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A general method is explained for computing high-energy processes in gauge theories when “‘Sudakov double
logarithms” are present. An expansion for the electron form factor in quantum electrodynamics is constructed; it
gives the leading-logarithmic result of Sudakov, together with corrections to it to arbitrary logarithmic accuracy.
The method can be applied to other processes, such as low-transverse-momentum parton phenomena, and form

factors and elastic scattering of composite particles.

I. INTRODUCTION

There are many processes in gauge theories
whose high-energy behavior has a “double logarith-
mic” form like that found by Sudakov.! Sudakov
computed the leading-logarithm series for the
electromagnetic form factor of the electron in
QED with a result exp[-a In?Q?/(4n)]. It is not
at all obvious that nonleading logarithms do not
completely change this result; normal renormal-
ization-group methods only permit a single loga-
rithm per loop, so they cannot be directly rele-
vant. The purpose of this paper is to explain a
general method of computing these processes in-
cluding the corrections. :

Although the new method applies to any process
involving double logarithms, I explain it in its
simplest form by investigating the form factor of
an electron in QED with a massive photon. Now
the method can only be applied to gauge-invariant
quantities, in this case an on-shell matrix element
of a gauge-invariant operator. Thus it is nec-
essary to avoid infrared divergences by giving the
photon a mass; if the photon were massless it
would be necessary to work with some kind of
inclusive cross section rather thap a form factor.
The final result is an expansion given in Sec. IV
for the logarithm of the form factor. This looks
like a generalized operator-product expansion with
the operator having an anomalous dimension
vs(e) In(@Q*/u?) where @ is the momentum transfer
and u is the renormalization point. Corrections
are seen tobe of the order 1/@Q, sothatfor the form
factor itself they amount to a factor 1+0(1/Q).
Until now there has been the possibility of an
additive power-law correction in the form factor
to the leading Sudakov result, which falls faster
than any power of @.

The new method extends immediately to other
processes, on which work is in progress.

Mueller?® has also computed corrections to the
Sudakov form factor, but by a less direct method.
However, his methods do not immediately extend
to such processes of practical importance as

parton processes at low transverse momentum,
form factors and elastic scattering of composite
particles, and the x— 1 behavior of structure
functions. However, Mueller does emphasize the
usefulness of such an extension.

Although the present paper exclusively treats
the Abelian case, the methods of Ref. 3 are avail-
able to make the extension to non-Abelian theories.

The basic tools of this paper are those used to
prove parton-model-type results in quantum
chromodynamics (QCD).*”® Let us consider a
form factor V(Q,m,M, u, e(u)), where @ is the
momentum transfer (which may be timelike or
spacelike), m and M are the photon and electron
masses, j is the renormalization mass, and e(u)
is the electric charge renormalized at n. We will
consider the dominant regions of momentum space
for Feynman graphs for V, as @ - «. There are
as usual®*”’ three types of virtual momenta:

(1) ultraviolet, i.e., off-shell by order Q;

(2) collinear to one or other of the electron mo-
menta p,, p,;

(3) soft, i.e., small compared with Q.

The crucial steps will involve application of a
Grammer-Yennie approximation® for the soft
momenta; this has the effect of a gauge transfor-
mation, but a different one for each of the two
electrons entering V.

The main result is Eq. (4.17) below, where InV
is givenas a sum of three terms. This is akind of gen-
eralization of the operator-product expansion!®in
which there is a momentum-dependent anomalous
dimension of the form y(e)In(@?/u?) (compare Ref.
11). Now the double logarithms arise when a
single virtual-photon line is able to be both
soft and collinear as its momentum is integrated
over. In graphs with many loops, the various
soft and collinear contributions overlap in a very
complicated way. The crux of the proof of our
result is to show that in InV the overlap is no worse
than in the one-loop case. A substantial cancella-
tion between different graphs is involved. Without
this cancellation, the anomalous dimension would
have more than just the single logarithm.
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In Sec. II I show a simple factorization for the
one-particle-irreducible vertex in the Coulomb
gauge:

V~2,(Q/2) T Ty » (L.1)

where 2, is the (noncovariant) residue of the pro-
pagator pole, I'jp is independent of @, and T'yy is
finite when masses are set tozero. TheninSec. IIII
obtain a factorization of z, (which contains the
Sudakov logarithms). Finally, the results are
put together in Sec. IV to give a form suitable
for calculations in a covariant gauge.

