
PHYSICAL REVIEW D VOLUME 22, NUMBER 7 1 OCTOBER 1980
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Indications of neutrino oscillation effects in reactor, beam-dump, deep-mine, and solar-neutrino experiments are

discussed. Assuming three neutrinos, oscillation probabilities and/or limits are extracted from the data. We present

classes of solutions that can explain the observed effects.

I. INTRODUCTION

Neutrino oscillations" are of great interest
because of the light they may shed on neutrino
mass scales and mixing angles. A fresh round
of more accurate measurements is currently
running or being planned, but there are already
indications of oscillation effects in reactor, beam-
dump, deep-mine, and solar-neutrino experi-
ments. In the present paper we discuss classes
of solutions previously proposed' to explain some
or all of these effects and explore their conse-
quences for other experiments, assuming three
neutrinos. "

II. FORMALISM

A(v, —v~) =g ql,.~ ~,. exp(- iE;t),

P(v —v~} =
I
A(v vs) I

where ~ is the number of eigenstates and F, =p'
+ ypg,.'. For the cases of interest where p» gyes, ,
the amplitude for a flight path length L can be
written

A(v - v~) = g ~+ g 'u, . 'u ~,. [exp(- iA, ,) —1j,

where &,,= &(m,
' —m,')L/E and one particular

state j has been singled out arbitrarily. Inter-
ference between different terms in A gives os-
cillatory contributions to P. Note that if a ma-
trix element 'll,. is very small, v oscillations

(2)

In general, the neutrino mass eigenstates v,. with
masses re,. differ from the weak-charged-current
eigenstates v, (distinguished here by Greek suf-
fixes}. The two sets of states are related by a
unitary transformation

I
v ) =&„.I v,.). Hence, if

we initially have v with momentum p, the transi-
tion amplitude A and probability P for observing
v~ after time t are

have essentially no ~,, components.
For antineutrinos replace '4 by %t*. Hence

P(v - v~) =P(v~- v ),
where this relation may be seen as CPT invari-
ance. In general, v - v~ transitions are not re-
quired to be the same as vz —v and v - v~ for
u. e P, but equality holds here too for n= 2 neu-
trinos or when 'u is real (CP conservation), and
in some other simple situations such as the lead-
ing oscillations and averaged oscillations dis-
cussed below.

If the mass eigenstates are Dirac particles, v,.

and v are four-component spinors. If, instead,
the mass eigenstates are Majorana particles v,.
= v, , the weak eigenstates are to be interpreted as
left- and right-handed projections

n

veI. = & ~+ &5 +~vs ~

(4)
ver= ~ & —'Y5 &aevi ~

Provided the weak current contains no right-
handed neutrino couplings, as we shall assume
here, no appreciable neutrino-antineutrino mixing
occurs. ' When both Majorana and Dirac mass
terms are present in the Lagrangian, ' the possi-
bility exists for oscillations which mix neutrino
members of weak doublets and singlets, ' as well
as oscillations which mix flavors. Our principal
interest in this paper is in flavor-changing oscil-
lations, though we will briefly consider doublet-
singlet mixing at a later point.

The oscillations are periodic in L/E. With L/E
in m/MeV and m,. in eV units, the oscillation argu-
ment in radians is

2&,, = 1.275m', , L/E,

where 5yg', , =- ~,.' —yn,.'. Oscillations arising from
a given p~', , can be most readily mapped out at
L/E values of order 1/5m';, . The presently ac-
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cessible ranges of L/E in m/Mev are -10'0 (so-
lar), -10-10' (deep mine), 1-7 (low-energy ac-
celerators), 1-20 (reactors), 0.3-3 (meson fac-
tories), and 0.01-0.05 {high-energy accelerators).

