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We propose a quark-parton model of a nucleus viewed in a high-momentum frame. We use it to calculate deep-
inelastic lepton scattering, lepton pair production, 8'-boson production, particle production at large x and small

p~, and cumulative production of particles at backward angles in high-energy hadron-nucleus collisions.
Predictions are compared with experimental data. Good agreement between theory and experiment is

demonstrated,

I. INTRODUCTION

The past few years have witnessed a fast in-
crease of interest in studying high-energy particle-
nucleus collisions. ' This is partly due to practical
advantages (larger cross sections, better mech-
anical properties, and a better heat conductivity)
of nuclear targets compared with proton targets,
partly due to theoretical advantages (e.g. , possi-
bilities to test theoretical models over a wider
range of target quantum numbers, to study non-
asymptotic states via rescattering inside the nu-
cleus, and to filter out specific processes), and

partly due to observations of unexpected depen-
dence of cross sections on the'atomic number A

of the target nucleus' (e.g. , cumulative production
and anomalous A dependence). However, while
considerable progress has been made during the
past few years in understanding hadrons in terms
of the quark-parton model' and its possible under-
lying field theory, quantum ehromodynamics'
(QCD), very little progress has been made toward
a quantitative understanding of high-energy par-
ticle-nucleus interactions in terms of the quark-
parton model and QCD. In the present paper and
in a forthcoming publication we shall show that a
quark-parton model of the nucleus and QCD can
correctly predict nuclear cross sections and their
surprising A dependence. In fact the agreement
which is obtained between theory and experiment
is remarkable.

The quark-parton model of hadrons' views an
energetic hadron (i.e., a hadron in an "infinite-
momentum frame") as composed of valence quarks
(which carry its quantum numbers) and of a neutral
sea of gluons and quark-antiquark pairs. The
quarks and gluons are pointlike constituents which
behave as free when they absorb a quantum with
large energy and momentum. A justification for
the quark-parton model is provided by QCD: In
QCD quarks (of three colors) interact with eight
colored gluons (massless vector bosons) and this
interaction binds and confines the quarks to give

color singlet hadrons. Being asymptotically free,
QCD provides a leading behavior in processes
where large momentum transfers are involved.
It gives Bjorken scaling' (modulo logarithmic cor-
rections) in deep-inelastic lepton-hadron scat-
tering and the behavior of cross sections for in-
clusive production of hadrons with large trans-
verse momentum (Pr &1 GeV/c). However, pro-
cesses which involve large momentum transfers
have very small cross sections and hadron pro-
duction is completely dominated by production of
hadrons with small p~. Such soft processes in
QCD require a nonperturbative approach which is
still lacking and it has not been possible so far to
use it to explain the bulk of the experimental data
on hadron-had ron collisions. Nevertheless,
attempts to understand some soft processes in

I

hadron-hadron collisions in terms of quarks and
gluons' have enjoyed a qualitative success. In
this paper we shall show that the general picture
underlying this qualitative success of the quark-
parton model for some soft processes is sufficient
to obtain a successful quantitative description of
their A dependence.

Our paper is organized as follows: In Sec. II
we present our quark-parton picture of a nucleus
in a high-momentum frame, from which we derive
quark distributions in ultrarelativistic nuclei.
Various production cross sections from nuclear
targets are then calculated and compared with
experimental data. In Sec. III we discuss briefly
deep-inelastic lepton scattering from nuclei, in
Sec. IV lepton pair production in hadron-nucleus
collisions, in Sec. V 8'-boson production, in Sec.
VI particle production with small p~ and large x,
and in Sec. VII cumulative particle production at
backward laboratory angles are discussed. Finally
in Sec. VIII we draw some general conclusions.

II. THE QUARK-PARTON STRUCTURE
OF A FAST NUCLEUS

Current models of particle production from had-
ron targets at high energies require a knowledge

1547 1980 The Amt'. rican Physical Society



G. BERLAD, A. DAR, AND G. EILAM

of the momentum distribution of the quarks and
gluons in the target when it is viewed from a
high-momentum frame. To extend these models
to particle production from nuclear targets one
needs to know the momentum distributions of
quarks and gluons in ultrarelativistie nuclei. These
distributions can either be extracted from deep-
inelastic leptoproduction from nuclear targets or
be estimated from theoretical models.

In QCD colored quarks interact strongly via ex-
change of colored gluons. These interactions are
believed to bind and confine three colored quarks
to give color singlet nucleons. Being color sing-
lets the nucleons cannot interact strongly via an
exchange of a single colored gluon. Thus binding
forces between nucleons in nuclei are small com-
pared with binding forces within nucleons. (The
average binding energy per nucleon in a nucleus is
about 8 MeV while the nucleon rest mass is about
1 GeV. ) Therefore it is useful to consider a nu-
cleus in its rest frame as a bound state of point-
like nucleons. However, when a nucleus moves
with a relativistic velocity its nucleons look as if
they are composed of valence quarks and of a
neutral sea of gluons and quark-antiquark pairs.
Thus the momentum distribution of quarks and

gluons in a fast nucleus may be estimated by
convoluting the quark and gluon distributions in
nucleons that were extracted from deep-inelastic
leptoproduction from isolated nucleons with the
momentum distribution of the nucleons inside a
fast nucleus.

The momentum distribution of nucleons in a
nucleus that moves with a relativistic velocity
cannot be extracted from its nonrelativistic wave
function. In fact, a knowledge of this distribution
requires the solution of a complicated relativistic
quantum-mechanical many-body problem. So-
lutions of such relativistic bound-state problems
have not been found yet. Instead, attempts were
made to determine these distributions by extracting
the leading behavior from the lowest-order di-
agrams in perturbation theory. ' The following
"counting rules" were obtained: If one denotes by
x» the fraction of the total momentum of a nu-
cleus A that is carried by a single nucleon N in-
side a fast nucleus, then for large values of x»
its momentum distribution behaves like

where T depends upon the basic nucleon-nucleon
interaction; T =1 for a renormalizable interaction
between the nucleons, such as a vector exchange
with point interactions; T = 3 for a, nucleon-nu-
cleon interaction which is mediated by the ex-
change of vector mesons with a monopole form
factor at each vertex, etc. Although initially the

counting rules with T =3 were shown to correctly
describe the fragmentation of certain relativistic
heavy ions, it was soon realized that they cannot
describe the fragmentations of nuclei heavier than
carbon. ' The powers observed in backward pro-
duction of fragments from heavy nuclear targets
by high-energy incident protons are much smaller
than those predicted with either T = 1 or T = 3.
These counting rules are also in conflict with many
other deep-inelastic production experiments from
nuclear targets. '

However, the counting rules were obtained under
the assumption that the nucleus is fully broken up
(into A nucleons for T = 1, and into 3A valence
quarks for T =3) during the collision. Such an
assumption may be reasonable for high-energy
central (small impact-parameter) nucleus-nu-
clues collisions, or for high-energy particle
collisions with very light nuclei, but it is un-
reasonable and in conflict with experimental obser-
vations in collisions between high-energy particles
and medium and heavy nuclei. The multiplicity
distribution of charged nuclear fragments in such
collisions was studied extensively by emulsion
techniques. It was found to be energy independent
and to drop rapidly with increasing number of
nuclear f ragments. '

We propose to replace the nuclear counting rules
of Blankenbecler and Schmidt' by more realistic,
and yet simple, nulcear counting rules. We note

that when a nucleus is viewed from a high-mo-
mentum frame it is Lorentz contracted. All its
nucleons that lie within an imaginary tube with
a nucleon cross section 0, which is drawn along
the momentum axis, are contracted into a small
volume with the same cross section. Owing to
the shortening of longitudinal dimensions all the
quarks in the contracted tube will now communi-
cate easily via exchange of massless gluons, while
their communication in the transverse direction
will not be affected. Lorentz contraction will
simultaneously increase the longitudinal mo-
mentum components of the quarks due to the un-
certainty principle and reduce the strength of
their interactions due to asymptotic freedom. '
Thus the quarks in a Lorentz-contracted tube
will behave like a free Fermi gas, except for
clustering of quarks into weakly interacting nu-
cleons which reduces their total Fermi energy.
The total momentum of the tube will therefore be
distributed among its constituent nucleons ac-
cording to phase-space rules which we shall derive
below.

Let us denote by tt) „p„, and p„respectively,
the momenta of a quark, of a nucleon, and of a
tube in a nucleus that is viewed in a, high-momen-
tum frame and let us also define fractional mo-
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mentum variables through

xqE Pq/f Nt xNt 5Ã/f tt xqt f q~Pt qN xNt '

given by

P(x}dx= J, ' il(E E-; —QR,),
We shall first assume that the structure functions
of quarks in nucleons and of nucleons in nuclei
obey Bjorken scaling. ' (Scaling violations that
are implied by QCD will be introduced at a later
stage. ) If quarks are confined to nucleons in a
tube, then their momentum distribution in a tube
is given by

xl dx'
eg(x)= J x' ] x' (2.2)

where x=x„and x' =x,„. q„(x') is the momentum
distribution of quarks of type q in a nucleon and

N, (x„,) is the momentum distribution of nucleons
in a tube. They satisfy the normalization condi-
tions

"0
q„(x)dx = i,(N), (2.3)

«(x) =
J „W~(x.~)N~(x~~)5(x -x,~ x~~)«.~ dx~g

0 0

(2.1)
l.e.)

where
(2.8)

E -E(-—E -xE =(1 —x)E .
In Appendix A we show that Eq. (2.8) yields

N, (x) = = i(2i -1)(2i —2)x(1 -x) 'iP(x) 2f 4

JP(x}dx

(2.9)

This choice of N, (x) automatically satisfies the
normalization condition (2.4) and the momentum
sum rule (2.5). It also follows from the dimen-
sional-counting rules of Blankenbecler and
Brodsky, combined with conditions (2.4) and

(2.5), or if the interaction between the nucleons
in a tube is described by a field theory with a
renormalizable interaction such as AQ, vector
exchange, etc.

