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We construct a gauge theory of local U(4) inner symmetry in spinor space by treating the ¥ matrices as a metric
vector. Using the covariant expansion to extract the physical fields, we obtain relations among the masses and the
coupling constants, respectively, that the gauge fields satisfy. Generalization to the case where the spinor fields have

internal symmetry is also discussed.

I. INTRODUCTION

\ Recently, it has been shown that it is possible
to formulate a gauge theory of a noncompact in-
ternal-symmetry group by introducing a metric
field.!"? After a new kind of symmetry breakdown,
some of the gauge fields become massive.!”® The
phenomenological implications of such a gauge
theory have also been discussed.!

From another perspective, algebraic chromo-
dynamics has been studied.””® Using a covariant
expansion in spinor space, one can simultaneously
introduce the massive scalar field, vector field,
etc., as gauge fields.'

This paper shows that a synthesis of these ideas
leads to some interesting gauge-theory results.
Starting with the spinor space of a single fermion,
we extend its U(1) symmetry to local U(4) sym-
metry and construct a gauge theory by generalizing
the ordinary y matrices to metric vector fields
and introducing gauge fields. In Sec. II we for-
mulate a U(4) gauge theory with only one spinor
field. The subsequent problem of Lorentz in-
variance is then solved in Sec. III by finding a
local representation of the Lorentz group. After
breakdown of the symmetry (i.e., the metric fields
return to constant metric matrices), the fields
become massive. With the covariant expansion
we project the gauge fields into physical vector
fields, pseudoscalar fields, etc., then find the
relations that the masses and the coupling con-
stants of these gauge fields must observe, re-
spectively; this is done in Sec. IV. In Sec. V we
make a further generalization to the spinor field
with internal symmetry. We illustrate it by con-
structing a U(4) X U(r) gauge theory as an example.
Section VI gives a brief conclusion.

II. METRIC VECTOR AND U(4) GAUGE THEORY

It is well known that the kinetic energy term of
a spinor field possesses U(1)XU(1) symmetry.
Namely, the term .

—K:z;i'yuauzb (1)
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is invariant under the transformation

=Wy,
, (2)

W =exp(if +xys) .
Here 6,x are the group parameters. If we add
a mass term miy, only the U(1) symmetry sur-
vives. '

However, the fermion field has higher sym-

metry. Obviously, (1) and mJy are invariant
under the unitary U(4) transformation

d)':Uzl) s

3

7;’1 = U?’u Ut ’ ®
and the physics remains the same because it only
depends on the structure of the y algebra, and not
its representations. Usually Eq. (3) is not taken
into account because the y’s are not regarded as
fields.

Actually these y matrices can be treated as a
metric vector. They can further become metric
fields when we consider the local symmetry. So
we start with the following free Lagrangian of a
spinor field:

Lo =v[iy*(x)0, =m]y, (4)

yuX)=Uyx)y, Uo-i(x)~ (5)

Here Uy(x) is an arbitrarily specified transfor-
mation of a local unitary group U(4,x). These
“local” y matrices have the same algebraic
relations among each other as the “global”’ ones

b’u(x)"}’v(x)}ZZguv : (6)

and the metric tensor g“” remains unchanged;
this result is very important.

The Lagrangian (4) is invariant under the global
U(4) transformation (3). Now we generalize it to
local U(4) symmetry. According to the standard
formulation, we construct the gauge-covariant
derivatives of the spinor field as well as the
metric vector field:

D, v=(3,+B,W, )
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DuYuEau'Yu(x)+[Bu:')’v(x)] . (8)

The B, is a matrix gauge field; its strength is
defined by

B,,=9,B,~-3,B,+[B,,B,]. (9)

We can thereby construct a gauge theory which
possesses local U(4) symmetry in the spinor space

L=3iy"D, b —3iD ) Yy D —my

1 Tev 3m,’ = v
—'ng'z-trB B“,+m;—ftr D,y, D%/ . (10)
Here the adjoint conjugation of any matrix X is
defined by
X =y ()XY o(x) . (11)

Under U(4,x) the field quantities undergo the fol-
lowing transformations:

' =Ux),
yu(%) =Uy (U (x) (12)
B,=U(B, -U",U)U";

BlltszBuv Ut )
(D, ) =UD, ¥, (13)
(Du Yv)’ :U(DMYV)U-l .

III. LORENTZ INVARIANCE

We usually prove the Lorentz invariance of a
spinor field theory by finding a representation of
the Lorentz group in spinor space:

A =exp(~io,, 0*). (14)

The w"” here are the group parameters. Can we
find an appropriate representation that guarantees
the invariance of (10)? The answer is “yes,” and
the form of the representation is the same as in
(14), only now it becomes a local representation
of the Lorentz group:

Ax) =exg] - §i0,, ()], (15)

ouu(x)=%i[7u(x),7v(x)] . (16)

It is easy to verify that the Lagrangian (10) is
invariant under the following Lorentz transforma-
tions:

Xy =@y, %,

D'(x") = Ax)¥(x) ,

yia(x) =au, Ay ()2 (%) ,
BL(x) =a,, A[B"(x) - A% A]A™.