The leading oscillation —the first to occur as
L/E increases from zero —is controlled by the
largest mass differences only, and has a particu-
larly simple form if one mass-squared difference
dominates. Suppose that the largest eigenmass
value m„is separated from the others, such that
[Gm';„(»)

5m', , [ for i, j+n. Then the leading os-
cillation is given simply by the terms involving
5'',.„with all other mass differences set essen-
tially to zero:

&(v, - v,) = 6,+ (5„-w „W&„)(e"—1), (6)

P(v.- v.)=1 4(IW.„['-
) ~ (') sin'(-.'~), (7)

P(v, -v,}=P(v,-v )

=4(~ „('(Mz„('sin'(26)for uwP,

For n independent neutrinos, the minimal acheiv-
able value for a diagonal term is

(P(v -v )& . =1/n. (10)

The discussion above refers to oscillations in
vacuum. Additional effects occur in matter' due
to coherent forward v, -g charged-current scatter-
ing (neutral currents give no lowest-order effect
in the standard Glashow-Salam-Weinberg theory).
Matter effects have a characteristic wavelength

L~, independent of E,
I.,=(&,G/2~)

where p, is the electron density. For typical rock,
p, = 12x10' cm and L„=1.2X10 m. Matter
corrections to vacuum oscillations become signi-
ficant only when the matter oscillation length L„
is comparable or shorter than the vacuum oscilla-
tion length I ~ for the smallest eigenmass-squared
diff erence

4~z
hE & (gm2)

(12)

where &= 25m;„L/E. Hence the n' different neu-
trino transition probabilities are governed by a
single oscillatory factor sin'(a&) and the coeffi-
cient factors ~'ll „~2of which n —1 are independent.
In this regime neutrino and antineutrino predic-
tions are identical; no CP-violating phase»n '~

&

can be detected. Notice that if '4 „=0,neutrinos
of type & take no part in the leading oscillations.

Asymptotic behavior is also rather simple. At
sufficiently large values of L/E, where all &,,
arguments have been through many cycles, detec-
tors cannot resolve individual oscillations and
become sensitive only to average values, which
are g,iven by

(P(v, - v ))= (P(v, - v ))=g

For the corrections to be observable, the distance
traversed in matter must also be an appreciable
fraction of I„,Hence, matter corrections are
very small in all terrestrial contexts, except when
neutrinos traverse a substantial fraction of the
earth's diameter and have energies

E(Me V) ~10'[Cm'(eV')]

HI. THREE-NEUTRINO PARAMETRIZATION

%e concentrate attention on the case v= 3, since
only three weak eigenstates v„v„v,are known.
In this case the mixing matrix U can be paramet-
rized by three angles 8, with ranges (0, m/2) and
one CP-violating phase g with range (-m, m), fol-
lowing Ref. 10:

e Cg SgC3 SgS3

S]C2 C J C2C3 $2$3e CyC2 $3 $2C3e
*j5 i5

V~ C$$2C3 C2$3e Cg$2 $3 + C2C3e V3

where c,= cos9, , s;=sin0, The explicit formulas for P(v - v~) in terms of these parameters are
lengthy and not particularly enlightening.

The leading oscillation formulas involve one oscillatory term sin'(~b ) and two independent coeffi-
cients, which can be parametrized by two angles u and p. Denoting P(v - v~) by P(u - p), we have

P(e -e)= 1 —sin'2u sin'2&,

P(p p, }=1 —4 sin'u cos'p(l —sin'u cos'p) sin'a&,

P(r —v) = 1 —4 sin'u sin'P(1 —sin'u sin'P) sin'a&,

P(e - p }= sin'2u cos'P sin'a&,

P(e -w) = sin'2u sin'P sin' —,'&,
P(p, -i)=sin'2Psin'u sin a&,

(14)



V. BARGER, K. %HIS%AN'r, AIV D R. J. N. PHILLIPS

90'

60'—

(P(s-e)&

cO cO

Q 0
n

CL

30'—

where —,
' h= ,'&m-»'L/E= ,'&m-»'L/E andm, is sup-

posed to be the largest eigenmass. We have es-
sentially parametrized the three linearly depen-
dent coefficients

(
&e3)',

~
U, (',

~

U„)'by cos'o.',
sin'o'. cos'P, sin'o! sin'P. Thus sin2n directly con-
trols the amplitude of the v, - v, oscillation; cosP
measures the relative amplitude of the v, -v„os-
cillation. When two oscillations are prescribed,
all other leading oscillations are determined.