We now substitute Eqs. (2.6), (2.7), and (2.9)
into (2.2) and obtain the structure functions of
quarks in a tube of i protons:

N, (x)d =f, (f),
Jo

(2.4}
36 3 (] x)2i+'I

16 2i+I gx

where i,(N) is the number of quarks of type q in
a nucleon and i„(t)=—i is the number of nucleons
in the tube. Since we assume that the nucleons in
a tube carry almost all its momentum (because
it is colored, a single gluon cannot be exchanged
between colorless nucleons) we have also the
approximate sum rule

xN, (x)dx = 1 .
dp

(2.5)

q„(x) are known from deep-inelastic' scattering of
leptons on nucleons. For instance, u~(x) and

d„(x) can be represented (modulo scaling-violating
logarithmic corrections) by

& F(2.5, 2f —2, 2i+ 2; 1 -x), (2.10)

315 12
256 (2i + 1)(2i + 2)

(1 x}'"-
v'x

&&F(3.5, 2i -2, 2i + 3; 1 -x) . (2.11)

Similarly, since by isospin invariance d„=u~
and u„=d~, where n stands for neutron, for a
tube that contains (Z/A)i protons and [(A —Z)/
A]i neutrons we obtain

u; (x) = (Z/A) u, (x) +[(A -Z)/A] d& (x), (2.12)

d, (x) =(Z/A)d;(x)+[(A -Z)/A) u, (x) . (2.13)

36
u~(x) =d„(x}=

315
d~(x) =u„(x) =—

(1-x)3
vx

(1 -x)'
vx

(2.6)

(2.7)

F(a, b, c;z) in Eqs. (2.10) and (2.11) is the con-
fluent hypergeometric function, represented by
the integral

1

F(a, b, c;z) = f' '(I -t)' '(I -tz) 'df,Bb,c —b

From our previous arguments it follows that a
reasonable choice for N, (x), the fractional mo-
mentum distribution of nucleons inside a tube, is
the relative phase space of a single nucleon
carrying a fraction x of the total momentum of i
identical nucleons uncorrelated except for en-
ergy (longitudinal momentum) conservation. The
phase-space density P(x) for such a nucleon is

where

I"(u}I (g)
I"(u+ g)

(2.14)

(2.15)

ln general, for any type of parton q in a nucleon
R, with a structure function of the form
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q~«(x) =C,x'(1 -x) z, (2.16)

u;(x)-(1-x)" (2.18)

The power 2i + 1 can be obtained directly from the
dimensional-counting rules' if one assumes that
the elementary spectators accompanying a valence
quark in a nucleon are the two other valence
quarks in the hit nucleon and all the other nucleons
in the tube [i.e. , n, =2+(i —1) and thus 2n, —1
=2i+ 1].

The quark distributions (2.10}, (2.11), and
(2.17} in nuclei are considerably different from the
corresponding distributions (2.6), (2.7), and (2.16)
in isolated nucleons. As a consequence production
processes which depend on quark distributions
in the target exhibit a nontrivial A. dependence.
Moreover, the distributions yield a considerable
probability for a quark in a nucleus to carry mo-
mentum much larger than the average momentum
per nucleon in the nucleus (see Fig. 1}. Such
momenta lead to subthreshold production of par-
ticles and to cumulative production of particles,
i.e. , to production of masses and momenta which
cannot be produced in collisions between isolated
nucleons. We shall make explicit use of the quark
distributions (2.10), (2.11), and (2.17) in our cal-
culations of production processes that do depend
on quark distributions. Thus in such processes
the explicit quark distributions will replace the
"universality assumption" of the collective tube
model. '2

We stress again that neither the off-shell mo-
mentum distributions of quarks in a nucleon at
rest nor their off-shell momentum distributions
in a nucleus at rest are related in any simple
way (e.g. , via Lorentz transformations) to the
corresponding distributions in fast nucleons and
in fast nuclei.

The probability that a nucleon in a nucleus is
found in a tube of i nucleons can be estimated in
the following way: I.et us assume that the nu-
clear wave function can be well approximated by
a product of A identical nucleon wave functions.
Then the probability of finding a nucleon inside
a tube of cross section g at impact parameter b

we ol3tRin.

q, (x) =q~(x)i(2i —1}(2i—2)(1-x) ' B(2i -2, P+1)
&&F(n + 8, 2i —2, 2i + 8 —1;1.—x}. (2.17}

C, in Eq. (2.16) is a constant which for valence
quarks equals i,(N)/B(n +1,P + 1), i,(N) being the
number of q-type quarks in the nucleon. The
quark distributions (2.10), (2.11), and(2. 17) for
sea quarks and gluons are illustrated in Fig. 1.

Note that F(a, b, c;0)=1 [provided that Re(c
—a —b) ~ Oj, and thus for x- 1,

is aT(b)/A, where T(b) is the nuclear thickness
at impact parameter b:

p(b, z) —= ~$(b, z)
~

is the nuclear density at (b, z)
normalized such that jp(b, z)d~r =A. The prob-
ability of finding i out of A nucleons inside a tube
of cross section 0 at impact parameter b is thus
given by

(
. )

~

(b)&(' (b) ~"
'

and the probability of finding a tube of i nucl. cons
at any impact parameter is

A

P(i««i=f P,(i,A; )d 5itZ J(P(i,A;bid b,

(2.20)

where
(2.21)

~I g P(i,A; b) d'b =
&=1

0 T(b)ii
A ) .

(2.22)

III. DEEP-INELASTIC LEPTON SCATTERING FROM
NUCLEI

Qur quark-parton model of the nucleus can be
tested directly in deep-inelastic lepton scattering
from nuclei. Consider first scattering of an un-
polarized e/p, beam from unpolarized target par-
ticles of mass M in the one-photon exchange ap-
proximation. The energy F. of the incident lepton,
the energy 8' of the scattered lepton, and its
scattering angle define completely the virtual
photon whose four momentum q =(v, q) is given
by

-q =4EE ' sin'(8/2),

v=E -F.'. (2 2)

In terms of the Bjorken scaling variables
x=——q /-q = —q /2Mv and y =—v/E, the double-
differential cross section for inelastic scattering
can be written as

The nuclear density functions p(r) can be extracted
from experimental data on low-energy electron
scattering on nuclei. P(i,A) for a representative
set of nuclei are listed in Appendix B.

Equipped with quark distributions in fast nuclei
and with the probability distributions P(i,A) we
can now proceed to calculate specific cross sec-
tions in high-energy lepton-nucleus and hadron-
nucleus collisions.
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dxdy
=

q'

2

+ 2xEi(x, q2)

The naive quark-parton model obeys exact Bjorken
scaling4:

E, (x,q2) =E~ (x);
it satisfies the Callan-Gross relation 3

E2(x}= 2xEi(x),

and in the high-energy limit it yields

(3.4)

(3.5}

where

F2(x) = axe,2q(x), (3.7)

e, is the charge of the quark q, q(x) is its x dis-
tribution in the target particle, and the summation
extends over all quark flavors in the target parti-
cle. The existence of a significant diquark sub-
structure in the nucleon will lead to violation of
both the Callan-Gross relation and Bjorken scaling.
In Sec. VI we will show strong evidence for its
existence.

Quark flavors other than u, d, s do not contribute
significantly to E2(x) of nucleons and of nuclei.
%e shall neglect their contribution as well as
QCD scaling-violating corrections to E2(x) of
nuclei. %e also note that for a tube of i nucleons
M =im, where m is the nucleon mass and

sponds to (x„g=0.19 as determined from deep-
inelastic neutrino and antineutrino scattering ).

Since our parametrization of the nucleon struc-
ture functions are only approximate and since
they ignore scaling-violating QCD corrections,
we expect our calculations to yield only an ap-
proximate description of the nuclear structure
functions. However, we do expect that our pre-
dictions yield a more accurate description of the
A dependence of the nuclear structure functions,
because the A dependence is not very sensitive
to the exact parametrization of the nucleon struc-
ture functions and because sealing-violating QCD
corrections are insensitive to A (due to the fact
that color singlet nucleons cannot exchange single
gluons).

In Fig. 2 we present our predictions for the A
dependence of E2(x„). As can be seen from Fig.
2 for x„&0.5 the A dependence is not much dif-
ferent from the "naive" A' dependence. However,
our model predicts a strong enhancement of the
nuclear structure functions beyond x-0.5, which
increases rapidly with x~. Note in particular that
while we predict nuclear structure functions which
do not vanish beyond x„=1, the naive model pre-
dicts nuclear structure functions that behave like
A and vanish beyond x& ——1.

Experimental data on the A dependence of in-
elastic 8/p. scattering from nuclei was published
by two separate groups. " In Fig. 3 we compare
these data and our theoretical predictions for z

1.16—

x;= —q'/2Mv = q'/2im— v=x~/i. (3.8) 1.14

Consequently for a nucleus we can write
A

F2(x„)= QP(i, A)x, [$(u, +&7, )

+ g (d)+d)+ sg+ s))]

(3.9)
where all the structure functions in (3.9) are
evaluated at x~ =x~/i according to expressions
(2.10)-(2.17). e"/g is the average number of
nuclear tubes as seen by the virtual photon (o",
o are total inelastic pA, Pp cross sections, res-
pectively) and P(i,&), .the probability that a nu-
clear tube contains exactly i nucleons, is given
by expressions (2.20)-(2.27). P(i, A) for various
nuclei are listed in Table I in Appendix B.

In our calculations of E2(x~) for nuclei we have
used the approximate parametrizations (2.6} and
(2.7) of, respectively, u~ and d~. We have also
assumed an SU(3}-symmetric sea, u, =Z, =s,
=s„with n = -1 (Regge behavior}, P =7 (dimen-
sional-counting rules20), and C, =0.25 (corre-

1.12

1.10

LOS

x 1.06
0

I.04

1.02

1.00

0.98

0.96

0.2 0.4 0.6
I

0.8
X„

FIG. 2. The A dependence of the ratio It {Ph/C) =EI /
I'2 as function of x~. 0. (xN ) is defined through R (A 2/
Aq)= {A2/At)~'"&'. F2 {xz)were calculated from ex-
pression (3.9) as explained in the text.
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0.16—

0.14—

O.l2—

0.10—

0.08—
z

X
0.06—

0.04—

—Th

the target annihilate into a massive virtual photon,
which subsequently decays into a p, pair. (First-
order QCD scaling-violation corrections will be
treated in a forthcoming publication).

