assumed
that

B, =0@), ReF=0@), ImF=0(?.

It is seen that the integral equation yields a prop-
erly analytic, symmetric, and unitary amplitude,
with the left-hand-cut part having the input value.
The output absorption matrix F’ has the proper
support (s>s;) and is close to the input value F in
the case of small amplitudes.

To prove the listed properties of 7, a lemma
must first be established; namely, N= 7D com-
puted from (4.1) has properties like those ascribed
to N when the equation was derived:

ImN,;;=[50"*(1 - Ren) ReD+ 3p~*(Imn)pnl;;, s>s;
(4.4)
ImN,,;=Im7T,, ReD,,,+ImT,,,ReD,,;
—ReT,p0,7,;, $;<S<S, (4.5)
ReN,;;=[z0"*(1+Ren)pn+30~" ImnReD];;, s>s;.
(4.6)

It is clear that f(s).=f*(s*) for all analytic functions
f appearing in the expression for 7, so that 7(s)

= T*(s*). The proof of (4.4)—(4.6) is then merely

a matter of computation, effectively retracing the

steps which led to the integral equation. In the
case of (4.6), one must use the fact that » indeed
satisfies the integral equation.

Property (iv) above is just a restatement of (4.4)
and (4.6): assemble ReN, and ;ImN, to give (3.5),
and multiply by D;'.

The property 7= 77 of item (i) may be proved by
generalizing a method of Bjorken and Nauenberg.'®
Show by an analyticity argument that the following
function is identically zero:

x=DT(TT - T)\D=N"D - D'N. (4.7)

Since D! exists everywhere, 7= TT will follow.
Clearly y(s) is analytic in the s plane with at most
a cut for s>s; and possible poles from CDD poles
in N and D; there is no discontinuity of y over the
half-line s <s, because B, = Bf. There is in fact
no pole in x, since near a CDD pole position o; it
has the form

1
o0 CT(RT -
1

R;)C;+0(1). (4.8)
The residue matrix vanishes because C; is singu-
lar and RT - R; has the skew-symmetric form
given in (e). Since y vanishes at infinity, it must
then be identically zero if Imy =0, s>s,. A short
calculation based on (4.4) and (4.6) shows that Imy
=0 for s>s,. A longer calculation using (4.4)-(4.6)
finishes the proof of proposition (i) by showing that
Imy =0 for s, <s<s,. Inthis latter calculation one
must write out all of the terms in Imy separately,
use the expression (3.32) for Im7,,,, and take ac-
count of the particular forms of the matrices in-
volving n. The reader will agree that symmetry
of the output 7 matrix was hardly obvious a priori,
in view of the highly asymmetrical treatment of
the two channels below the threshold s,.

It is now possible to make the identification

Ti12= T = 5‘+21: §, <8< S, (4.9)

This follows from the first row of (iv), the defini-
tion (3.13) of 77, and symmetry of 7.

Knowing that 7 is symmetric and has the repre-
sentation described in (iv), one can investigate
unitarity, which is to say look at the value of the
matrix F’ defined by

/ Im7T,=T.pT_+F'+ A, T, s$>5,. (4.10)

Clearly F’ is Hermitian, since all other terms in
(4.10) are. Expression (iiia) for F’ in the region
s> s, follows directly from (4.10), (iv), and the
symmetry of 7.



2086 ROBERT LEE WARNOCK 22

S*‘(1+21p1/2T+p1/2)(1 21p1/2T pl/z) 1~ 4p1/2F; 1/2 —SST= (p—1/2171%1/2)(pl/zMTnTp—l/Z)

(4.11)

= (p™"21p* ) (p**np=/2) +p /" WM - p)nTp 172,

Now by Hermiticity of HY?=p~/2p*/2 the first
term in the last line is equal to H=1 - 4pY/2Fp'/2,
and the result (iiia) follows. The expressions for
F{; in (iiib) are obtained from (4.10) and the first
row of (iv). Finally, one must prove the far from
obvious relation F,,=F,,, for s;<s<s,. The proof
requires a direct calculation from (4.1), since 7,,,
does not have a representation such as (iv) for s
<S,. The problem is equivalent to showing that