Asymptotic oscillation formulas are straight-
forward from Eqs. (9) and (14) and will not be
written in generality. However, parameter values
that minimize &P(e e)) are particularly interest-
ing in view of the apparent severe deficiency of
solar-neutrino events"": see Sec. IV below.
The minimizing values are cy 3 c3 —2 with ~,
and 5 free. The corresponding averaged values
are

&P(e-e)&=&P(e-g)) =&P(e-~)&=-,',
&P(p. - p, )) =(P(7 - '~)) = —,

' —r'c, 's, ' sin'&,

&P(p. - ~)) = —,
' + -', c,'s, '.sin'5 .

A fully symmetrical solution with all averaged
values equal to —,

' is thus achieved with c,'= & and
sin'6 = 1 (maximal CP violation). ""

If we impose a less stringent condition &P(e- e)}
& a, the mixing parameters are constrained to a
region approximated by the triangle 0, & 35 L9y

—45'&8, &135'- O„with 6, and 5 free: See Fig.
1, which shows contours of &P(e- e)) versus an-
gles 0„0,. In much of our quantitative discussion
of data we shall use solutions in this region. We
shall also assume approximate CP conservation
(sin5=0); however, Eqs. (14) and (16) show that

suppressing this degree of freedom implies some
loss of generality in the p, , & sector.

IV. EXPERIMENTAL DATA

A. Solar neutrinos

The background v, flux around 1 MeV, measured
in a well-shielded environment such as a mine, is
dominated by fusion processes in the sun. Mea-
surements" using the reaction v, + "Cl- e + "Ar
yielded a counting rate of 2.2 +0.4 solar-neutrino
units (SNU) compared to a standard-solar-model
prediction" of 7 SNU, where 1 SNU= 1 capture/
sec per 10"nuclei. This discrepancy suggests a
neutrino-oscillation effect with

&P(e -e)) —0.2-0.4 at L/E -10'o m/MeV . (17)

We adopt this interpretation here.
To achieve such a near-minimal mean value with

three neutrino flavors, the mixing angles ~, and 63.

must lie near the minimizing solution of Sec. III
and all mass differences must satisfy 5~'&10 "
eV2

There is another conceivable scenario where
P(e- e) itself oscillates downward with a wave-
length of the order of the earth's orbital radius,
controlled by a mass difference 5~' -10 "eV';
in principle, , the minimal value for a specific L/E
is then zero." However, the "Cl experiment in-
tegrates over a neutrino spectrum from 1 to 16
MeV, so an L/E average is more appropriate here
anyway.

B. Deep-mine experiments

These experiments have measured high-energy
muon production near the horizontal direction
where the incident neutrinos come mostly from
n', K- p, -e cascade decays near the earth's sur-
face. About 120 events have been reported" "
within 40' of the horizontal direction, typically
with F. -10' MeV, L -10'-10' m. In the Kolar
gold field" the number of observed events is ap-
preciably less than expected from standard weak-
interaction theory. In the Johannesburg experi-
ment, "the ratio of observed to expected v„events
was 0.62'0,",. Although this evidence is not yet
compelling, the results suggest that muon neu-
trinos may participate in substantial oscillations
with Qyyg2- 0.05 eV . Upward events with L -10'
m can also be studied in deep-mine experiments.

00
PO

I I t

30' 60 90' C. Accelerator data

FIG. 1. Contour plot of P(e e) vs weak-current an-
gles 8~ and 83.