The other induced transformations are

17)

V() =) (%),
Etll:(x /) =auvA[-§y + A-l'VO,(aV Afnt)')/o]A.1 s
B:w(x,) =Aueyp AB""(x)A" ’

(18)

E;v(x’) =a,qa,, AE“WA-] . (19)

Under the gauge transformation U(4), the
Lorentz transformation (15) keeps the same form

A'(x)=U exp[ - §io, (¥)w*] U™

=exp(~giol, ™). (20)
Thus the Lagrangian (10) is indeed Lorentz in-
variant,
*IV. MASS SPECTRUM

From (5) and (12) one can see that the local y
matrices can always be “gauged back” to global
ones, i.e.,

YuzUl(x)')’u(x)Ul-i(x): Uy cU(4,x) . (21)

When we choose such a special trangformation as
a gauge transformation, the Lagrangian has the
same form, but the y’s return to constant ma-
trices. Considering this we obtain a Lagrangian
with reduced symmetry:

£=y(iy"d, -m +5id(y"B, =B, y" W

1 — 3.2 — _
_TG_thrBWBW -?4:;2_ tr(B,y,B"y" -4B, B"*).

(22)

As a consequence of this symmetry breaking, the
kinetic energy term of the metric field generates
a mass term of the gauge field B,,.

From B, one can read off 16 gauge vector fields
in terms of infinitesimal operators of U(4) or the
covariant expansion in spinor space can be used
to extract other kinds of gauge fields. The latter
is physically more interesting.

The gauge field B, can be trace-independently
expanded as

B,=E, +ysA, +0,, V" +75YMP,+YM»SI
e oy’ T' +e paprsy’ Q7. (23)
Then we hé.ve
y"* B, =B, y"
=y (Bl —EX) +y*y5(AL —A¥) +4(S’ =S'¥)
+3iy (V" + V'*) —4ys(P’' + P'*)
€ ooy 'y (T'% + T'*)
—€uanYsy Y (R —Q*) . (24)

The kinetic energy terms of gauge fields are
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1 - 1 3 Y ’ 1
- i@[‘ trB* B,, = —‘Zgz (0,E * =9, EX)3"E"™ —=0"E ") —-Eé:g(au Vox =2, VX)N(o*V"” =2 V')

2

3
+—— 9, P'*3"P’ + —53; T'X T'*"

1 ’ ’ w / ! ’ 1 ’ ’
—[—@(auAv*_avAu*)(auA -"A u)+ -éf aus *ots "S_ngu*chQ uaﬁ]+ e '(25)

Here we have used the following definition of 7', 4

Tlltaﬂgau T«;B+aBT|’La +aa T,Bu .
The gauge-field mass terms are

3m 2

(26)

— = 3m 2 ’ ’ ’ Iz ’ ’ SIxQ! ’
=4zt (Buy' By, —4B,B*) == S (=3 VXV PP+ BT TV H AR AT =38 - Q07) . (2T)

From Eq. (25) we see that the fields A,, S’, and @'* are not acceptable in this scheme because we require
the Hamiltonian to be positive-definite and the field E, is unavoidable.” Furthermore, we restrict our
attention to the part of the gauge field which is interacting with the fermion. Finally, we need to normalize
the kinetic energy terms of (25) by rescaling the fields, i.e.,

’ . 1 ’ 1 7
Euzngu: V;’Lzﬁgvu} P =ngi TUP:}égTop° (28)

So we must expand B, as follows:

. 1 1
B,=g (‘Eu + 72_—0‘“' v+ W?s?’up +%€uvw7v Tw)

and all fields are now real.

(29)

We write down the final Lagrangian (imposing the condition 3, V* =0)

£ =J(i’)’uau _m)d’ _%(au,Ev - avEu)(auEv - al’Eu) _%(auvv - Vu )(au Vv - av Vu,) +%(% mp)zvuvu. - 3g2VuVquVV

1 2
+30,P0*P —im Pt - $g%P  + {T, 4T - 1 (———L> T, T =18 [(T, T =(T,, T"°T 4 ;T *)]

—-ghy"IE , + j—g%“wvu + 1’—-—4— Uy VP +gU(3€,,6,0  WOT™ + XV, T* °T sV - 28T ,, T* P* + 3%V ,V* P2
V2 V3

From (30) we conclude that there are certain
relations among the coupling constants of gauge
fields with the fermion, as well as their masses:

4 3
8s:8pi8vigr=1iz— 51, (31)

mE:mP:mV:mT-——O:l:-g—:T—g—. (32)
The presence of these ratios is a consequence
of the fact that there are only two independent
free parameters in this theory. The numerical
values of the ratios are determined by the struc-
ture of the y algebra.