Section V sketches the application of the methods
to super-renormalizable theories.

II. FACTORIZATION OF EXCHANGES
A. Definitions

Let us consider the theory of a photon of mass
m coupled to one or more charged fields. For
convenience of exposition, we choose the case of
a single charged scalar field of mass M, with
Lagrangian

=—3F," +3m,°A} +D ,¢'D¥ ¢
-Mz2ot o —Z—"((p' $)? +gauge terms,  (2.1)

where F,,=9,A,~-8,A, and D, =8, —ieA,. The ex-
tension to fermions or to several species of
charged particle will be immediate. We call the
charged particle an electron.

Let Sp(p) be the renormalized electron pro-
pagator and let Gu(pl,pz) be the renormalized
Green’s function of an electron and a photon (Fig.
1), with the photon propagator amputated and
divided by ep. We let g#=p{ —pk; ¢" may be time-
like or spacelike. Then the form factor is

Vp =22(p1)1/2 zz(pz)llzrp(pl,pz) ) (2-2)

where T, is the one-particle-irreducible (1PI)
Green’s function and z,(p) is the residue of Sp(p)
at the electronpole. (Note that we will be working
. in the Coulomb gauge much of the time, so z,
may depend on P.) For any particle, V can be de-
composed in terms of scalar form factors.

H

Aa

Py P,

FIG, 1. Electron form factor.

Now V is gauge independent. However, it is
convenient to work in the Coulomb gauge in order
to construct a method to compute the large-@ be-
havior (@ = |¢?|*/%). The free photon propagator is

i kon,+n,kn.k
Dzu(k):kz_mz+i€['guy+( (W’ljz_kzg )';22
kR
+zﬁ—§] s (23)

where n* is the timelike gauge-fixing vector and
B =k - (k-n)?/n?, so that 7* = -k? in the rest frame
of n*. Note that D, is invariant under scaling of
n" to .

Renormalization is most conveniently done by
dimensional renormalization,’? though this is not
essential. It will be necessary in any practical
calculation to relate ep, mg, My to their physical
values e, m, M.

It is convenient to choose D, and B,, the electron
momenta, to be along the z axis and at various
stages we will use light-cone coordinates where
Vi=(V0+ V3)/V2, V,p=(V', V?) for any vector V¥,
In the overall center-of-mass frame »* o< (1,1, 0,)
in (+, —, T) coordinates, while for the timelike
form factor ¢* =(Q/V2,Q/V2, 0,) and for the
spacelike case ¢* =(Q/V2, -Q/V2,0y).

B. Leading graphs for I'

In the Coulomb gauge we can use the methods of
Refs. 4-8 to find the dominant regions of momentum
space in graphs for the 1PI form factor I at large
@*. These have the structure of Fig. 2. There J,
and J, are two “jets,”*"® i.e., the momenta of their
lines are collinear to p, and p,, respectively. All
internal lines of the “hard vertex” H are off-shell
by an amount of order @. There is an arbitrary
number of connected graphs S; which exchange soft
momenta [i.e., 0(Q)] between J;, and J,. All ex-
ternal lines of the S; are photons.

FIG. 2. Leading graphs for I'* have this structure.
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It is important that the statements in the pre-
vious paragraph are true for the leading power Q°

with all its logarithmic corrections and not merely

for the leading logarithms. Now any graph for T
can be written in the topology of Fig. 2, and this
decomposition is unique provided we observe the
following rules:

(1) Each S, is connected and only has photons for

external legs.