Searches have been made for v„-v, and v, - v,
oscillations in high-energy neutrino beams. ' No
positive effects have been seen. The Gargamelle
experiment at the CERN proton synchrotron ob-
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tained'

P(p -e)/P(p- , p, ) & 1.4 x10 ' (90pz CL),

P(p, g)/P(p V, ) & 1.3 x10-' (90$ CL),

P(e»e}/P(p - p, )=0.92+0.21,

(18}

(19)

(20)

1.0

0.5

P(p-7'}/, P(p, - p, ) & 0.025 (90%CL), (21a)

while the Fermilab- Serpukhov- Moscow- Michigan
group determines

for I /E -0.04 m/MeV. The latter result follows
from the excellent agreement between observed
e' events and the calculated v„v,fluxes in the
primary beams. At Fermilab the BNL-Columbia
group finds" a weaker limit on v, -v, plus 0

0

1.0

50
I

100 150
E„(GeV)

I

200 250

P(p, - v}/P(p. —p, ) & 0.0075 (90@CL) (21b)

by exploiting y dependence. ' Both of these limits
are for L/E -0.04 m/MeV also. Combining the
bounds of Eqs. (18), (19), and (21b) leads to

D

0.5

P(y. p, ) )0.99 (90$ CL) (22)

for L/E = 0.04 m/MeV, assuming three neutrinos
only.

D. Beam-dump measurements

0
0 50 100 150

E„(GeV}
200 250

In the CERN bea, m-dump experiments"'" prompt
neutrinos are observed at distances I = 800-900 m
from the source; these neutrinos are presumed to
come from charm-particle decays that are sym-
metrical between electron and muon modes. How-
ever, there is an apparent disparity between the
number of prompt electron and muon events ob-
served in the bubble-chamber experiment (after
correcting for muon energy acceptance based on

and v~- p.
' production and subtracting a

calculated nonprompt background). The prelim-
inary experimental result is '

R(e/ p ) =N(8+}/N(p ) =—0 59'0» .(BEBC). (23)

This could be interpreted as a neutrino oscillation
effect for L/E = 0.01 m/MeV. Since we know that
v„oscillations are negligible in-this range, these
results suggest that P(e-e) is strongly sup-
pressed. In the three-neutrino picture this im-
plies strong v, - v, oscillations so that a fraction
of the produced v„T,leads to &' events.

In the beam-dump experiments the antineutrino/
neutrino flux ratio is not precisely known. How-

ever, oscillation calculations of observables aver-.
aged over v and I fluxes turn out to be quite in-
sensitive to relative contribution of the T compo-
nents. For simplicity, therefore, we present our
discussion in terms of neutrino components only,
assuming identical v, and v~ flux and negligible
v, flux.

For 7-e, p. branching fraction B=0.17, the
ratio R(e/p, ) is given by

(P(e -e)o) +B(P(e - 7')eT)

(o) + B(P(e -v)eD)
(24)

where g is the inclusive charged-current cross
section for e or p, and T=-g'/c is the relative sup-
pression of 7 production, The factor D is the frac-
tion of muons detected from ~ decays divided by
the fraction that would be detected in normal v„

production. Figure 2 shows T and D versus
neutrino energy, assuming a muon acceptance cut
E, & 5 GeV in D. In Eq. (24) ( ) denotes an average
over the prompt neutrino spectrum. Taking mean
values T and D, we can invert Eq. (24} to obtain

(P(e-e)e) R -B(T, -RD)
(g) 1 —B(T -RD) ' (25}

From the prompt-neutrino spectrum of Ref. 25 we
calculate T = 0.80 and D = 0.64. The corresponding
correlation between R and P(e -e) is shown in Fig.
3(a}. The experimental result in Eq. (23) suggests

P(e -e) = 0.56'oo'~84 (26)

FIG. 2. (a) Ratio T=o'/cr' of inclusive 7' to electron
cross sections vs incident neutrino energy. (b) The aver-
age detection efficiency D of muons from r production and
decay divided by the fraction that would be detected in
normal v~-p, production, assuming a muon acceptance
cut g„&5 GeV.
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0 0.5

P(e-e)
FIG. 3. Oscillation predictions for the CERN beam-dump observables (a) R(e/p) =N(e)/N(p), (b) N(NC)/N(CC) (e+ p),

(c) N(0p)/N(j. p) vs the average probability P(e —e). The solid curves denote flavor-changing v8 v~ and vB v~ oscilla-
tion results. The dashed curves represent singlet-doublet mixing predictions.

for a prompt spectrum average in the range L/E
-0.005 —0.04 m/MeV. We notice that Eq. (26) is
barely compatible with Eqs. (20) and (22).

