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Asymptotically free SU(5) model with three generations
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We present a new SU(5) model that needs only three generations of light fermions to preserve asymptotic freedom.
This SU(5) model has the same low-energy structure as the standard SU(5) theory. Predictions for proton lifetime
and sin28 are presented.

In a series of papers' we reported on a new re-
normalization program for grand unified theories
and applied it extensively to SU(5) theory. The
single most important prediction of SU(5) which
can be directly tested by experiment is the proton
decay lifetime. In principle, SU(5) can give a
precise value for 7~, once n„ the gluon running
coupling constant, is experimentally known. The
measurement of y& can be used to either confirm
or deny SU(5) as a grand unified theory. Early
estimates of the proton lifetime have indeed been
made and, as they turn out to be within reach of
experiments, have sparked considerable interest
on the subject.

In the standard SU(5) theory, because of the large
number of independent Higgs couplings, there is no
definitive statement on the mass- renormalization
corrections. In an asymptotically free SU(5)
model, however, where all couplings are pre-
determined by eigenvalue conditions, s such cor-
rections can be easily taken into account. In our
previous note4 we reported on one such asymp-
totically free SU(5) model, in which seven genera-
tions of light fermions were needed to preserve
asymptotic freedom. The resulting 7&, including
a11 renormalization effects, was tabulated in ac-
cordance with an allowed range of present low-
energy input for n„between 0.2 and 0.35.

Seven generations, by all accounts, may be
excessive. %e have therefore continued to work
toward a model that needs a smaller number of
generations for asymptotic freedom.

In this paper we report on an asymptotically free
SU(5) model that needs only three generations of
light fermions. 'The Higgs-boson and light-fermion
structure in this asymptotically free model is
identical to the standard SU(5) model, with

5, 24 Higgs bosons,

24 gauge bosons, (I)
three generations of 5~ and 10~ light fermions.

For asymptotic freedom it turns out to be neces-
sary to introduce superheavy fermions, much like
the "regulator" fields needed for renormalizabili-
ty. These superheavy fermions, however, are
physical, with mass scale of the same order as
the X gauge bosons. For our work we have taken
these superheavy fermions to be 'supersymmetric"
with the Higgs bosons, i.e., we include

5, 24 superheavy fermions.

Since at low energies, by the Appelquist-Carra-
zone theorem, 5 the superheavy fermions effec-
tively decouple, the low-energy structure of this
SU(5) model is identical to the usual SU(5) theory.

Our numerical prediction for 7&, calculated with
this rtt ——3 asymptotically free SU(5) model, is not
subject to theoretical uncertainties. Insofar as
three generations is acceptable from the point of
view of astrophysical data, ~ our prediction is
physically relevant.

%'e shall give the outline for the complete
Lagrangian of this model. Before doing so, how-
ever, it will be useful to explain what the new
ingredient is that made three generations possible,
whereas previously seven were needed.

To see this, recall that the Higgs-boson quartic
self-couplings X, by themselves tend not to re-
spect asymptotic freedom. Under a change in re-
normalization scale, they behave much like the
ordinary QED charge, e. In the presence of
fermions that couple to Higgs bosons, the fermion
loops add a negative (i.e. , asymptotically free)
contribution to the renormalization-group equation
for ~„being proportional to

—n~h .
Here n& denotes the number of fermion generations
and h refers to the Yukawa couplings such as

—v 2 h(~ s pnHs+H. c.
In our earlier work we did not include the SU(5)-
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allowed Yukawa coupling 7

—4h'g ~„„qpq C ~t/)g" H" +H.c.

%ith this, the fermion-loop contribution to the
renormalization-group equation now is of the form

—n&(ah~ +bh'4) .
Upon comparing (5) with (3) it is clear that so long
as h' is not negligible relative to h, the effect of
h, ' is to reduce the number of generations needed
for asymptotic freedom. A detailed calculation of
the renormalization-group equations indeed sup-
ports this conclusion.