(2) No external photon of S; attaches to an in-
ternal electron loop; that is, every external line
of §; attaches to J, or J, at a vertex that is con-
nected to the external electrons by a path involv-
ing electron lines only.

(3) H has no nontrivial decomposition into a
graph of the form of Fig. 2.

The purpose of rule (2) is to avoid ambiguities
from graphs such as Fig. 3 with internal loops in
an S;. Note that at this stage we have made a
topological decomposition and we have made no
restriction on the external momenta of S;.

Let us go back to the power -counting arguments
of Refs. 4-8. We find the following:

(a) All momenta in H are off-shell by order Q;
thus H is a reduced vertex in the sense of Ref. 4
since all collinear or soft lines are in a J; or S;.

(b) Momenta in J; or S; may be soft, collinear
or off-shell. We can incorporate off-shell lines
into reduced vertices of the form of interaction
vertices.

But:

(c) Although it is possible for some external
lines of an S; to be collinear, there must overall
be only soft-photon exchange between J, and J,,
as in Fig. 4. The collinear lines are connected to
the soft photons by collinear electron loops. Thus
we can apply the Grammer-Yennie approximation
of the next subsection to the soft lines attaching
to these electron loops. Summing over all graphs
and applying Ward identities gives zero. Hence
after summing over all graphs, the external
lines of S; can only be soft or off-shell.

FIG. 3. Graph with potentially ambiguous decomposi-
tion into form of Fig. 2. ’ ’

SOfT/

collinear\\_

to p, to p,

FIG. 4. Momentum-space structure of an S;.

C. Grammer-Yennie approximation

We will now define the Grammer-Yennie approxi-

.mation,® K;, of S;. This will equal S, in the limit

that all its external lines are soft, and in general
it will obey the same power counting as S;. Let us
write

G;=S; -K, (2.4)

for the remainder of S;. Then the 1PI Green’s func-
tion T" is a sum over all versions of Fig. 2 when
each S; is replaced by either a K; or a G;. Since
K; is a good approximation to S; when its external
lines are soft, Eq. (2.4) says that exchange of a

G, is dominated by off-shell lines. To get a lead-
ing power we must have a structure of the form of
Fig. 5. There, all parts of a graph forced by the
presence of a G; to be off-shell have been absorbed
into a new hard vertex I'yy. Finally we will be

able to apply Ward identities to the K;’s to obtain

a simple result.

The Grammer-Yennie approximation is obtained
by noticing that if a soft photon is attached to a
collinear scalar electron (Fig. 6) then the summa-
tion over u in

(2" +£4)DS (k)

is dominated by u =+ (=) if p is collinear to p,
(p;). The same result holds for any coupling of a
soft photon to a collinear electron, and follows

FIG, 5. Structure obtained after writing S$;=G;+K;.
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FIG. 6. Coupling of a soft photon £* to a collinear
electron.

from Refs. 4-8. Thus when % is soft and p col-
linear to p,, we may replace Dj, by its Grammer-
Yennie approximation®

Ktu=kuwa?<y/(w1’k+i€)a (25)

where w, is any light-like vector collinear to p,,
e.g., w{=(1,0,0,) in (+, -, T) coordinates. The

ie in Eq. (2.5) follows from the arguments of Ref.
3; it is to reproduce the ie of the propagators of
the collinear electron lines in Fig. 2. Similarly,

when p is collinear to p,, we use
Iﬁfkuwz"Di,,/(wz . kxie), (2.6)

where w} =(0,1,0,) is collinear to p,. The +ie

or -ie in Eq. (2.6) is to be taken according as p,

is incoming (g* timelike) or outgoing (¢* spacelike).
Notice that both (2.5) and (2.6) are invariant under
scaling of w, and w,.