The bubble-chamber experiment also measures
the ratio of neutral-current (NC) to charged-cur-
rent (CC) (e', p, ') events from prompt neutrinos.
For v, -v„v,oscillations, the predicted ratio in
terms of average values P(e -e), T, D is

electron family are

R(e/p, ) =P,
N(NC)
N(CC)

R = 0.32(l + P) +P .Op.

1p.

(30)

N(NC) 2R(NC/CC) + (1 -P)[T —B(T +D)j
N(CC) 1 +P + B(1 P)(T +D)—

(27)

where R(NC/CC) =(o„c)/(o)= 0.32. Figure 3(b)
shows N(NC)/N(CC) versus P(e -e). For P(e e)-
given by Eq. (26), Eq. (27) would predict

N(NC) o y8

N(CC)
(26)

for prompt neutrinos.
The beam-dump counter experiments measure

the ratio N( pO)N/(lp) ,of muonless to single-muon
events. With e, 7 neutrino oscillations the predic-
tion is

N(0p ) 2R(NC/CC) +P +(1—P)(T —BD)
N(1 p, ) 1 + B(1 P)D-

Figure 3(c) shows this ratio versus P.
An alternative possibility for explaining beam-

dump results are oscillations which mix doublet
and singlet electron neutrinos, and thus deplete
the v, beam, as discussed in Ref. 8. The predic-
tions based on doublet-singlet oscillations in the

E. Meson-factory experiments

The decays of stopped pions and muons at meson
factories provide characteristic monoenergetic
v, , v, and continuum v„,v, v„v,fluxes in the
0-50 Me& range.

An experiment. at I.AMPF using v, and v„fluxes
from p,

'
decay has found'

P(e -e) =1.1 +0.4,
P(p, -e) & 0.065 (90% CI)

at L/E -0.3 m/MeV.

(31)

(32)

These predictions are illustrated by the dashed
curves in Fig. 3. In general, both doublet-singlet
and flavor-changing oscillations could be present.

The preceding oscillation predictions for beam-
dump results were expressed in terms of the aver-
age probability for v, depletion. Figure 4 shows
P(e -e) versus 5m for the leading oscillation,
with mixing angles corresponding to sin 2n =0.25,
0.5, 0.75, and 1.0. Here P is averaged over the
spectrum of Ref. 25. The experimental results in
Eqs. (23) and (26) suggest a leading 5m2 ~50 eV2.
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FIG. 4. Average probability P(e e) for the CERN

beam-dump experiment vs 6m, for various mixing pa-
rameters sin 20.';

FIG. 5. Comparison of reactor flux measurements
(Ref. 27) with theoretical fission spectra (Refs. 28 and
2g).

F. Reactor experiments
f

Nuclear fission reactors provide copious fluxes
of v, in the few-MeV range; their transmission
can be monitored in various ways.

l. Proton target

The inverse-P-decay process v, +P -e'+n is a
convenient way to detect v„above the threshold
1.8 MeV. Comparing the observed rate with the
rate calculated from the fission spectrum gives a
measurement of P(e -e), subject to theoretical
uncertainties in the fission spectrum.

Reines et al. ' have measured v, fluxes at L = 6
and 11.2 m from the center of a cylindrical reactor
core (5 m diameter, 5 m high). Figure 5 shows a
comparison of these data with two choices of the-
oretical fission spectra, due to Avignone and
Greenwood 8 and to Davis et al. These spectra
do not account for the L =6 m measurements for
E & 5 MeV, where P(e -8) apparently exceeds 1;
the disagreement is worse for the spectrum of
Davis et al. The determinations of P(e -e) based
on these theoretical spectra are shown in Fig. 6.
Here the horizontal error bars represent the rms
spread due to reactor core size. This figure sug-
gests a strong oscillation with one node near
L/E =1.3 m/MeV; to fit this as a leading-oscilla-