J

IMT,,=Im7,,+ {20 (1 = Ren),, + Z(Re(T+ - B,), ImD,,, -

|

Im7T,,,=ImT,,,, since by (4.9) and the definitions
of the functions with tildes it is known that

Im 7‘1—22:’)1' Tuzlz +Fap+0(sy, = 5)¢

=0y | Thrpl® +Fap+ 6(sp —5)p . (4.12)

With account of the expression (3.21_) for B (of
course, with Im T, ,, replaced by Im7, ,,) and (3.27)
for A, a calculation for s, <s<s, gives

[{%P 1 - Ren)} ReD]zk)Re (D:}ez)

2 [ReA+2k+— “[ReB, (s );;fS_)Sn(s ) lzxds ]hn(D+k2 (4.13)
S
1
Now apply the trivial identities,
ReDReD™' —ImDImD*=1, ImDReD*+ReDImD™*=0, (4.14)

to eliminate Re(D;},) in favor of Im(D7;,). The result is

I T,,=ImT, .+ 3 [— Re(T, - B,)y ReD., - {2p~*(1 - Ren)},, ImD,
kR

) ’
+ReA+2k+£f [Re B, (s )p
mJg, s'=s

If ReA,,, in (4.15) is computed by solving (4.1)
for A, then most of the terms cancel and one is
left w1th

Im7,,,=Im7,,,+Re(T, - B,);,(ReD, ImD3Y),,
=Im T+22 —Re(T, = B,),,(ImD, ReD7'),,

=Im7,,,, s,<S<S;, (4.16)

since ImD,,; =0 for s<s,. Thus, all of the claims
of (iii) have been proved.

It may now be shown that F’ has the same sup-
port as F, the half-line s>s;. If s;>s,, thenn
tends to the unit matrix as s—s;+, and in place of
the computation (4.11) one has at s =s, that

H'=85*=(p~/*Mp*/%) (p=/**p*?)
=1=1-4p*2F'p*/?, (4.17)
hence
F'(s)=0, sssy. . (4.18)

The same conclusion (4.18) is reached if s, <s,,
as is seen by (iiib), (3.13), and the formula for
M,

’

')”(s—)]—t—] Im(D3L,). (4.15)

- [ietD_/detD+ 2ip, [, ReDu—nn.ReDlz]/detDE]
- )

0 1

$<S,. (4.19)

For the discussion of property (v) the magnitudes
of the various functions may be measured by a
norm in an appropriate Banach space.® Thus, f
=O0(Q) means | f|| <«x, A~ 0, for some constant «.
Under the hypotheses of (v),

H'/? = (1~ 4p*2Fp* /%) /2

=1-2p"*Fp'?+ 007,
n=1-2pF+0Q?, ‘
{3p7*(1 - Ren)} =ReF + O(\?), (4.20)
Lo~ Imp = ~ImF + O(\?) ,
p 'Renp=1=2(ReF)p+O0M?).

The solution of the integral equations (3.40) and
(3.41) to lowest order is

* ReF(s’)ds’

P
@)
n®(s)= B(s)+w < — s

Sr

, (4.21)
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n=n®1+00?, (4.22)

and

M=D_D:*=1+2ipn+00?). (4.23)

Introduction of the foregoing results in the expres-
sions (iiia and iiib) for F’ leads to the conclusion
(v). The hypotheses of (v) are consistent with the
formulas for B; and ReF in crossing-symmetric
Regge theory, and the value (1.3) for ImF. To
lowest order the expression for T, is

Ty;;= @D +iReF);;+ O0%), s>s;. (4.24)

V. REMAINING TECHNICAL PROBLEMS

A successful application of the integral equations
(3.40) and (3.41) in crossing-symmetric Regge the-
ory will require the treatment of two technical
questions, one having to do with the logarithmic
end-point singularities at s =s,, and the other the
problem of adjusting ImF to make ReF =ReF".