Now we can define K; to be S; with each external
photon propagator replaced by K}, or K3, accord-
ing as it is attached to J; or J,. Of course, ex-
change of a single photon (e.g., Fig. 7) requires

N Kpe X
K2 = kyw; Dy \wak,

B (@, - k+ie)w, - k¥ i€) ’ (2.7)

where the reversed ie for w,. 2 compared with
(2.6) happens because k flows out of J,. Then G,
is defined by Eq. (2.4).

Because of the factor &, in Egs. (2.5) and (2.6)
we will be able to apply Ward identities to simplify
the exchanges of K,;’s. Notice that we make no
restriction on the momenta of the K; graphs, even

FIG. 7. Dlustrating Eq. (2.7).
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though we defined K, in order to have a useful ap-
proximation to S; in the soft region.

Now when we set S; =G, +K, in Fig. 2, many K;’s
are forced to be off-shell because of the presence
of a G. An example is shown in Fig. 8. Thus it is
useful to use Fig. 5 to define I'y,, which is to have
no nontrivial decomposition of the form of Fig. 5.
All soft and collinear contributions are isolated
into the K;’s and the J;’s, respectively.

D. Proof of factorization

Application of Ward identities to the external
lines of every K; in Fig. 5 where they attach to J,
or J, gives Fig. 9. The external electron lines p,
and p, are, of course, amputated and on-shell.
The structure E is as follows.

It is a sum over all graphs with external photon
lines. Each photon line is attached to the vertex
where p, or p, enters I'yy. The rule for a line of
E attached to p, is that its propagator is replaced
by

—epwiD%, (k) _—ezD°",

w,-k+ie B +ie ’ 2.8)
when £ is outgoing from E. When the line is
attached to p, we have

EE.wg_DfLL (2.9)

Wy« ki€
with the same ie as in Eq.b (2.6). Finally, for a
line going direct from p, to p, we have

ep?wiDS wy ___ eg’D5.

(w, ktie)(w, - kFie) (B +ie)(k*Fie)’

(2.10)

For each set of N identical connected graphs in E
there is a factor 1/N!.

It is interesting to note that individual graphs
for Fig. 5 have collinear contributions. Thus

FIG. 8. The momenta in K cannot be soft in this graph.
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FIG. 9. Result of applying Ward identities to Fig. 5.

graphs (a) and (c) of Fig. 10 behave as 1n®Q? as
@ — . After replacing the exchanged photon by
its Grammer-Yennie approximation (2.7) we get
zero for the sum of Fig. 10. The remainder,
with the photon replaced by its G version, has no
soft and no collinear contribution. Hence it is
dominated by ultraviolet momenta, and its leading
behavior is 1n®Q with both logarithms renormaliza-
tion-group controlled.

Returning to Fig. 9, we note that there are
ultraviolet divergences involving E. In addition
we would like to display the factorized contribution
coming from soft momenta in E. Now exchanges
of G;’s and K;’s have the same ultraviolet power-
counting as S;’s, so there is an UV divergence in
Tyy. This can be subtracted graph-by-graph by
use of the forest formula.®'*® There will be two
sorts of extra counterterms:

(a) Those for a graph or subgraph of the topology
of a contribution to T'; such divergences are
multiplicatively renormalized, by a factor Z,, say.

(b) Other subgraphs within J,, J,, and the S;’s
with some K photons in the interior of the sub-
graphs. Examples are the boxed subgraphs in Fig.
11. The counterterms cancel after summing over

(a) (b)
+A + CA

(c) ) (d)

FIG, 10. A triply logarithmic contribution to Fig. 2 or
Fig. 5. Graphs (b) and (d) contain counterterms for sub-
divergences of (a) and (c).

FIG, 11, The boxed subgraphs are divergent; the line
K has (2.7) as its propagator.

a gauge-invariant set of graphs.