I I I I

Davis 1979 spectrum

I.O
lOP

f
ICP

0.5

~ ~

Avignone )980 spectrum

I.O
fED

t
IOP

0.5—

0
0

~ ~

(p)
~ L=)1.2m
~ L= 6m

L/E (m/MeV)

FIG. 6. Transition probability P (e e) versus I /E de-
duced from the ratio of observed to expected v~ reactor
flux of Fig. 5. The curve represents solution A of Eq.
(38}.
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initial v, flux. The ratio of CC/NC rates, inte-
grated over the v spectrum above their respective
thresholds, therefore provides a means to extract
P(e -e) that is relatively insensitive to theoretical
uncertainties in the spectrum shape. This ap-
proach has been followed in Refs. 19 and 31.

The integrated cross sections for deuteron dis-
integration have the form

FIG. 7. Ratio of P(e e) at L, =6 and 11.2 m versus an-
tineutrino energy E;. The overall normalization of the
data ratios is chosen to best match the theory ratios.

tion effect [see Eq. (15)] would require a leading
eigenmass squared difference &m'-1 eV and sub-
stantial mixing, sin 2+-0.5.

More conservatively, one might regard these
data as indicating some general suppression of
P(e -e) without establishing the details. If so, iwo
other types of interpretation are possible: the
smooth onset of a longer-wavelength oscillation
(with 5m -0.2 eV') or the average effect of a
shorter-wavelength oscillation (with 5m»1 eV ).

Spectrum uncertainties can be avoided in prin-
ciple by studying v, fluxes versus L at fixed F. ,
rather than versus E at fixed L, i.e. , by looking
for deviations from the inverse square law. 3 The
L dependences in different E bins will provide in-
dependent (and overlapping) determinations of
P(e -eg versus L/E —and also of the initial v,
spectrum shape at the source. So far no such sys-
tematic measurements have been presented.
Meanwhile, however, we can study the ratio of
counting rates in the 6- and 11.2-m experiments '
(assuming optimistically that reactor conditions
and counting efficiencies were comparable in these
different circumstances); in the absence of oscil-
lations this ratio should be a constant. Figure 7
shows some indication for deviation of this ratio
from a constant, but with considerable uncertain-
ties.

v+d v +p+n,
ve+d 8 +n+n . (33)

For flavor oscillations the NC reaction is the same
for all flavors of the neutrino; hence it is immune
to oscillations and can be used to monitor the

2. Deuteron target

Deuteron breakup by antineutrinos has both neu-
tral-current (NC) and charged-current (CC) chan-
nels:

where p(E„-)is the v, flux at L= 0 and f=P(e —e) at
L/E„for th-e CC case and f= ,' for —the NC case.
The variable E„is the energy of relative motion
of the final-state nucleons; the recoil energy of
the two-nucleon system can be neglected to a 1%
approximation. The differential cross sections
al e

2 t" m "~ '(E,)(E„--Eth)
r

)( [(E E )2 m2]ll2E 1/2 (35)

V. SOLUTIONS

To accommodate the solar-neutrino data we con-
centrate on solutions near the minimizing solution
of Sec. III. We specify the mass ordering as m

m2 m3 For simplicity we assume 6m'» «Gm'3 j
and CP conservation (5= 0 or m). We choose 8„8,

where m„is the nucleon mass and m =m, for the
CC and m= 0 for the NC cases. 'The threshold en-
ergies are

E,„=4.030 MeV+ E„,&,„=2.225 MeV+ E„,
(36)

with E„in MeV units. In Eq. (35) the quantity J~
is the overlap integral of deuteron wave functions
describing the '8 ground state and the 'S continuum
state. " With the exponential falloff of p(E„)folded-
in, the dominant contribution to o comes from
Z„=Q.Q5-Q. 1 MeV and E„--E,„=0.5-3.5 MeV."
Thus oscillation effects can be measured in the
range 4.6-7.6 MeV. The experiment of Reines
et al. at L = 11.2 m is sensitive to P(e- e) over
the range L/E = 1.5-2.4 m/MeV which is the re-
gion where the v, P - e'n data in Fig. 6 show an os-
cillation effect.