A further remark on. the issue of generations is
appropriate at this point. While asymptotic free-

dom places a constraint on the number of genera-
tions of light fermions, SU(5) by itself cannot
distinguish among the three generations. For our
considerations we have simply ignored the dif-
ference between the e, p, , and 7 and replaced their
individual Yukawa couplings by a common, averaged
Yukawa coupling. At grand unification energies,
the light fermions are in any case massless and
ignoring the difference between e, p, and v. may
not be a bad initial approximation. To rea11y
understand the difference between e, p, , and 7;
we would have to go to an SO(N) or a higher SU(N)
grand unified theory.

Having thus settled all these preliminaries, we
now write down the complete Lagrangian for our
model:

2= —'; Tr(8 „A„—8„A„—ig[A„,A„] )' — Tr(8„$-kg[A„, Q] ) —
~
8„H- &gA„H~

+ p~ Tr(@2)——,g,[Tr($2)] 2-;g~ Tr($4) +;v2H~ H ——,X, (H" H) —;X4H~HTr(Q ) —;ASH~/ H

[4e',D,ts+krr. D,Pr, +(~&&PI, ekRH'+ '&'~ a„-. 0 C 'y,""H"+Kc.)]
Ienceatfons

—Xy„D g — B y„D„B—(kj7 )i~H~ +II.c.) —kzX yspz —k&BgB~Q," —keB„B~ Q" + 2 &+g,„„~,
where the coupling constants and parameters are all fixed by the eigenvalue conditions:

n = 3, h, = —0.254 406g, k2 ———0.635486g, k4 ———0.942 053g,

h'= —0.746771g, A'5 ———0.809 565g, k~
——0.706639g,

X&
——0.029 244g 2, ~2

——0.457 611g, X3
——1.196053g 2,

x,=- 0.012 3V4g', x, =0.909170g',

~2 = —0.927 207 p, 2.

At the Lagrangian level, these relations involve
bare coupling constants. Being, however, eigen-
value solutions to renormalization-group equa-
tions, these relations are in fact maintained even
after renormalization. As a result of these nu-

merical relationships, our model is truly a one-
coupling-constant, one-mass-scale theory with a
low-energy structure identical to the standard
SU(5) theory.

At the fundamental level, the eigenvalue condi-
tions may be understood as follows. Our Lagran-
gian is really a phenomenological Lagrangian,
much as the Landau-Ginzburg theory is the phe-
nomenological one in relation to a microscopic
BCS theory. A fundamental Lagrangian should
presumably be free of the ubiquitous Higgs boson.

That fundamental theory will most likely still be
a gauge theory and it will have asymptotic free-
dom. In that theory all Higgs-boson couplings
will be induced couplings and are fully calculable.

8'g 2

G= (10)

In Eq. (10), M is the effective mass of X, intro-
duced in the previous paper, ' while g„ is its cou-
pling to fermions. In this asymptotically free
SU(5) model the two apparently independent mass
scales p,

2 and v2 are related. This is not demanded
by the eigenvalue conditions imposed on the cou-
pling constants. However, upon a study of the re-
normalization-group equations for the masses p,

2

and v2, and after substituting the eigenvalues, we
find"

I

We believe that the result of those calculations mill
reproduce the eigenvalue conditions that were
necessary to preserve asymptotic freedom.

We ar e now ready to apply our n&
——3 model to

the discussion of proton decay. As we indicated
earlier, ' the tree diagram for this process is given
by
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16m dt
——13.419956g p, +0.847298g v,g dp,

(11)
~ dv

16m ~ = 8.134 063g ~
p, ~+ 21.406, 988g ~v~.

dt

This set of coupled equations, in general, has
solutions which in the limit t- ~ become propor-
tional to each other:

vi(t) ' "= 10.353678p, 2(t). (12)

so that we find, as before, ' a suPPression of the
effective mass at 1 Qeg compared with the effec-
tive mass at 10"GeV (-=Mr),

M'(1 GeV) 1
M'(M" GeV) 4.1' (14)

which shortens the lifetime by a factor of -16.
There is also a. compensating suppression of gx
at low energies, given by its renormalization-
group-equation analysis, ' that in this case turns
out to be

g~~(1 GeV) 1

gx (10 5 GeV) 7.2 (15)

The results of our investigations according to the
program that was discussed earlier are sum-

Such behavior would destory the SU(3), and the
SU(2) vacuum symmetry at high energies. There
is, however, a special solution to these equations
which relates v2 and p~ and under which the SU(3),
and SU(2) symmetries of the vacuum at high ener-
gies are preserved.