Consider a massive lepton pair produced in a
hadron-proton collision h+P - p, 'p, + X. The mass
of the pair is given by the sum of their four-
momenta squared:

(4.1)

It is customary to define the scaled variable

T =Q /S, S —2SZPLAB ~

2 (4.2)

0.00

-Q02

where s is the c.m. energy squared, m is the
proton mass, and p«~ is the incident momentum.

The Drell-Yan cross section for ihe production
of a p, pair of mass Q is given by the formula'~

-0.04— Il

I I

0.2
I

0.4
XN

I

0.6
I

0.8

d0~~ ' " '~ 1 arnot t dx,
3 J

— ' q„(x()q~(x2)

(4.3)
FIG. 3. Comparison between experimental results on

the A dependence of nuclear structure functions derived
from deep-inelastic scattering of 7-GeV muons on
nuclear targets, and the A dependence predicted by the
quark-parton model of the nucleus as given by expres-
sion (3.9). The comparison is presented in terms of
the parameter e(x~) defined by Eq. (3J.o).

which is defined through

NE2 + (N —Z)E2
(3.10)

As can be seen from Fig. 3, the theoretical pre-
dictions are consistent with the experimental data,
except at x~ = 0.147. This discrepancy may reflect
the low q of the measurements.

Accurate experimental data on nuclear structure
functions at x„&0.5, and in particular x„&1,
derived from deep-inelastic scattering of leptons
on nuclear targets will be extremely useful for
testing our model, as well as other theoretical
models of complex nuclei viewed in high-momen-
tum frames.

u~(x) =u~(x) =d~(x) =d~(x)

=s~(x) = s ~{x)=- $~(x),

$~(x) = '
(1 —x)~.0.25

(4.4)

(4.5)

Similar considerations yield the following pion
quark distributions. We have for valence quarks:

In (4.3) the factor of —', is due to color, n is the
fine-structure constant, q„and q~ are parton dis-
tributions in the incident hadron and the target
proton, respectively, and the sum extends over
all quark types, valence and sea.

In the following calculations we shall need, in
addition to (2.6} and (2.'t), the sea distribution in
the proton and all quark distributions in a pion.
We include in the calculations only light quarks,
up, down, and strange, and assume an SU(3)-
symmetric sea. In accordance with dimensional-
counting rules' ' ' and with the fact that gluons
in the proton carry about half its momentum we
obtain

IV. LEPTON PAIR PRODUCTION OFF NUCLEAR TARGETS

Heavy p, pairs are usually produced off nuclear
targets to enhance the otherwise small production
rates. ' '~ The quark-parton model of the nucleus,
described in Sec. II, enables us to investigate the
A dependence of these processes, namely, hadron
+A - p. 'p, +X at high incident energies and large
dilepton masses Q.

We shall limit ourselves to a zero-order cal-
culation of the Drell-Yan~ mechanism, where a
parton from the projectile and its antiparton from

3 (1 —x)
vox) =-

x

and for all sea quarks:

(4.6}

(4.7)(,(x) = —

'
(1 -x)0.1

x
The passage from hP collisions to hA collisions

is carried out in two steps.
Step 1. Derivation of the production cross sec-

tion for the process
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Iz + tube(i) - p, "p, +X .
Consider the production of a p, pair by an incident
hadron h on an average i nucleon tube, containing
i(Z/A) protons and i [(A -Z)A] neutrons. The
cross section for the production of a lepton pair
can be obtained from Eq. (4.3) by the replacement

pA~p. +p. +X

P„A8 = 400GeV/c

o
o o

I z 0 o I I

q, (x, = r/x, ) q—, (x,= r/ix, ),
hence

dc ' ~ ' '" 1 Bzzc. ' dx,
q, (x,)q;(x, )

(4.8)
0.8—

07 I I I I I I I &/ &/ I

3 4 5 6 7 8 9 10 11 12
Q (GeV)

(4.9)

The transformation x, = r/x, -x, = r/ix, reflects
the fact that x„ the fraction of momentum carried
by the target parton, is a fraction of the momen-
tum of the whole nuclear tube, rather than of the
average momentum of a single nucleon. Specifi-
cally,

u~(r/x, ) u;(r-/ix;)+ &, (r/ix, ),
d~(r/x, )-d, (r/ix, ). + &;(r/ix, ), (4.10)

( „d„„,)j„,=,/„, —k;( /, ),
where g;(x) is obtained from Eqs. (4.5) and (2.17)
with cz = -1 and P = 7, and zz, (x) and d, (x) are given,
respectively, by Eqs. (2.12) and (2.13).

The limit of the x, integration is fixed by baryon-
number conservation. Thus (P&+P; -Zzz)'
~ [m(i+ 1)'] for p+ tube(i)- p, 'iz +X and (p, +p;
-q)'~ (im)' for w+ tube(i)- Zz'p +X. At pL/is- ~
both inequalities reduce to r/i - x, - 1. In the de-
rivation of the theoretical predictions as presented
in Figs. 4-6 we follow the experimental procedure
and integrate x, over the limited interval x„=—x,
-zx =x r!x ~ 0 i-.e. x ~ Mr2 1 ' 1 & '& 1

Step 2. Averaging over all possible tubes in the

FIG. 5. Comparison between experimental results
(Bef. 22) and our theoretical predictions for 0.» as de-
fined by Eq. (4.12) for pA —p

'
p + Y at p LA&- 400 Gep/&.

The finite width of the theoretical line rejects the de-
pendence of e)p onAg andA2.

nucleus A. This step is carried out as follows:

dchA g+ g +x oA +x
P(i,A)0'

(4.11)
In (4.11)P(i,A) is the probability of hitting a tube
of exactly i nucleons in an encounter with the nu-
cleus A. Its explicit form is given by (2.19)-(2.22}.
The factor o "/v is the average number of inde-
pendent tubes, each of cross section 0 in the nu-
cleus A, contributing additively to the nuclear
production rate.

Equations (4.9) and (4.11}summarize our pre-
dictions for the nuclear Drell-Yan cross sect;ion.
We have compared our predictions with the ex-
perimental data on w A- p, 'p, +X of Anderson et
a)."and with the experimental data on pA. —p, 'p.
+X of Kaplan et a/. " 'The results are presented
in Figs. 4;6.

In Fig. 4 we compare the theoretical cross sec-
tion per nucleon

A g+ g +g

10

10

X 10—
O
C.

2
qz 10

C9

CL

10

10—

m-A~p+p, +X

PLA8= 225 G8V/C
1.2—

1.0—

0.9—

7f A —PIP +X

PLae = 225 GeV/c

llllllll

I I I I I I

2 4 6 8 10
Q (GeV)

FIG. 4. Comparison between experimental results
(Ref. 21) and our theoretical predictions for the depen-
dence of the cross section psr nucleon (1/A)o (~ A

p+ p +X) on the dilepton mass at p LA&= 225 GeV/c.

3 4 5 6 7 8 9 10 0 12
0 (GeV)

FIG. 6. Comparison between experimental results
(Bef. 21) and our theoretical predictions for +~2 as de-
fi.ned by Eq. (4.12) for ~ A —p'p +X at,pLA~=225 GeV/c.
The width of the line reflects the dependence of o,&2 on
the choice of Aq andA2.



QUA'RK-PARTON MODE L OF NUC LEAR PRODUCTION 1555

and the experimental data of Ref. 21. The finite
width of the theoretical line is due to the fact
that different nuclear targets yield theoretically
slightly different cross sections per nucleon. This
figure shows that our choice of structure function
is in satisfactory agreement with the experimental
data, both in shape and magnitude.

Let us now consider the A dependence of lepton
pair production and let us define the quantity ny2
through

R(Ay/Ah) oh+Ag~ p+g +K/oh+Ah~ y+g +X

=(A, /A, )». (4.12)

Obviously a naive parton model where a parton
carries only a fraction of the average momentum
per nucleon in a nucleus would predict R(A, /A, )
=A, /A„ i.e. , n„=1 for all Q values. Our model,
on the other hand, gives a nontrivial A depen-
dence. In Fig. 5 we compare our predictions for
» and experimental results" on pA - p.

'
p, +X at

P„„e=400 GeV/c. The finite width of the theoret-
ical predictions reflect the dependence of n» on
the choice of A, and A, . The experimental data are
consistent with our predictions, but statistics
are not good enough to identify small deviations
of y2 from 1. In Fig. 6 we compare our predic-
tions for n» and experimental results" on m A- p'p, +X at p„~ =.225 GeV/c. As can be seen
from Fig. 6, the theoretical predictions are below
the experimental data points. However, the A de-
pendence and/or the normalization of these data
is inconsistent with new data on mA- p, 'p, +X."

In Figs. 7(a) and 7(b) we present our predictions
of n» for Ta/C, Ta/Cu, and Cu/C as a function
of 7 for, respectively, w A- p.'p, +X and pA- p,'p +X. As can be seen from these figures, we
predict large deviations from the naive predictions
a = 1, especially at large s values in pA colli-
sions.

Although our detailed predictions depend on the

specific parametrizations that we have chosen for
the quark distributions in nucleons and in mesons,
the A dependence that we predict is not very sensi-
tive to the specific choices. High-statistics ex-
perimental data on the A dependence of lepton pair
production at large values of 7' will therefore be of
extreme interest.

V. PRODUCTION OF W' BOSONS OFF NUCLEAR TARGETS

The unified electroweak theory of Vfeinberg
and Salam'4 has been recently tested successfully
in various experiments, and apparently it is well
on its way to becoming the theory of electromag-
netic and weak processes. It is, therefore, of
great importance to establish experimentally the
existence of the mediators of the weak force, the

1 ~ 2
(a)

10 To

0.9—

14—(b

C4—1.2—

1.0

0.9—
I

0.2
I l I

0.4
2

PL AB

I

0.6 0.8

FIG. 7. Theoretical predictions of +f2 as function of
r for Ta/C, Cu/C, and Ta/Cu for, respectively, (a)

p p +.X and (b) pA p p +X.