With regard to singularities, the first observa-
tion is that the integral equation entails a princi-
pal-value integration over the Cauchy singularity
at s=s’. As was pointed out in Ref. 4, this singu-
larity may be removed by the standard procedure
of multiplying by a regularizing operator. In the
generic situation, the regularized equation is ex-
pected to be equivalent to the original equation.
For a numerical solution, there is the option of
using either the regularized equation or a technique
for direct solution without regularization as dis-
cussed by Ivanov and others.'® _

The equation also entails logarithmic singulari-
ties at s =s, due to the Cauchy integrals of a, b,
and c over the interval [s,,s,] in (3.39) and (3.40).
In this case the Cauchy denominators s’— s do not
vanish, but the numerators are nonzero at s’ =s,
and produce terms proportional to In(s —s,). These
singularities arise from using two different ex-
pressions for ImN,,;, expression (3.7) for s>s,,
and (3.10) for s<s,. When the integral equation is
written as a necessary condition on » for a proper
amplitude, as it was in Sec. III, the singularities
will cancel, because ImN,,; is continuous at s=s,.
On the other hand, when the equation is being used
as in Sec. IV to construct amplitudes, there is no
guarantee that the singularities will cancel as long
as F #F’, ‘

It is likely that a solution of (3.40) and (3.41) can
be obtained, in spite of the logarithmic singulari-
ties. Moreover, if ImF can be adjusted to make
F,,=F},, the singularities should disappear from
»n and the corresponding 7. The argument in favor
of this conjecture is as follows. Estimates show
that a function space in which #,; is bounded and
#n,; has a logarithmic singularity at s =s, is mapped

into itself by the integral operator of (3.40) and
(3.41). Since n,;(s’) is always multiplied by po(s’)
=0([s’ - 5,]'/?) in integrals, the singularity of n,;
does not propagate to appear in »,;, nor does it be-
come more potent on iteration of the integral oper-
ator. With an appropriate metric in function
space, it should be possible to prove that an itera-
tive sequence converges to a solution, locally
unique in the space considered, for B, and F suf-
ficiently small. Reduction of the equation to a
Fredholm equation, which was possible in other
similar cases,” might also be attempted. The solu-
tion », obtained by iteration or solution of a Fred-
holm equation, would have #,;=0(1), n,;

=0(ln%*(s = s,))with some o >0, so that 7, con-
structed from (4.1) would have no singularity in
its first row at s=s,, but it could have one in its
second row. Since T,,= T,,, the only amplitude that
may have a singularity is 7,,, and the singularity
is at worst logarithmic. It then follows from the
unitarity condition that the singularity disappears
when Fj,=F,,. Since

IM T, g =Py | Tyl + P2l Tizol®

+Fg+0(s,~s)¢, (5.1)

the only way for a singularity to appear in Im 7', ,,
is through F,, thanks to the factor p, in the second
term. For s<s,, Fj,=F,, and consequently Im T, ,,
is bounded as s tends to s, from below. A calcula-
tion for s > s, based on formula (iiia) of Sec. IV
shows that in general a singularity of F,, is ex-
pected, so that Im 7', ,, blows up logarithmically as
s tends to s, from above. When F;,=F,, there is
no singularity in Im7,,,, since F,, has none, and
hence none in 7,,, by analyticity as expressed in
the dispersion relation (1.4).

Use of the integral equation as part of the cross-
ing-unitarity mapping in Regge theory requires for
a solution of the full crossing-symmetric scheme
that F=F' for each partial wave. This con-
dition is needed to prove that partial waves gen-
erated by the N/D equation are equal to the Frois-
sart-Gribov partial waves; that equality in turn is
needed to prove that the partial waves sum up to a
crossing-symmetric plane-wave amplitude. A
definition of the crossing-unitarity mapping, in-
corporating an iterative procedure to make F=F"',
is given in Ref. 17.

Since ImF obeys (1.3) when F corresponds to a
proper amplitude, it is plausible that ImF can be
adjusted to make F =F' by an iteration of the form

ImF ™ = _Im(T™pT ™), n=1,2,... (5.2)

where T/ is the N/D amplitude from the nth solu-
tion of the integral equation, and ImF ™’ the input
value of ImF for the nth solution.
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