To get the cancellation to work without paying
special attention to the renormalization prescrip-
tion, it is convenient to use dimensional renor-
malization,*®'*® where only the divergent part is
subtracted.

The only divergences involving E give an overall
multiplicative renormalization Z;'; this has to
cancel the divergence in T'yy since the total is just
the 1PI vertex I', which has no knowledge of
Grammer and Yennie.

Finally we must construct a factorized form for
T. To do this we consider a connected contribution
E (k) to E, where £ is the total momentum trans-
fer. We write

E(0) =69k [ d E(p) +E(8) - 59k [ atp E(p)
=54(k) f d*0 E(p) +E (k). (2.11)

When E,(k) is convoluted with I'yy the soft ‘contri-
bution cancels. Hence we have

I =T pyyexp [ f d°kE (k) - anS]

= Thyyvexp(8g) . (2.12)

Here f‘RUV is Fig. 9 with every connected sub-
graph of E replaced by its £_,. The result is
multiplicatively renormalized by a factor of Z,.
All the soft contributions are contained in the ex-
ponential, where E, is now the sum over all con-
nected graphs for E, and the term -1nZ, exactly
cancels the UV divergence at d =4.

Since I'zyy has no soft or collinear contributions
we can take the limit that all masses are zero and
obtain

T ~efRTy(m =M =p2 =p,2 = 0) (2.13)

as Q- o,

Rather than going through its long sequence of
definitions we can compute f‘RUV as follows. First
compute 85 from its definition, as illustrated in



Fig. 12. This calculation gives Z,. Next we set
all masses to zero in & and in T to obtain Ty
from (2.13). Dimensional continuation is used to
regulate infrared divergences.!* We directly com-
pute T. Next note that after integration over E°
and % in Fig. 12 each graph for § is the integral
over k5 of a power of k,; there are no masses
available to give a scale. Such integrals are zero.
Thus Igyy =T (zero mass) Z,.

The integral over k° and %° in &, is convergent
even though the denominators in (2.8)—(2.10) are
1/%* or 1/k" rather than 1/(p, -k +k?) or 1/(p, -k
+#?). This is because there is no leading collinear
contribution. We will find the opposite situation
when we investigate the self-energy.

Finally let us note the renormalization-group
equations for & and I':

DER ==Y,

15

(2.14)
3)f‘leuv:(')'z +75)f‘nuv; (2.15)

where

(2 ip 2 _ 208 2 8
D <“'8[J.+Baek YuMpg oML? +y3 My BMRZ) s
(2.16)

—g 2
Ys“ﬁaeR lnzs ) (217)

and B, y,, 3, and y, have their usual definitions.!®

[IIl. FACTORIZATION OF z,(p)
A. Grammer-Yennie

Now the renormalized electron propagator Sz is
a function of p? and n - p/Vn® ~Q/2. We wish to
find its residue z,(p:n/Vn%) at p> =M?. First we
write the free photon propagator as

i
D¢ =—s——
BV R _m? +ie

X{—guu‘*[my?;;zk_/’;_ k) + - V]} .

(3.1)

Then we apply Ward identities to the k, factor in
(3.1), whenever Dj, occurs in Sp. This results in
Fig. 13, where the internal photon propagators

are in the Feynman gauge (i.e., -g,, /(¥ - m® +ie)),
while the extra vertices with their attached photons

d; ﬁ: +etc)

€r=fa' (]

- ﬂn Z 5
FIG. 12, Definition of &p.
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+ terms with no electron pole

FIG. 13. The Coulomb-gauge electron propagator writ-
ten in terms of the Feynman-gauge quantities.

are defined by Fig. 14. They have a label “g”
(for “gauge”) to distinguish then from the Gram-
mer-Yennie vertices which we will define shortly.
Also, F(p) is a complete renormalized electron
propagator in the Feynman gauge, and C, and C,
are 1PI in the electron lines attached to . More-
over C,=C, (=C, say) by charge-conjugation in-
variance, and C? is multiplicatively renormalized
by the ratio of the Coulomb to the Feynman gauge
wave -function renormalizations. Note that in
lowest order C=1, with no g vertices.