-intermediate vector bosons W' and Z, which are
the cornerstones of this theory. The energy of
the currently operating accelerators is below
the threshold energy for their production. The W

mass is predicted to be

m~ = 37.5 GeV/sin8~, (5 1)

where 8~ is the steinberg angle. The present
best value for 8 is sin'Q = 0.23+ 0.01, fixing the
W mass around 80 GeV, Thus, the production of
5' bosons in hadron-hadron collisions will have
to wait for the next generation of accelerators
such as ISABELLE at Brookhaven, the antiproton-
proton collider at CERN, and the few-TeV fixed-
target machine planned in the Soviet Union.

However, past experience shows that "subthres-
hold production" of heavy objects is not entirely
impossible. In fact the antiproton was first pro-
duced "below threshold" by protons incident on
a nuclear target, " and was explained as an energy
enhancement effect due to the collective (Fermi)
motion of nucleons in the target nucleus. Our
quark-parton model of a fast nucleus has such a
collective enhancement, due to the fact that a
single parton can carry an energy exceeding the
average energy per nucleon. There are clear in-
dications that production processes from nuclear
targets near or beyond the kinematic boundary
of hadron-proton collision are strongly enhanced.
One such example is the backward cumulative par-
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ticle production" which is discussed in detail in
Sec. VII. Another is the abnormal nuclear en-
hancement of high-transverse-momentum hadronic
production, first observed by Cronin and his col-
laborators~ in j.975, and since rediscovered in
several other experiments of hadron and hadronic-
jet production. ' It is therefore possible that the
use of nuclear targets may enable us to produce
W bosons at "subthreshold energies" with a ma-
chine such as the energy doubler/saver at Fermi-
lab. Here we revise our previous estimates" of
W production from nuclear targets using our new
nuclear structure functions which are described
in Sec. II.

As in Sec. IV we shall confine ourselves to the
calculation of the W-boson production cross sec-
tion in the Drell-Yan approximation. ' This cross
section for hadron-proton collisions is given by

g(k+ p- W'+X) = wG~[cos'8~, (r)+ sin'8oF, (T)J,

10 33

1O"

Ol

E
-1O-"
Cl

1O
4'

10-4'

g+U W+X~
.--- pU W +X

+x,s,(x,)x,u, (x,)g, ,)„, ,

H =H,(q-q), F =F,(q-q).
(5.3)

The W-boson production off a nuclear target A
is obtained from Eqs. (5.2) and (5.3) by the sub-
stitutions (2.10), (2.11), and (2.1V). The quantity
one expects to detect as a signature of W-boson
production is cd, where v is the W-boson produc-
tion cross section and B is the branching ratio for
the decay W- p,v. We have plotted cJB as a func-
tion of 7 '= 2mp„„s/ma, ' in Fig. 8 for the pro-
cesses

&+ "U- W+x,

where h=m', p, and p beams, and examined the
prospect of producing W bosons with the currently
constructed energy saver/doubler at Fermilab.

According to Halzen and McIntire" a rate of
one event per hour would correspond to

vB = 5 x 10 "cm'/nucleus for a proton beam

= 8 x 10 "cm'/nucleus for a w' beam, and

= 3 x 10 "cm'/nucleus for an antiproton beam.

For a W-boson mass around no~ = 80 GeV and an
incident beam momentum of about 1 TeV/c only a

(5.2)

where Gz -—10 '/m~' is the weak coupling constant,
8~ = 0.23 is the Cabbibo angle, and

H. = ' [x,u„(x,)x,d~(x, )
dX1

Xg

+x,d„(x,)x@,(x,)]„,„(„,,

F,= )i
' [x,u„(x,)x,d~(x, )

t dX,
Xj

10-45 I I I I I I I ll I I I I I I I I

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1-8 2.0
T 2m p PL4g /m~

FIG. 8. Theoretical predictions of OB for the process
p+ U ~( pp)+X where p=p, m, and p. Only the vr'

provides an observable rate of S" production at the
Fermilab energy saver/doubler machine, of about 1
event per week.

m' beam provides a reasonable chance of observing
Wbosons at a rate of about one event per week.

We stress, however, that our predictions are
based on our present knowledge of nucleon and
meson structure functions and they ignore scaling-
violating QCD corrections. Better parameteriza-
tion of nucleon and meson structure functions and
inclusion of higher-order QCD corrections can
slightly modify our predictions. It is important
to notice that our prediction is larger than a Fer-
mi-motion effect" (using the form appropriate for
production below threshold).

VI. PRODUCTION OF PARTICLES WITH SMALL p~ AND

LARGE x ON NUCLEI

Production of particles with small p~ and large
x from nuclear targets by high-energy hadrons
is not sensitive to the detailed quark-parton struc-
ture of the nucleus. Thus it cannot provide a sen-
sitive test for our quark-parton model of the nu-
cleus. Nevertheless, we shall discuss it here for
the sake of completeness and as an introduction
to cumulative backward production from nuclear
targets which is very sensitive to the quark-parton
structure of the nucleus and which we will discuss
in Sec. VII. We will also demonstrate here the
usefulness of nuclear targets in enhancing certain
production channels and in filtering out specific
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components of the wave function of the incident
hadrons.

As is well known, soft processes in QCD require
a nonperturbative approach which is still lacking.
Nevertheless, attempts have been made to under-
stand low-p~-large-x production from nucleons
in terms of the quark-parton model of the nu-
cleon. ' Here we shall show that the general picture
underlying the qualitative successes of quark mo-
dels is sufficient for obtaining a successful quan-
titative description of the A dependence of parti-
cle production from nuclear targets at low p~ and
large x. In particular we shall show that the
quark-parton model can be used to predict re-
markably well the A dependence of the nuclear
attenuation that was observed in nondiffractive
production of hadrons with large x and small p~
by high-energy leptons" and hadrons" incident on
nuclear targets. (Note however, that it has been
recently observed that sometimes inclusive pro-
duction of certain particles with very small p~
and large x from very heavy nuclei is strongly
enhanced" rather than being suppressed. This is
due to the excitation of the projectile by the Cou-
lomb field of the target nucleus. '

)
The ideas that are presented below are exten-

sions of ideas that were presented in Hefs. 33-35.
Following Ref s.33-35we adopt the following quark
picture of production of hadrons with large x and
small P~ by high-energy incident hadrons. A

fragmentation of an incident hadron occurs when
one of its constituents collides with a tar get nu-
cleon. Its other constituents can either escape
inelastic collisions within the target and retain
their original fractions x of the incident momen-
tum (we shall call them spectators) or suffer
collisions which change their nature and/or mo-
mentum. The constituents hadronize by fragmen-
tation and recombination with other constituents
newly produced or already present in the target
or in the projectile. We first argue that hadrons
with large x are mainly produced through the
fragmentation and recombination of the valence
quarks of the projectile. From deep-inelastic
lepton scattering we know that the x distribution of
sea quarks decreases rapidly with increasing x
values and, except for very small values of x, it
is much smaller than the x distribution of valence
quarks. This is illustrated in Fig. 1 where we
have compared u~(x), d~(x), u~(x), and d~(x) as
given by formulas (2.6), (2.7), and (2.9), and g~(x),
the x distribution of gluons, which is given by

g~(x) = 0.25x '(1 -x)'.

= 0.5, which is required by the experimental data
on deep-inelastic lepton scattering from nucleons. "
At large values of x g~(x) is also very small com-
pared with the x distribution of valence quarks.
Thus as a first approximation we shall neglect the
contribution from the fragmentation and recom-
bination of gluons and sea quarks to the production
of hadrons with large values of x. We shall later
show that their contribution does not change our
results for x & 0.2. We will also show that the con-
tribution from the fragmentation and recombina-
tion of wounded quarks, "i.e. , of quarks that have
suffered inelastic collisions while passing through
the nucleus, to the formation of hadrons with
large x and small p~ is small compared with that
of valence quarks that have escaped collisions.
We thus begin with the following approximate
picture" for the production of hadrons with large
x and small p~.

A. Recombination of spectator quarks

During the collision valence quarks of the pro-
jectile, which escape collisions and retain their
original fraction x of the incident momentum
[spectator quark(s)], can hadronize by recombin-
ing with slow qua. rk(s) (x= 0) either newly produced
or already present in the target or in the beam, as
in the recombination models. They may also emit
slow fragments and then recombine, as in the
quark fragmentation/cascade models. In both
cases, the recombination results in a produced
particle that has approximately the same x as
that of the spectat:or quark(s). (We do not consider
a process where all the valence quarks pass
through without inelastic interactions. Such a pro-
cess may contribute to elastic scattering and dif-
fractive inelastic scattering, which are out of the
scope of the present model. ) These mechanisms
are illustrated by the quark diagrams in Fig. 9.
An important property of these diagrams is that
their A and x dependence factorize: Different x
dependence of the quark diagrams for different
targets can come only from A-dependent momen-
tum distributions of the target quarks (or the
quarks newly produced in the central region) that
recombine with the leading quarks to form the
large-x hadrons. However, if we denote by x, and

x, the fractional c.m. momenta of the partons
(quarks, antiquarks, etc. ) in the projectile and in
the target, respectively, that recombine into a
hadron of mass m with the fractional momentum
x=x, -x, (0~x, ~ 1), then x, (i =1,2) must satisfy

x,. = [(-1)'"x+(x'+ 4~'/s)'~']/2,
This choice of g~(x) satisfies the dimensional-
counting rules, "it has the correct Regge behavior
at x —0, and it is normalized such that fo'xg&(x) dx

l.e. ,

(x+ x,)x, = m'/s,

(6.1)
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where s is the square of the c.m. energy of the
colliding particles. For large positive x values
and high energies (ms/s-0) Eq. (6.1) requires
that x,- 0, and thus x =x, and the x distribution of
the hadrons produced via a particular diagram in
Fig. 9 depends only on the projectile. (Note, how-
ever, that two different quark diagrams can have
both different A dependence and different x depen-
dence, as we shall see below. Consequently, pro-
cesses where more than one type of quark dia-
grams contribute can have an A dependence that
changes with x.)