The reported results are"

[o(CC)/o(NC)] experiment
[o(CC)/o(NC)] theory L = 0

0.38+0.21 (spectrum Ref. 28)

0.40y0. 22 (spectrum Ref. 29) .

(37)



22 THREE-NEUTRINO OSCILLATIONS AND PRESENT. . . 1643

90'

10

6Qo

30'-

IO)

(~ 10
-2

LL

10

Qo
90' I I I I I

'IO
QO

I I

30'
I

60 90'

60'-

30'-
0)
0 0
II

C=.

E

10

CL
10

+ io'
Q

30 6Q' 90'

QO
00 30' 60 90'

FIG. 8. Contour plot of the minimum value of P(e e)
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solution C are averaged over the leading oscillation.
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to make P(e- e) close to its minimum and to fit the
minimum value of P(e-e) in the reactor range:
see Fig. 8. Freedom remains in the choice of
mass differences 6m',

&
and in the choice of 8, (this

angle can be tuned to decouple v„from the leading
oscillation if necessary). Other data on neutrino
oscillations then lead us to three major classes of
solutions.

Class A. .Here the leading oscillation is chosen
to match the shape of P(e-e) from reactor exper-
iments with proton targets in Fig. 6; this fixes
6m'»= 5m'»= 0.9 eV'» 5m'» and gives sin'2o'.
-0.5 for the leading-oscillation formulas of Eq.
(15). With these parameters the various accelera-
tor bounds on v„oscillations are satisfied irres-
pective of the choice of P (or 8,): see Fig. 9. How-

ever, given these mass scales there can be no
large effects in the CERN beam-dump experi-
ments, so the results in Eq. (26) must be ignored.
All other data can be accommodated.

A typical solution of this type has parameters

8) 50
~ 82 20

~ 83 30
~

6 0

-5m' =0.9 eV', 5m' =0.05 ev'

;-.:.„:=;,:;:.. L/E -0.04 m/Mev

06 "':".=""-'-':--:"'" "-''-"-'-' '-' -''' '-'="' " "':':-' ':-"': ':------'CxRN':NNNN%tNNNNA@X4NiNRMSY&N!kk4K h':"5~A@NNN: .ARAN:.ik!N: rNNNa%:: 4'".NS""N!'NN: 'i::NNrisk ~:

QO 30' 60' 90

In this example 8, has been chosen to decouple v„
from the leading oscillation, which helps in satis-
fying the various bounds, but is not strictly nec-
essary. The comparison with reactor proton-tar-
get data is shown in Fig. 6 and predictions for
propagation probabilities P(o.'- P) are shown ver-
sus L/E in Fig. 10. For reactor d disintegration
this solution gives an average probability at L
=11.2 m of

0.64 (spectrum Ref. 28)Pe-e =

0.68 (spectrum Ref. 29) .
(89)

FIG. 9. Experimental bounds on v~ v~ and v~ v„
transitions compared with solutions A and C, allowing the
angle 02 to vary. The shaded region is excluded at the
90% confidence level. For P(p p) the prediction of sol-
ution A is essentially unity.
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FIG. 10. Subasymptotic neutrino oscillations for all
channels based on solution A in Eq. (38). Arrows on the
right-hand side denote asymptotic mean values.
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We note that for 5m'= 0.7 eV', the predicted
P(e- e) values are 15 and 25% lower, respectively.
For the solar-neutrino average solution A gives

(P(e —e)) = 0.39 . (4o)

For deep-mine upward events (with L/E -10' m/
MeV) the vacuum oscillations in this solution have
asymptotic averages

(P(v, —v„))= 0.50,

(P(v„-v, ))= 0.43,
(41)

(P(v„-v, )) = 0.07,

(P(v, - v, )) = 0.19 .

Deep-mine horizontal events refer to the region
L/E -10 m/MeV, where the results depend rather
critically on our choice of 6m'„and 8„which are
essentially free in class A solutions.