Now since the electron pole is totally contained
in F, we have

22(9) =arc@, (3.2)

where z,; is the residue of the pole of Fg, and Cp
is evaluated on the electron mass shell p? =M?,

If it were not for the gauge-fixing vector »",
the momenta contributing to C, would be collinear
to p*. But we also have important contributions
from soft momenta—these are small and have
rapidity in the rest frame of n" that is much less
than In(Q/M). We wish to take @ -~ « and it is
necessary to identify the regions that give a lead-
ing contribution to C .

Following Refs. 4—6 we define soft momenta to
be loop momenta k* with 2* ~AQ in the rest frame
of n* with A~ 0. Collinear momenta have

E*=xp*, BT~AQ, kp~\'?Q,

where x#0 and A~ 0. There are also important
ultraviolet contributions to C with all components
of k" of order @. The Sudakov double logarithms
come from the region interpolating between soft
and collinear momenta.

The graphs for C, can be decomposed as in
Fig. 15, where the external lines of S; are photons.
The decomposition is unique provided we copy

g =

/,:"I n“n-k 1«
- i e( n2 z k ) (
m2-% 2
K¥ .
— =g = - ditto
FIG. 14. Definitions of the g vertices in Fig. 13,

"
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X conjugate

(a) (b)
FIG. 15. Graphs for Cg2

the rules for the S;’s in Sec.' II. (Every connected
component of an S; is attached to a g vertex. It
may or may not have external photons coupling
to the jet J; but it it does, then the photon must
couple to the exhibited electron line, or to any
electron attached to it by ¢* vertices.)

As in Sec. II, we split each connected graph S;
into a “K graph” and a “G graph.” Each line of
a K graph flowing into the “jet” J is given its
Grammer-Yennie approximation shown in Fig. 16,
while G is the remainder. All soft contributions
are in the K graphs and in Sec. III B we will apply
the Ward identities. Notice that the ie’s for the
K photons in Figs. 15(a) and 15(b) are different.
This is why we did not apply the Grammer-Yennie
approximation directly to the propagator for we
would not have known which sign of ie to use. The
factor 3 with the #? is arbitrary; any other non-
zero positive number would do equally well except
for some complications in lowest-order calcula-
tions. Similarly the p+ $£° can be replaced by
pr except for the same complications. However,
we cannot replace p, - b+ 34* by w, - k for we would
obtain spurious divergences. The 1/w, -k would
reproduce the soft region correctly but the &*
integral would diverge logarithmically at large &*
(if the %~ integral is performed first). This hap-
pens since there is both a soft and a collinear
contribution. Whereas p, - k> &* in the soft re-

gion, the two terms are comparable in the collinear

region, and k* dominates when k*>p*. It is nec-
essary for the K photoris to provide a quantitatively
good approximation in the soft region and at least
a qualitative approximation elsewhere. In fact

the definitions of Fig. 16 imply that our Grammer -
Yennie approximation is exact, but only at the one-
loop level, of course.

P Ptk . I 1, K ~F
(0) —— =ie(@ptk)” kulp +z k)" Dy,
Mk p, -k + 3 Kk +i€

p  p+k

()= = ie (2p+k) ku (p, +1 k) DE,,
;n b, k — gk~ ie

FIG. 16. Definitions of Grammer- Yennie approxima-
tions.