Since free quarks do not seem to exist, quarks
must hadronize before leaving the interaction re-
gion, and the sum of the probabilities of all the
possible recombinations must be independent of
A. If the relative abundance- of quark flavors
around x-0 is A independent, then also the indi-
vidual recombination probabilities are A inde-
pendent. Hence the A dependence of the quark
diagrams result only from the A dependence of
the probabilities of the valence quarks of the pro-
jectile colliding with target nucleons while the
projectile passes through the target nucleus. This
A dependence can be calculated using standard
"nuclear optics" techniques. " Let S„A(q„.. . , qe)
denote the inelastic cross section for stripping
the valence quarks Qy Qk from the projectile
x when it passes through the target nucleus A.
Let a, be the quark-nucleon total cross section
(q =u, u, d, d, s, s, etc. ) and let T(b) be the nuclear
thickness at impact parameter b along the incident
z direction. The probability that an incident quark
at impact parameter b will pass through the nu-
cleus without collisions is [1 —o,T(b)/A] and with

the aid of the optical relation

oq= 1 —1-cr~T b A " d b

=
Jt (1 —exp[-(I„nT(b)gd'b

g»1

and the additive-quark-model relations"
1 1,IIe= IIA IIK = +A = (S )IIsI = (S)IIeg»~

it is easy to derive relations such as

S,A(If ) = S,A(i) = O,„-&I,A,

A(1f') 2+ A +
.A

SKA(S) = SKA(S) =
LAIKA

—II,A,

SKA( f) = KA(V) KA(4 ) + A + A

SKA(Sj)= SKA(e ) = ~.A+ + A +KA

SI,A(d) = (s )SI,A(+) =
&&A

-a, A,

SpA(ss+) (s ) eA(ssd) +sA +PA +eA F

SnA(BIId) = 0'nA+ 3VeA —3IIsA,

(6.2)

(6.3a)

(6.3b)

(6.4)

where q stands for nonstrange quarks. (Note that
Q S„A'(j)= o» where the sum extends over all
stripping possibilities. )

The invariant cross section for inclusive produc-
tion of hadrons in hadron-nucleus collisions
gA(h -h') =E[d'IIA(h-k')/dP') at large x and small
p~ can now be written as

&k

IIA(h h') = Q-IIK(h h') . -(6.5)

(a)

(c)

}meson

}boryon

}meson

baryon

oK(k-h') is the contribution to the nucleon cross
section from a quark diagram with a final hadron
h' that contains the leading quark(s) k and the
summation over jk extends over all such dia-
grams. For production of h' that contains only a
single leading quark, e.g. , p-m, K, . . . and n

-II,K, . . . or II-p, A, . . . , Eq. (6.5) leads, re-
spectively, to

o'„(P-II, . . . )= " '"II„(P-w, . . . ), (6.6a)
Crg P

—
Oqy

baryon

(e)

FIG. 9. Quark diagrams for production at large x and
srnallp @of mesons [(a), (b)J baryons [(c), (d), (e)],
and antibaryons [(f)] by incident baryons.

IIA(II-K, . . . )= ' (I„(II-K,. . .). (6.6b)
Ogp

—
Oqg

Similar relations can be derived for K initiated
reactions. Note that Eqs. (6.6) predict an A de-
pendence which does not change with x in agree-
ment with the experimental measurements at
large x (x =.5) and small Pr.""o

Production of baryons that can contain two lead-
ing quarks, such as p -n, A, Z', . . . , can proceed
via recombination of a single or two leading
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quarks, as indicated in Figs. 9(e), 9(d), and 9(e),
which give rise to two terms with different A and

x dependences:

a~(p-A, . . . )= '" '" a„'(p-A, . . . )
Ogp

—Crfp

+ —'-" '"a„'(p —A, . . . ) . (6.7)
~en

Equation (6.7) can also be written as

rA PA aA 1( A )
~a~

(6.8)

The second term on the right-hand side of Eq.
(6.7) increases with A faster than the first term. '

However, since the x distribution of a single val-
ence quark is much steeper than that of a diquark,
the relative importance of the second term in-
creases when x decreases. This leads to a de-
creasing nuclear attenuation for smaller x values,
in agreement with experiment. "'"

B. Recombination of wourided quarks

Next we show that the good agreement that was
demonstrated in Ref. 34, between expressions
(6.6), (6.8), and experimental measurements of
production of hadrons with small p~ and large
x, by both high-energy hadrons and leptons, is
not destroyed by adding the contribution from the
fragmentation and recombination of wounded

quarks, i.e. , of quarks that have suffered colli-
sions within the nucleus.

Let us first consider production of particles that
have only a single valence quark in common with

the projectile, such as pp-m'+X. The produced
particle can then be formed through a direct re-
combination of the valence quark from the pro-
jectile with a sea quark. If this valence quark has
not lost momentum via collisions in the target,
then the x distribution of the produced hadron is
given by the x distribution of the valence quark in

the projectile, i.e. ,

(6.9)ar( p -M) = C'u(a, r —a.r)q&(x),

where az(p-M) stands either for E(d'a/dp')(pT
-M) at a fixed pr or for its integral over pr.
C~ is a constant that depends on the specific re-
combination process, q~(x) is the x distribution
of q inp, and T and M denote. , respectively, the

target particle and a meson.
. Since only the quark-parton structure of nucleons
is relatively well known (from deep-inelastic lep-
toproduction) we will limit our discussion to pro

duction of mesons by nucleons from nucleons,
mesons, and nuclear targets. (Information on

production from meson targets can be obtained by
studying production in the backward c.m. hemi-
sphere in meson-nucleon collisions. ) To be more
specific we will concentrate on m production by
nucleons. Assuming isospin invariance and addi-
tive-quark-model relations among cross sections,
we can write special cases of (6.9):

a„(p- rr') = a„(n- rr ) = C,"3a~~u~-(x),

a„(p-rr )-- a„(n-7r') =C",,'a„d,—(x),

au(p-rr')=a„(n-rr )= C,"$ a,~ u~(x),

o u( p - m ) = o „(n- rr') = C",o„d,(x),
oq(p —m )=a„(n —m )=C,"( a„r—aq„)ur(x),

az(p v )= a&(n rr')=C, (a z —a z)d&(x) .

(6.10)

The modifications of Eq. (6.10) due to recom-
bination of wounded quarks can be estimated as
follows: Since from each inelastic collision a
wounded quark emerges with a new momentum
distribution we therefore rewrite Eq. (6.9) in the
form

az(p-M)=Cu' (a r -a, r)q&(x)
4a

+ a z Q P, (i, T)q' '(x) . (6.11)
i

P, (i,A) is the probability that a quark q suffers
i successive quark-nucleon collisions when it
scatters from a nucleus A. It can be calculated
using "standard nuclear optics techniques" as
described in Sec. II. P, (i,A) for a few typical
nuclei are tabulated in Appendix B.

u~" '(x) and d~" '(x) are the x distributions of the
valence quarks of the incident proton after i suc-
cessive quark-nucleon collisions. To estimate
them we sha. ll use gluon-photon analogy""
(quark-lepton analogy), i.e. , we will assume that
the energy loss of a quark scattered from a nu-
cleon (via a gluon exchange) is similar to the ener-

gy loss of a lepton scattered from a nucleon (via a
photon or weak-vector-boson exchange). At pres-
ent such an analogy can be justified on the basis
of QCD only for deep-inelastic scattering. More
over, we have also assumed that quarks neither
fragment, nor recombine, nor change flavor be-
tween successive collis ions. Such assumptions
may be reasonable since formation times for small

p~ particles are much longer than nuclear dimen-
sions. In any case our assumptions tend to over-
estimate the contribution from recombinations of
valence quarks that have suffered inelastic col-
lisions which, as shown below, can be neglected
at large values of x.

Let us denote by y the energy fraction lost by a
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lepton in a deep-inelastic collision with a nucleon.
Then the naive quark-parton model of the nucleon,
which has exact Bjorken scaling behavior and sat-
isfies the Callan-Gross relation leads to the fol-
lowing energy spectrum of the scattered lepton
[see Eq. (3.6)]:

d,"'(x) = d, (x) ( 1-x) ~20

x [ E(,'—,1,6;1 —x) +E(-,', 1,6;1 —x) ],
(6.16b)

which have the approximate behavior

or

—"1-y+y /2
do' 2

do'
+

dz

(6.12a)

(6.12b)

i 105
256

(1 —x)4 x 1

u "'(x)=
105 (1 -x)'
64 ~ y x 0

x

(6.17a)

where z = 1 -y is the energy fraction retained by
the lepton. The use of insight from deep-inelastic
scattering, to low-p~ processes is in the spirit
of applying the parton model to both regions, al-
though there is no justification for doing so in the
second region. We use it here to investigate the
effect of wounded quirks, which is anyhow found
to be negligible. Thus the probability of a lepton
or a quark to emerge from a deep-inelastic col-
lision with a fraction z of its original energy is
given by"

d"'(x}= &' 945 (1-x)'
1024

(6.17b)

In Figs. 10 and 11 we compare predictions (6.10)
and (6.11) with (6.16) and experimental results4'

P, (z ) = gz '+ 1) . (6.13)
0.75

P, (z)=JI P,(z)P; J —
I
—,&zl dx

8
(6.14)

and since u~(x) and d~(x) are the "original" mo-
mentum distributions of the valence quarks [a.s
given for instance by Eqs. (2.6) and (2.7)],

(,. ) ', xi dx'
u~" (x) = u, (x')P; —,

i
(6.1.5a)

The probability of a lepton or a quark to emerge
from i deep-inelastic collisions with nucleons with
a fraction z of its original energy is thus given by

0.95

10

1.1 5

~ 10'—

E

10
4J

Ix dx'
d~' '(x) = d~(x')P,

i
—, (6.15b)

Except for very low values of x (x( 0.03), where
our model is not applicable due to neglect of the
contributions of sea quarks and gluons to particle
production, the terms on the right-hand side of
Eqs. (6.11) drop rapidly with i. We therefore
consider here only the leading term and the term
with i =1. [Approximate expressions for P, (z)
and for u " '(x) and d "'(x) are given in Ref. 34.]
For i=1 we obtain

u "'(x) =u~(x)(1 —x) ~~6

x [E(—', , l, 5;1 —x}+E(,', l, 5;1 —x)]—
(6.16a)

10

10-'
0 0.2 0.4 0.6

X
1.0

FIG. 10. Comparison between experimental results
(Ref. 40) and our theoretical predictions for E(d g/dp3)

(Pp r') atpz=0. 55, 0.75, 0.95, and 1.15 Gev/c as
given by Eqs. (6.10) (dotted lines) and (6.11) (full lines)
and as described in the text. The theoretical predic-
tions were normalized to the experimental data. The
dependence of the normalization constant on p r (in GeV/

27 2
p) is well described by C~ -e '~~z ~
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FIG. 12. Comparison between experimental measure-
ments (Ref. 30) and quark-model predictions of ~(x, 0)
as defined by Eq. (6.18) for meson production in high-
energy p-A collisions. The line is our prediction for
Pb/Be based on Eq. (6.16).
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on r' production at large x and small P ~ in PP
collisions. As can be seen from Figs. 10 and 11,
the contribution from wounded quarks is impor-
tant only at small values of x and it does not de-
stroy the good agreement between theory and
experiment that has been demonstrated before'
for large values of x.