Class B. Here the leading oscillation is supposed
to be just beginning in the reactor range L/E
= 1.5-2.5 m/MeV, giving some suppression of
P(e- e) but no detailed fit to present reactor data.
This somewhat looser requirement implies a lead-
ing 5m2-0 1-0.3 e&2 with sin22n -0.5-1.0.
with class A, these solutions easily satisfy accel-
erator bounds on v oscillations and predict negli-
gible CERN beam-dump effects.

A typical solution of this class has parameters

8, =55', 82=0, 83=45', 5=0,
(42)

Om' =0.25 eV', am'„=0.05 eV'.

The comparison with reactor proton-target data is

FIG. 11. Comparison of solution B in Eq. (42) with re-
actor proton-target data on P(e e).

while for the solar-neutrino and deep-mine upward
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FIG. 12. Subasymptotic oscillations for solution 8 in

Eq. (42).

shown in Fig. 11, and propagation probabilities are
given in Fig. 12. For the reactor d-disintegration
average this solution gives

0.73 (spectrum Ret. 28)
P(v, - v, ) =

0.70 (spectrum Ret. 29),
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event averages it gives

(P(v, - v, ))= 0.33,
(P(v„-v„))= 0.50,

(P(v„-v, )) = 0.33,
(P(v„-v, ))= 0.17,
(P(v, —v, ))=0.33.

(44)
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Class C. Here the leading oscillation is supposed
to have 5m'»= 5yn'»» 1 eV', so that the reactor
experiments are simply measuring the average ef-
fects of many short wavelength oscillations of
which the details are not resolved. With bigger
mass scales now permitted, a sizable effect in the
CERN beam-dump experiments is no longer ex-
cluded; however, it is critical to tune 8, such that
v„decouples from the leading oscillations, in or-
der to satisfy the accelerator bounds: see Fig. 9.
(Such a solution with U„,= 0 has been proposed by
De Rujuja et al. ,

' in the beam-dump context. )
A typical solution of this kind is
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8»= 30', e~= 50', 83= 55', 5= 0,
gyp = 50 ey $$7z = 0.9 ey

(45)

The comparison with reactor proton-target data
is shown in Fig. 13 and propagation probabilities
are shown in Fig. 14. For the reactor d-disinte-
gration average this solution gives

0.55 (spectrum Ref. 28)Pv-ve e
0.56 (spectrum Ref. 29),

(46)

while for the solar-neutrino and deep-mine upward
event averages it gives

(P(v, —v, })= 0.60,

FIG. 13. Qo~parj. son of solution C in Eq. (45) with re-
actor' proton-target data on P (e —e). The heavy solid
curve denotes the average value of P (O' V') and the
dashed curves represent the envelopes of the oscillations;
parts of the short-wavelength oscillations are illustrated.

where reactor data are regarded as averages of
short-wavelength unresolved oscillations. 'These
solutions can fit beam-dump data.

(v} In the accelerator and meson-factory ranges
of L /E, class C predicts many interesting effects
which will serve as definitive tests. Class A pre-
dicts minimal effects and class 8 essentially no

(P(v„v„))= 0.81,

(P(v - v, ))=0.15,

(P(v„-v, )) = 0.04,

(47)

1

I

t

C
CL

0
h
t

(P(v, —v, )) = 0.25.
A brief summary and comparison follows.

(i) There may be some conflict between the re-
actor (proton-target) and beam-dump results.
However, this conflict can be narrowly resolved
by solution C.

(ii) Class A solutions take seriously the details
of reactor data —especially the suggestion of a
well-resolved oscillation —but if this is the leading
mass scale, there should be no beam-dump ef-
fects.

(iii) Class B solutions take reactor (proton-tar-
get) data jess seriously, as a longer wavelength
effect, but thereby also fail to fit beam-dump re-
sults. 'They seem disfavored.

(iv) Class C represents a. possible compromise,

CL0
0.01

1 I 1 I I I I I I

0.1

I I I ~ I I I I

L/E (m//Me)
5.

FIG. 14. Subasymptotic oscillations for solution C in
Eq. (45).
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effects at all here.
(vi) Deep-mine data will be very helpful in re-

stricting parameters, including the nonleading
mass difference 6m'2y.
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