With our parameters and mass scales so fixed,
we can directly calculate the equation for the ef-
fective mass of the X boson,

16m' =(&n& +463 4335) g'M', (13)
dM'

dt

0.2

0.25

0.3

p.214 5.77 x 10~4 1.p x 10"
p.210 1.24 x 10" 1.6 x 10

p. 2p7 2.p5 x ].0~5 9.p x ].0»

0.35 p. 2p5 2.95 x 10'~ 2.4 x 10'2

ln this paper we have reported on what we believe
to be the most realistic asymptotically free SU(5)
model with a low-energy structure that is identical
to the standard SU(5) theory We .need only three
generations of light fermions in this asymptotically
free model.

The advantage of an asymptotically free theory is
that the theory, in spite of its Higgs structure, is
truly a one-coupling-constant and one-mass-scale
theory. As a result all physically measured quan-
tities can be reliably calculated. ' Qur prediction
for proton lifetime is thus to be compared with the
proton lifetime calculated in a standard model
where uncertainties persist due to the complicated
Higgs potential with five arbitrary couplings.
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marized in the following table, where we have
used a = I/137. 036 at m, scale, and the quoted
values of n, (m) correspond to a scale of m =6
GeV (chosen to be between the end of the char-
monium threshold and the onset of the T threshold)
(~=3) (H f. 11):

n, (m) sin 8(m) Mz (GeV) r& (yr)

APPENDIX

The complete renormalization-group equations for our model are given by

2dg16m'2 —=- ( @ —1 —& s& —22 n )g 3

dt

16m'2 —=h( 18g 2+ & n~k4—2- & h'2+ 3n&h'2) +h3(3 +4g&),

dh'
16v2 =h'[(4' —6)h2+44In+42 —-'Pg2] +h'3(3+3nq),

16v2 2 =kq[&~k42+&n (kq~+k ~) —-ning —I1g J +k4 (—qkq++k, )+k2 (~+2+~),da'

16m ~ =k4[4e~h~+3nyh' —&kP ++ kg + & k 2+&~ (k 2+k ~) ——k@8—+~g2j +k4~(Pg + +~ n~),
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16m 2

d
'" ——kq(2n~kqt+& ngs2+ i2k82+k4~ —30gt) +k52( &eke —)) n~ks) +k53(27t +& n„) —&Bksa,

16m t s =2k4tkt —45k53+k6(2nzktt+ && n~k&t +13k52+k&t —30g ~) +ks (- 2ks —Ik&nz) +ks3(tTt + &n~),

16m t ' =64X&2+ X&[357s X~ +8n~k22++tt n~(kst+k62) —35t nzk&k6 —60g ~] + sYTY'- Xzt + 5X4~ +2X4X5+ Bg 4

—it2, npk, '- Q n~k, 'k, —",5M n~k, 'k, '- ~P, n~k5k, '- ',—', n~k, ',
16m = —"))x +X [24', —60g +8n k +—'n (k +k 2) —&n kk]dg

+,'-y5 +
q g —4e~kq —

5 n„k5 + ) n~kq ke+ 5 n~k5 k6 + ) n~kska —
5 n~ke,

16@2 ' =9& t+& (—~g +16n h +12n hiz+~t2 n k 2)
dX

dt f 5 g 4

+48/4 +& g4g~+~ g +~g — n k4 —32nyk —24nyh

16s2 ~ =4X4t+g4[6g3+52X, +0U)X —~~~g'+4n k +&n„(k,~+ha~) —& n kk 8+ S&nh2+n6&h' t+& nk~t]
A.

+ X,X, + X,'+ + X,X, + —",,' X,X, +3g —16n~k4'k, ' —16n~k4'kje

—
&z5 n~k4 k~~ —

~~5 n~k4~k6 —~~ n~k4~ksk6,

16st ' =& g,'+X,[X,+4K, +&X, +8K, -+'g'+8n&h'+6n&h" +4n~k, 'dg~

+15g +55)npk, k4'+&~n~k4 kP, +&n~k4ktks —~~ nzk& k, +&Sn~k4k5ks+&n~k4k62.
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