The effect of wounded quarks on the A depen-
dence of meson production at large x is demon-
strated in Fig. 12. Since experimental results
on production from nuclear targets are often
parametr ized as

FIG. 11. Comparison between experimental results
(Ref. 40) and our theoretical predictions for E(d a /dp )
x (pp -~ ) atp r —-0.55, 0.75, 0.95, and 1.15 GeV/c as
given by Eq. (6.11) (full lines), and as described in the
text. The theoretical predictions were normalized to the
experimental data. The dependence of the normalization
constant on p z (in GeV/c) is well described by C,"

g 2, Zp

Pb targets. "' '""' z for spectator quarks
alone was calculated from Eq. (6.10) with the ex-
perimental proton-nucleus cross sections" and
the values of p,„that are tabulated in Appendix B.
n for spectator plus wounded quarks was calcu-
lated from Eqs. (6.11),(6.13)—(6.15), and the
values of P, (i,, A) that are tabulated in Appendix
B; it is also shown in Fig. 12. As can be seen
from Fig. 12 the inclusion of the contributions of
wounded quarks does not affect n for large values
of x and n is well described there by both Eqs.
(6.10) and (6.11). At small values of x Eq. ,(6.11)
deviates significantly from Eqs. (6.10) and it
leads to an n which increases when x decreases,
in good agreement with experiment. In Fig. 13
we present a comparison between experimental
results" "' and our theoretical predictions for
E(d'o/dp')(pA -K', (0')) at p L~ = 400 GeV/c
and A. =Be, Cu, and Pb. Our predictions are
based on Eqs. (6.11)-(6.15) and (2.7). cr r and

g, ~ that were used are listed in Appendix B. To
determine Czo we used a best-fit procedure~

S
from which we obtained the same value Cfo -=0.03

s
(GeV'/c') ' for Be, Cu, and Pb. Small deviations
from a common constant can result from inac-
curate values of o» and/or o,„. In Fig. 14 we

present the same comparison in terms of & as
defined by Eq. (6.18).

The contribution of wounded quarks to production
8, (A, /A, ) =—o„(g-5)/g„(g -5)

—(A /A )~ '" ~r' (6.18)

af baryons that contain two valence quarks in
common with the projectile, such as P -A, can
also be estimated in a similar way: The produced
baryon can be formed through a direct recombination

in Fig. 12 we have compared our predictions for
n and the experimental values for aj that were
obtained from measurements of m', E' production
by 19 and 24 GeV/c protons" "'"'~ ' and of Ks
production by 300-GeV/c protons, from Be and

of a valence quark or a diquark from the pro-
jectile with sea quarks. If the valence quark or
diquark have not lost momentum via inelastic
collisions in the target then the produced hadrons
should have their x distribution in the projectile,
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o„(P-A) = C„(cr» —o,&) D~(x)

+(o» —o,~) [C~u (x) +C' d (x) ],
o„(p-A) = C~ (o~„—o,„)Dr (x)

(6.19)

+(cr~„—o,„)[C~u~(x) +C"d (x) ] .
D (x) is the x distribution of a diquark u d in a
proton. C~D is its probability to recombine with
an s quark from the sea to form A, and C~ and
C~ are the probabilities, respectively, of a u quark
and of a d quark from the proton to recombine
with a diquark from the sea to form A. Longitu-
dinal-phase-space counting rules (similar to
those for nucleons in a tube) suggest that

Dq(x) - 6x(1 —x) . (6.20)

10

&0'
0 02 04 0.6 ' 0.8 1.0

X

FIG. 13. Comparison between experimental results
(Ref. 30(e)I and our theoretical predictions for E(dao/
(fp )(pA Zs(0)) atp~s=300 GeV/c andA=Be, Cu,
and Pb. Details are given in the text.

The contributions of wounded quarks can also
be added to Eqs. (6.19). If one assumes that a
deep-inelastic collision of a diquark breaks it,
then only the contribution from single wounded
quarks should be added to (6.19). However, the
recombination probability of a single quark with
a diquark from the sea may be very small and
then the contribution from recombination of
wounded diquarks may become important. If one
assumes that the energy loss of a diquark in a
collision with a nucleon is similar to that of a
single quark one can write

o~(p-A) =(yg (p-A ) +cr,
q

C~o D~(x)

+o, [C,"~,(x) +C,'d, (x) ],
(6.21)

~„(r -A) =v'„(r-A)+v, „c gP, ( A)B((x)~

1.2—

1.0—

pA K s LAa= BOO Gev/c

A= Be,Cu, Pb

0.8—
S+N

X—0.6— 'r'rt'r tr tI
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0.4 0.6
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FIG. 14. Comparison between experimental results
Qtef. 30(c)] on the A. dependence of low-p z Kz produc-
tion from nuclear targets (Be, Cu, Pb) by 300-GeV/c
protons and the predictions of the quark recombination
models. The full line represents the predictions for
n when only spectator quarks recombine into Kz, as
given by Eq. (6.10), while the dotted line represents
the predictions for o. when both spectator and wounded
quarks recombine into Kz, as given by Eqs. (6.11).

+ P, (r',,A) [C"u" '(x) +C"d" '(x) ],
C

where the x distribution of a diquark after i in-
elastic collisions D" '(x) is given by Eqs. (6.13)-
(6.15) with u~ replaced by D~ In particula. r

D "' (x) =,—' [ x'(2 ln x —1) +1 ] . (6.22)

o'„and o~ are given by Eqs. (6.19).
In Fig. 15 we compare prediction (6.21) with

experimental data'o ' on pA -A(0') at p L„s
=300 GeV andA =Be, Cu, and Pb. Since the sums
on the right-hand side of (6.21) converge rapidly
we have calculated only the first term of these
sums. C~, C~=—C~ were determined by a best-fit
procedure. " Cg = 0.04, C~—=0.01 (GeV'/c') '.
Figures 15 and 16 demonstrate that our model
correctly predicts both the x dependence and the

A dependence of A production from nuclei. (Fi-
gure 15 shows that within experimental errors
C~~ and C~ —= O~ are independent of A. )

In this section we have not tried to f ind a per-
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FIG. 15. Comparison between experimental results
Pef. 30(c)J and our theoretical predictions for E(dsg/
dp )(pA A(0')} at pzAe 300 GeV/c and A——=Be, Cu,
and Pb. Details are given in the text.

feet agreement between theory and experiment
(for instance, by improving the parametrization
of quark distributions in nucleons and mesons
and by including scaling-violating corrections).
Our main purpose was to present some general
mechanisms dominating large -x-low-P ~ pro-
duction upon which our explanation of cumulative
production in Sec. VII is based, a.nd to test them
in some simple experimental situations. A more

systematic investigation of large-x and low-p ~
production is presented in Ref. 42.

VII. CUMULATIVE PRODUCTION OF PARTICLES ON
NUCLEI

The production of particles by high-energy pro-
jectiles incident on nuclei in kinematic regions
not accessible in interactions with free station-
ary nucleons is possible due to the collective
("Fermi" ) motion of nucleons within nuclei. Such
a phenomenon was first demonstrated by sub-
threshold production of antiprotons from nuclear
targets. " Production of particles at backward
angles with momenta exceeding those possible in
interactions with a free stationary nucleon was
first observed by Baldin and co-workers" who
called it "cumulative production. " Since then
cumulative production at backward angles from
nuclear targets has been extensively investigated
at low, ~ medium, "and high energies. " ' Many
theoretical models, for example, Refs. 48-54,
have been applied to the data, but to the best of
our judgement no model so far has offered a sa-
tisfactory explanation of the experimental data.
In this section, however, we shall show that our
quark-parton model of ultrarelativistic nuclei
can explain remarkably well cumulative production
at backward angles without the use of any free
parameter.