B. Factorization

We now apply Ward identities to the K photons to
obtain Fig. 17. The rules for the K vertices in Fig.
17 are given in Fig. 18. Thus we have a factoriza-
tion

2,(2Q)= G *(2Q)z;rexp (2 f dek-sz). (3.3)

Here we have set n - p/Vn°> =Q/2, and we have de-
fined [ Bd% to be the set of connected graphs for
the second factor of Fig. 17, as illustrated in Fig.
19. To exhibit the overall ultraviolet divergence
in [Bd%, which is renormalized by a term }InZ,,
we have displayed the momentum coming out of the
k vertices and into the g vertices. Gy is the re-
normalized contribution of the graphs with the
Grammer-Yennie contribution subtracted. It con-
tains a renormalization factor Z,"/2 By Hecka-
thorn’s'” argument Z, is independent of Q.

All the soft contributions are now in B, which we
will discuss in Sec. IIIC. The @ dependence of G
comes from large transverse momentum, and we
will compute its large @ asymptote by an operator-
product expansion in Sec. III D.

C. Computation of (B

Now B is the set of graphs in Fig. 19, with &
being the momentum leaving at the % vertices and
entering at the g vertices; all other loop integrals
are performed inside B. We will examine care-
fully the integral over k, since it is the source of
the Sudakov double logarithms. In the case that
B has no k vertices there is no & integral to per-
form, and we then define B to have a factor 5‘(k).

If we work in the rest frame of p* and if n*~0
(corresponding to @ — ), then the g vertex of Fig.
14 goes to

—ien,

Eon(@ —m?ie)” 3-4)

This has a singularity at #*=0 and there is no ie
prescription to avoid it. Its neighborhood is the
soft region and gives rise to the double logarithms.
Note that the only knowledge that [B has of
comes from the g and k vertices.

It is convenient to integrate first over £~ at
fixed &* and k,, and to write

Bl(r, X1 /PD 2, B (0™ /n*) 2] =k* [dk™B(K),
(3.5)

2 p \; .
Cce= *A 9 ];“.Kg‘.(/g x conjugate

FIG. 17. C? after appli cation of Ward identities to K
photons.
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F

= e(p, +3 k) Df,

H%\k

p ek + 5k +ie
FIG. 18. Definition of K vertices in Fig. 17.

where the explicit factor 2* gives invariance under
boosts in the z direction. The only (z-boost-in-
variant) quantities on which B can depend are Ry
E*(pr/pDM?, and k*(n”/n*)*?, since p*p” is fixed
at M?/2 and B is invariant under scaling of n*.
Next we integrate over k*. A potential problem
arises since the three momentum variables on
which B depends can have widely different values.
Thus large logarithms which invalidate the use
of perturbation theory can occur. Showing how
this problem does not in fact exist is the key step
in this paper.
. Let us perform the k£* integration to obtain

Bk, bin~/(pin N = [ aiak”B

dr* -
= s B, (3.6)

where pin~/(pin?) =@Q*/M? +0O(1) as @ — ». When
kp is of order @ or larger we can safely say that
all momenta are of order k,, since B is con-
nected, so that we have a purely ultraviolet prob-
lem. This is controlled by the renormalization
group with the aid of an operator-product expan-
sion, as we will show shortly. So we will now
examine the region £, < Q.

The crucial point is that there are three re-
gions to distinguish, in each of which either p~
or n* or both is effectively zero so that one or
both of the variables in Eq. (3.5) that depend on
k* will drop out.

Soft region: k*~ |kg|n*/n")"?. Here we can
treat p~ as zero: The only dependence on p~
comes from k vertices when the momentum
through it has its k"< k*, i.e., the region of
“Coulomb momenta” p,-k=0.2> But the contour of
integration can be deformed away.®+!® In the rest
frame of " the dominant region of integration (by
a power) is* B*, k™~Fk, (or masses) so effectively
all momenta are order k.