V. GENERALIZATION TO INTERNAL SYMMETRY

The above theory can be straightforwardly
generalized to the case in which several spinor
fields form a multiplet. Similar to Eq. (4), in

(30)

—

notation of matrices, we start with the following
free fermion Lagrangian:

,{:izai[i’y“(x)au—m] z]J,EUT(iyuau—m)di. (33)

Here index ¢ runs from 1 to ». Using the same
procedure we can construct a U(4) X U(n) algebraic
gauge theory. U(4) is the internal-symmetry
group of spinor space. U(n) is the internal-sym-
metry group among fermions. In this terminology
the previous theory could be called U(4)*xU(1)
algebraic gauge theory. We write down the La-
grangian which is U(4) X U(xn) gauge invariant,
Lorentz invariant, and Hermitian,

L=5ily Db - 5D, 0y d —mid

1 - 3mlt
- 57 Tr B Bu +6—:”—g5— TrD,y, D"y .

(34)
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The definitions of D, ¥, D,vy,, B,, and B, are the
same as in Sec. II. However, the algebraic gauge
field B, is now a matrix in U(4) XU(n) space. We
have used the notation Tr in Eq. (34) to represent"
the trace in both U(4) and U(n) space. Under
U(4) and the Lorentz transformation various quan-
tities undergo the same form of transformations
as before. Using U(n) element G instead of U(4)
element U, one can get the corresponding trans-
formation laws of fields under U(n).

An additional feature occurs in the expansion
of the gauge field B,. Now we need to first expand
the B, in the U(n) space:

B,=T°B’. (35)

Here the T° (¢ =0,1,2,...,n* —1) are the Her-
mitian infinitesimal operators of U(z). Other
relevant definitions are as follows:

[Ta, Tb] =ifabc Tc ’
{Ta)Tb}:dabc Tc )
amb __ c ’
T —qabcT ’ (36)
qabc= %(dabc+ifabc) }
tr 7T =1 8%,
1/2
a_ i a0
tr T (2) ™.
In the same way we expand the curvature:
B,,=T°B;,, (37)
B}, =0, B} =9, By +5 i we{B, B} + 5 ducl B, B

=0, B} =2, Bi+qy (B, B, - B, B) . (38)
With Bj, the Lagrangian (34) can be written as

=27 8,9 - B,9v*Y) — miyp

+ FPTO (Y BY — Boy* ) — 1 61g2 tr B#vB
+ i;na - trD,7,) (D*)e (39)
Here '
(Dyy,) =V2n 8,7,06% +[BS,7,] . (40)

Under U(n), B, BY,, and (D,7,)* undergo the
following transformations: '

OBE=1pe Q”Bz +19,6°,
G‘Blaw :fabc ebew ’ (41)
B(Duyv)a =J abe eb(‘Du'yu)c ’

where the 6’s are the infinitesimal parameters of -
U(n).

We can also break the U(4) symmetry by “gaug-
ing back” the y-metric fields to constant matrices.
Using the covariant expansion we achieve the same
conclusion as in Sec. IV, namely the exclusion of
scalar, axial-vector, and pseudotensor fields;
the same mass spectrum and the same coupling-
constant ratios of the gauge fields Ef, P* Vi,
and 7%,.

To conclude this section, we explicitly express
a Lagrangian which results from the above mech-
anism and contains massless vector, massive
vector, and massive pseudo-scalar fields as
gauge fields:

. 1 1
B?t =g(2ETt+ _Eysyupd+ﬁ o.quav> ’ (42)
E:v=auE:"asz_gfabcEzEsf (43)

&= i(i’y“ 9, - m)p _%El‘leauv_%(auV: -9, Vz)(a“V" — YY)+ é(%m,)zV‘”‘V‘,"

- %gz[ (gfabcfab' d+ Zdabc dab' J )Vsz' uvzvc' Yt dope Ay & Vﬁvwvf Vc' lﬂ]"’ %aupaaupa _%mﬁzpapa

abc “ab ¢

—3d,y, dyy s PPPOPY PE _ gy ToES + (3N 2 )ghy oV + i(4 N3 )gPy T*4P*

— 38 (BLVEV = VS8, V™)E™ + VIV, E]+ 3gf 1p,(9,PLP® — P9, PY)E
- %ngabcfab' J (ElblEb “chVﬁ - EIDLVG“E: Vc' v)+ %ngabcfab' c'E?LEbl uPcPc'

+ %g2(4fabcfnb' c' + dabc dab' c' )V:.Vb' “PCPC’ + %gzd a

abe

The E¢ are the conventional gauge fields. V¢
and P°® are new ingredients. The fully symmetric
structure constants d,,, enter the theory. This is
a characteristic feature of the algebraic gauge
theory.

e s VAIVERPY P (44)

ab ¢

VI. CONCLUSIONS

The theory discussed here has some promising
characteristics, The concept of a metric vector
field and the breakdown of symmetry cause the
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mass terms of gauge fields to appear naturally.
The covariant expansion in spinor space provides
a bridge between the algebraic gauge fields and
the physical fields. The uniqueness of the starting
point of the theory implies the gauge field of a
definite mass spectrum and specified coupling.
constants. Investigations of the phenomenological
implications of such a theory should be interest-
ing.
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