When a. high-energy projectile collides with a
nucleus it interacts with all the nucleons that lie
within a tube of cross section g drawn along its
straight path through the nucleus. Ignoring "fric-
tion forces, " the rest of the nucleus is inactive
during the collision and acts as a spectator.
Ignoring also the cascading of reaction products

inside the spectator. part of the nucleus, we then
can express a nondiffractive inelastic cross sec-
tion of a nucleus as a sum of tube cross sections:

o„(a-b) = P(i,A) o,.(a-b).
0'

1.0

0.8—

0 06
X
Cl

0.4

0.2—

~01 ~.~ .
P q q yv q~vv spy 'y

~ p ~fl
p —h

o"/o is the effective number of nuclear tubes,
P(i,A) is the probability that a tube contains
exactly i nucleons, and o.(a -b) is the cross sec-
tion for a -b on such a tube. Particles that are
produced in the laboratory with large angles in
the rest frame of the projectile a look like large-x
particles that are produced by a high-e'nergy tube
incident on a. In particular,

I I I

0.2 0.5 0.4
I I I

0.5 06 . 0.7 08 0.9 1.0
X

FIG. 16. Comparison bebveen experimental results
beefs. 30(e} and 3lf and theoretical predictions for
o. (x, 0) of E(d 0/dP ) (pA A) and E(d 0/dp ) (pA -n).
Details are given in the text.

o,(a-b(180')) = o,(i-b(0'). (7.2)

Viewed in a high-momentum frame, such as the
projectile rest frame, the valence quarks of the
nucleons in a 'tube have the x distribution given by
formulas (2.12) and (2.18). These valence guarks
can produce hadrons with large x and srriall p~ via
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direct recombination with sea quarks. The pro-
duced hadrons will have approximately the same
x distribution as the valence quarks in the tube.
Neglecting the contributions from wounded quarks
we may write, for instance, '

o (i-rr') =C(o ~-cr, )u,.(x) (7.3a)

o,(i rr -) =C(o,~
—o„)d, (x), (V.3b)

o (i rr') =-Cy(i)(o~ —p, ~)u,.(x) (7.4a)

o (i-rr ) =Cy(i)(o~~-o, ~)d, (x), (7.4b)

where x is now the fraction of the tube c.m. mo-
mentum (in the projectile-tube c.m, frame) that
is carried by the m, C= C,"= C," is a normaliza-
tion constant, and u,. and d,. are given by (2.12)
and (2.13), respectively o., o, are Pp, qp ab-
sorption cross sections, respectively.

Equations (7.3) have been written under the as-
sumption that each quark in the tube penetrates
through all the nucleons in front of it. If we take
i.nto account that a quark from a nucleon in a tube
that recombines into the produced hadron must
escape collisions with all the nucleons in front of
it, including those in the projectile, while the
diquark from the same nucleon must suffer at least
one collision, we must rewrite Eqs. (7.3) as

f "'(P ) =(e "t' '+0 45e "» )/1.45. (7.8)

rr~(P-rr (18o'))= '" o„(P-n (180'))

= —, Co» y(v„) d„(x). (7.9b)
A

The deuteron is the simplest and the best under-
stood nontrivial nucleus, so it is worth starting
our comparison between experiment and theory
by considering first backward production of pions
from deuterium targets. %'ith a Hulthen wave
function for the deuteron Eg. (7.1) can be written

In principle one should include in Eqs. (7.6) the
contributions from wounded quarks, but since their
calculations are very lengthy and tedious, and
since they are rather small, we shall ignore them
and we shall base our comparison between ex-
periment and theory on Eqs. (7.6). However,
before comparing Eqs. (7.6) with experiment, we
would like to note that for medium and heavy
weight nuclei our detailed numerical calculations
show that over a wide range of x values the
averaging over the different tubes can be well
approximated by a single tube with vA nucleons,
where v„-=Ao /v „is the average nuclear thick-
ness. Thus

o~(P-&'(180')) = -'" o.„(P-rr'(180 ))

=-', Co „y(v„)u„(x) (7.9a)

y(i) = —.[6 —7 (
-', ) ' + ( ~9)

' ] . (7.5)

y(i) has been normalized such that y(1) =1. It is
derived in Appendix C under the assumption that
the probability of a quark colliding when a proton
hits another proton is o,&/o»= —', . We thus arrive
a.t the result

o(P-rr;) =o 79[ (oP-rr~)+o, (P-rr )]
+0.2lg, (p-m', ) . (7.10)

%e note, however, that for an aluminum target
v„= 2 and with the aid of Eqs. (V.9) we obtain an
approximate sum rule

oD(P-&', ) =0 79[o,(P-rr;)+o, (P-rr, ) l

o„(P- rr '( 180')) = —', Co „P(i, A ) y(i) u, (x)
~l

and (7.6a)
+ 0.016o„,(P m ~), (7.11)

o„(P-rr (180')) = —', Co» P(i,A) y(i) d((x).
al

(7.6b)

Moreover, if we assume factorization of the x
distribution and the P ~ distribution of the valence
quarks within the nucleon, then since the Fermi
momentum of nucleons within nuclei is approxi-
mately constant over the periodic table, we may
also write for' small P~,

&~(P-rr ') =f"(Pr) o~(P-rr '(180')), (7.7a)

o (P-~ ) =f ' '(P, b,(P-~ (180)) (7.7b)

For PP collisions f "(P„)and f ' '(Pr) can be well
represented by"

where w, stands for m produced in the backward
e.m. hemisphere. A similar sum rule&can be
written, of course, for m produced in the forward
c.m. hemisphere (m&)

cro(P-rr~~) =1.58@ (P rr~~)-

+ 0.016o„,(P-rr') . (7.12)

Comparison between Eg. (7.11) and experiment
provides a direct test of the tube hypothesis since
Eg. (7.11) does not depend on the specific reaction
mechanism for backward m production. The tube
model combined with the quark-recombination
model yields, however,
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cn(P -s'~) =0.79[a (p-s')+g (p-s )]
' » (1-x)' 63 (1-x)'+0.21C—,'cqg(Pr), —

2 F(2.5, 2, 6;1 -x)+ — F(3.5, 2, 7;1 —x) (7.13)

where x—=P~~/P ~„, and p~ andP* are, respecti-
vely, the longitudinal momentum of the w and the
maximum momentum it can have in the PD c.m.
system. For backward-produced pions by high-
energy protons x= xs/2 where x„ is the cor-
responding variable in the pP c.m. system. In
Fig. 1V we compare predictions (7.11) and (7.13)
and the experimental results of Baldin et a1.4'

on pp- s(180') and pD- s(180') at 8.6 GeV/c. To
test predictions (7.11) we used Baldin's data4' on
PAl-s(180') at P„» =8.4 GeV/c. To test pre-

I

pD ~ (180'); 8.6 GeV/c

l

diction (7.13) we have first used Baldin's data"
on pp —m(180') at 8.6 GeV/c to find C,"= C~ and

with these values we then calculated the right-
hand side of (7.13). As can be seen both predic-
tions (7.11) and (V.13) are in remarkable agree-
ment with experiment.

Expression (V.13) has also been tested recently
by Hanlon et al." in'pD collisions at 100 and 400
GeV/c and in s'D collisions at 100 GeV/c. These
authors first tested Eq. (6.10b) against their data
on fragmentation of neutrons at 100 and 400 GeV/e
on a proton and at 100 GeV/c on a pion. Their
comparison is presented in Fig. 18. As can be
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FIG. 17. Comparison between the collective-tube-
model (CTM) sum rulp (V.ll) (triangles), the theoretical
prediction (7.13) (fu11 line) and experimental results
(Ref. 49) ou E(d o/dP~) (PD-g~(180')) asfunctionof T,
= E~ -m, at pub = 8.6 GeV/c. The CTM sum rule was
evaluated from experimental data on pp 7t. ~ (0') at p»
=8.6 GeV/c (Ref. 45) and onpA1-s (180') atpIAB
= 8.4 GeV/c (Ref. 48). Arrows indicate T~ (msx) for
production on a single stationary nucleon.

XN

FIG. 18. Comparison between experimental measure-
ments (Ref. 56} of inclusive production of x~ by neu-
trons as extracted from 100-GeV pD and xD co11isions
and 400-GeV pD collisions, and the predictions of the
quark-recombination models. The full lines represent
the cross sections due to recombination of spectator
quarks as given by Zqs. (6.10) with C~ = 0.32 and C,
= 0.47 (obtained by a best-fit procedure), while the dot-
ted lines represent the cross sections due to recom-
bination of both spectator and wounded quarks as given

by Eqs. (6.11) with C,"= 0.25 and C" = 0.39 (obtained by
best-fit procedure). The experimental points are the
weighted average of the three experiments.
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seen from this figure agreement between experi-
ment and theory is very good. They obtained
C,"=—0.32 (GeV'/c') ' and C," =—0.47 (GeV'/c') '
With these values they calculated expression
(7.13) and compared it with their data on back-
ward m production in PD and mD collisions. Their
comparison is presented in Fig. 19. As can be
seen, .agreement between experiment and theory
is good, except at small values of ~xj where (7.13)
is not expected to correctly describe the experi-
mental data. In Figs. 20-24 we compare expres-
sions (7.6) and experimental dataee on pHe-s'(180')
at P/„» =8.6 GeV/c and on PA-m'(180') at p„»=6
and 8.4 GeV/c whereA= "C, Al, Cu, and pb. 4»

In F)g. 25 we compare the dependence of o(PPb-
w') on eL» as predicted by expressions (7.6)
and (7.7), and experimental data~ at P „»=8.6
GeV/c for a fixed pion momentum P, =0.5 GeV/c.
From Figs. 17—25 we conclude that the A. depen-
dence, the x dependence, and the 8 dependence
of w' produced backward in the laboratory in pA
collisions, at incident energy P ~s =8.5 GeV/c,
are well described by our model. It is import-
ant to note that the comparison between theory

10'

and experiment extends to pion kinetic energies
which cannot be obtained if the production took
place on individual stationary nucleons. If we
denote by T,=E.-m, the kinetic energy of a
pion produced backward in the laboratory, then
for P„» =8.4 GeV/c, T, (max) =0.27, 0.62, 0.94,
1.23 QeV for targets of a mass of, respectively,
one, two, three, four nucleons. We aI.so note
that while expressions (6.10) with (2.6) and (2.7)
well describe m' production in PP collisions at high
energies (PL» ~ 100 GeV/c) they do not describe
so well m' production in PP collisions at few QeV.
(It is possible that this violation of Feynman
scaling is related to violations of Bjorken scaling. )
If one would like to apply our model to backward
m' production in pA collisions at such low energies
one should substitute in Eq. (2.2) quark distribution
functions that well describe m' production in pp
collisions at such low energies, and use the re-
sulting quark distributions in nuclear tubes in-
stead of (2.12) and (2.13).

m' production from nuclear targets at backward
angles by 400-GeV/c protons has been studied
recently at Fermilab. Preliminary results were
published4' on pTa collisions. In Fig. 26 we pre-
sent a comparison between the experimental re-
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FIG. 19. Comparison between the theoretical pre-
diction (7.13) and experimental results (Ref. 56) on
E(d o/dp ) (pD 7r&) atpL~=100 and 400 GeV/c and on
E(d cr/dp ) (7rD-x~&) at 100 GeV/g. The experimental
points are the weighted average of the three experiments.
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FIG. 20. Comparison between the theoretical predic-
tions (7.6) and experimental results (Ref. 45) on Eg~g/
dpe) (p 4He -e'e (180')) as function of T, =8 —m, at
p LA&= 8.6 GeV/c.
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FIG. 21. Comparison between the theoretical yredic-

tions (7.6b) and experimental results (Ref. 43) on
E(d cldps) (pA -x (180 )} as function of T =E -m
atp LAa= 6 GeV/c for A = ' C and 4Cu.
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FIG. 22. Comparison between the theoretical predic-
tions (7.6a) and experimental results Pef. 43} on EQ30/
dpt) (pA1 g~(180')) as function of T =E —m at
p ~s = 8.0 and 8.4 GeV/c.

suits on E(dsg/dp ')(pTa v'(180')) as function
of T, and predictions (7.6) and (7.9). With the
values of C,"—= C,'=-0.4 (GeV/c) ' that wa. s ob-
tained from PP-r' at the same energy. As can be
seen from Fig. 26, both the exact predictions (7.6)
and the approximate prediction (7.9) well describe
the experimental results. In Fig. 2V we compare
the experimental results" on the A dependence of
E(d'cr/d p')(pA -v') for p, =0.68 GeV/c at pL„a
=400 GeV/c and at fixed laboratory angles 8„„s
=90', 135', and 180', and our theoretical pre-
dictions as given by expressions (7.6) and (7.7).
As can be seen from Fig. 27 agreement between
theory and experiment is very good. Finally in
Fig. 28 we compare experimental data on the pion
sPectrum Jro'42sE(d'&y/dPs)dT, at 8„„a=180' Pro-
duced by protons incident on Ta, at P~„~ =8.4
GeV/c (interpolated data"), 28.5 GeV/c (Ref.
46), and 400 GeV/c (Ref. 48), and the spectrum
predicted from expressions (7.6). Also, Fig. 28
demonstrates good agreement between experiment
and theory.

The success of our model in predicting correctly
all the features of inclusive production of m' at
backward laboratory angles in high-energy PA

collisions, i.e. , the x dependence, theA de-
pe nd ence, and the en dependence ofE(d'o/dp')
x (pA-v') .in kinematical domains which are not
accessible to production from a single stationary
nucleon, is the strongest support so far for the
validity of our quark-parton model of a nucleus in
a high-momentum frame.

Our model can be further improved by using
better parametrizations than (2.6) and (2.7) for
u~ and d, respectively, by introducing QCD
scaling-violating corrections, especially in u&

and d and by including the contribution from
wounded quarks. Both such improvements and the
generalization of our model to backward production
of other fragments, such as E',E', A, D, 'He, etc. ,
will be considered in a forthcoming publication.

VIII. SUMMARY AND CONCLUSIONS

In this article we have presented a quark-parton
model for interactions with nuclei. This model,
based on the tube picture, replaces our previous
universality assumption (independence on in-



G. BKRLAD, A. DAR, AND G. EILAM 22

10'

; PLA=8. 4 GeV/c

10 10

o 10
OI-

E

ss 1Qp

lo 101
N

C9

Xl
E

bn
cL 10o

10

I I I I

1.0 1.2 1.410
G2 0.4 0.6 0.8

T~[Gevj

FIG. 23. Comparison between the theoretical predic-
tion (7.6a) and experimental results (Bef. 45) on E(g3g/
dp ) (p Pb —x~ (180')} as function of T~=E~ —m~ at
p LAB= 8.4 GeV/c.
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FIG. 24. Comparison between the theoretical predic-

tions (7.6a) and (7.13}and experimental results (Ref.
43) on E(d o /dp ) (pA -~~ (180')) as function of T
=E~ -~», atpLA~=8. 4 GeV/e for A. =D, C, Cu, and pb.

coming quantum numbers) and the assumption that
u quark distributions in a tube behave as (1 —x„)"'
with a more reasonable and phenomenologically
satisfactory hierarchial picture of quarks in nu-
cleons, nucleons in tubes, and tubes in nuclei.

Is there a crucual test for the picture presented
here'P Backward scattering off nuclei is such a
test. Although for a specific nucleus one can ex-
plain the data with an abnormal ad hoc Fermi
motion, the A dependence remains a puzzle for
Fermi-motion models. The features of the back-
ward data are reproduced here for the first time
over a wide range of incoming energies, targets,
projectiles, outgoing particles, and outgoing an-
gles and momenta.

Other important tests are the following: (1)
Subthreshold production of heavy particles and
its A dependence. We plan to present such pre-
dictions (other than for W bosons which is in-
cluded here) and the A dependence of jet produc-
tion (n,„,may reach 1.8) in a future publication.
(2) Deep-inelastic production for high x and for
various nuclei. (3) For p pairs a &1 for large
Q' is a unique prediction of our model, as well
as the prediction a &n, (p and s are the pro-
jectiles).
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APPENDIX A

Consider the phase space of i identical particles
of mass m, uncorrelated except for energy con-
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results (Ref. 47) on E(d o/dp ) (p Ta-)f ) at Bz,„s
=160' as function of T,=E, -m, at pLAB=400 GeV/c.

100
A

1000

FIG. 27. Comparison between the theoretical predic-
tions (7.6a) with p &dependence as given by (7.8) and
experimental results (Ref. 47) on the ratio A E(deo /
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servation:

L,.(G)-(—) (A5)

I,(e) = I e " P, ( ). EdE

Substituting (Al) into (A2) yields

L, (n) =[I(n)]',
where

(A2)

(A&)

( )) efe e e((d =—m')e(d)d P= If(em).

(A4)

K, is the modified Bessel function which has the
integral representation

. In the limit n-0, l(n)-2&/n' and

=J(ll(E —L Ee il(d,.' —m')e(pf)d d
j=-'

(Al)
Its Laplace transform L, (n) is defined through

In this limit (A2) is dominated by contribution from
large values of E. By equating (A2) and (A5) we
find that for large E

(2)T)'
P((E)—

(
. ), E (A6)

If particle j carries a fraction x of the total energy
(longitudinal momentum) then the phase space of
the i —1 spectators, according to (A6), is

2w' '
P [(1—x)E] = . E" '(1—x)" ' (A7)(2i —3)(

while the phase-space density of the particle j is
P&dP&-E'xdx. Since particle j can be any one
of the i particles, therefore, the relative phase
space to find a particle with a fraction x of the
total energy is

iE'xdxP, , [(1 x)E]—
P, (E)

=i(2i —2)(2i —1)x(1 -x)" '.
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ton, compared to that of a quark in a single nu-
cleon which fragments on a target proton.

According to the additive quark model the proba-
bility of a quark in a nucleon escaping collision
when the nucleon collides with a target proton is
1 —o,~/o»= 3 If there are j nucleons in front of
it, its probability of penetrating them without col-
lision is (-,)~ while the probability that the nucleon
will actually fragment, i.e. , that the remaining di-
quark suffers a collision is 1 —(1 ——,) . The joint
probability is therefore (-,)'[1 (-,')'] and the rela-
tive probability is (—',)'[1 —(—,')']/f. If we average
this probability over all nucleons in a tube of i
nucleons we obtain

y(E)=
4

g(-')'[&-(l)'1

8.4

10-' I

0.1
I

0.2
I I

0.3 0.4
Ts [GeV]

I

0.5 0.6

FIG. 28. Comparison between the theoretical predic-
tions based on (7.6) and experimental results on the
energy dependence of the r~ spectrum f r'42~~ E(de/
gp ) (p ~S~Ta —r~ {180)) dT~. The "experimental data"
at 8.4 GeV/c was obtained by interpolating the data of
Ref. 48. The experimental data at 28.5 GeV/c is from
Ref. 46 and at 400 GeV/c is from Ref. 47.

(cl)

Above we have assumed that one quark passes
through the tube unaffected, while a diquark sys-
tem interacts with the tube nucleons as a single
object. An alternative way to derive the attenua-
tion factor is to assume that the two quarks inter-
act with the tube nucleons independently, and then
the attenuation is (—',)~[1—(-,')"].

After averaging over i and normalizing the at-
tenuation factor such that for a tube with a single
nucleon y'(i) =1, we obtain

APPENDIX B

81 19&21' 4 (8&'
y'(f)= . 1-—I-I +—

i

—
[19i 15 (3j 15 I,27)

(C2)

In Tables I, II and III we present the results of
our calculations of P(i,A) for o =o,'~, o,'~, and
o &&, respectively. The numerical calculations
are based on Eqs. (2.19)-(2.22) and they use a
standard Woods-Saxon nuclear density function

p(r) =p, f1+exp [(ft -r)/d]j '

with

R =1.10 A'~' fm, d =0.54 fm.

This choice of p(r) well reproduces the experi-
mental values" of the nucle. ar absorption cross
sections of P and m when 0 ' = 39 mb and 0,' =26
mb are used in

v, =Jl Il — 1 — ~ Id'5:

APPENDIX C

We shall derive here the relative probability of
a quark in a tube recombining into a large-x-low-
P ~ hadron when a tube fragments on a target pro-

TABLE IV. Comparison between p(i) and p (i) as a
function of i as given, respectively, by expressions (C1)
and (C2).

1
2
3
4
5
6
7
8
9

10

1.000
0.944
0.844
0.742
0.653.
0.577
0.513
0.460
0.415
0.378

1.000
0.981
0.898
0.801
0.711
0.632
0.553
0.506
0.458
0.417

y(i) and y'(i) are compared in Table IV. As can be
seen from Table. IV y(i) and y'(i) are numerically
very similar. In the present work we used y(i) as
the attenuation factor. The use of y'(i) instead
does not lead to any noticeable changes in. our nu-
merical results and comparisons with experi-
ments.
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