Collinear vegion: k*~ —p*. We would like to set
n*=0 so that »*=0 and k*(n"/n*)"/*~ . The limit
exists provided we do not meet any k.# singularit-

Bt
’ N
1

\
|
= + + +
B Ko "6 * NS \ Y
‘e o’ v k" ‘g

S

k
FIG. 19. Definition of B.

ies. These singularities are only important if
some g vertices have, in fact, [k*|<p*, ie., if
there are soft lines. But some other lines are
collinear, and as B is connected the soft lines
must couple to a loop of collinear electron lines
by power counting,* as in Fig. 20. Thus applica-
tion of the Grammer-Yennie approximation and

of Ward identities shows that the total is zero.
Hence we can set n*=0 for the leading power in @,
but only after summing over a gauge-invariant set
of graphs.

Intermediate vegion: p*>> —k* > [(ky?+m?m* /n"]/ 2.
This region interpolates between the collinear and
soft regions, and we can apply the results for both
regions to set p~=n*=0 to give B(ky,0, =) for the
leading power. Consequently, B has a contribution
of order B(kyg,0,)1n[Q/(kz%+m?)!/?] from this
region. :

The limits k*—~= or —« can be considered as
end points of the soft and collinear region, re-
spectively, with the k*-integral convergent by a
power.

The result of the above is that in fact the only
important momentum scale is k,. Then if @ > kg,
m, M we have '

2B(kr, Q,m,M, 1, €) =f,(ky,m,M, 1, ) InQ?
+f2(kT)m9M; IJ" e)
+0(1/Q), (3.7

where we deliberately choose not to fix the scale
that comes with @* in 1nQ®. Since by power count-
ing f, and f, are of order 1/k,* for large k,, the
Sudakov double logarithm comes from integrating
the lowest-order term in f, up to k,~ @ and multi-
plying by the explicit In@? in (3.7).

To separate the behavior at small and large k,
we write

2B=(f,1nQ* +1,)Q%/(@* + k)
+2me(er Qrm’My N,e)' (3.8)
The factor @*/(Q® +k,?) means that while

[ @ralr 1067 + )@ /(@ )

is convergent at large k, it also reproduces the
complete k,< @ region. Since then Bem~ 0 as

apply Grammer - Yennie here

collineur{
JZ collinear

FIG. 20. Showing decoupling of soft and collinear con-
tributions to B.
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ky/Q -0 we can set m =M =0 in Brey, without en-
countering IR divergences.
Hence

zf B—ane=f Ak f,InQ" +f2)Q2_(+gzk_2
T

+_[ dd_sz—Bmm(kT’ Q’ 0) 09 ey e)

-1nZe+0(1/Q). (3.9)

We need to control the large-Q behavior of (3.9)
by the renormalization group, for which purpose
we notice that DB=0 so that Df; =Df, =DBrem =0,
where D is defined by Eq. (2.16).

The large @ expansion of (3.9) is obtained by
writing

¢ p?
S1=_fd2kr< 2+k1'2 —l-lz“'krz

X [ f(m =M =0) In@? +f,(m =M =0)]

_ fdd-szBrem(m =M =0) +InZ,, (3.10)
h.—.-fd%,.[j}—#efzﬁéfl(m =M=0)], (3.11)
sz=—f dzk,.{fz +7, Iny?

Ry’ o=
_W[fz(m =M =0)
+Inu?f,(m =M=0)]} ,

(3.12)
so that

2] B-1InZg==S, —I,1n(@*/u?) - S, +0(1/Q) ,

(3.13)
and
DS, =y In(Q/p?) +v, +vs,
DI, =y, (3.14)
DS, =2I, -y,
where

ve=2 [ athe b 00,0,
vsr=2fd2kr-%2-k%[fz(kp0,0,u,e)
(u? +R )
+1np2f,(kr, 0,0, 1, )],
(3.15)

ve =B InZg.

deg

D. OPE for Gy

To the extent that its virtual lines have trans-
verse momenta much less than @, we see that Gy
in Eq. (3.3) has a finite limit as @ - o, which is
obtained by settingz™=0. This happens because in
takingn~=0, i.e., n®= 0, any divergences arise from
1/k -n singularities atthe g vertices. Thisdiver-
gence, atk™ =0, isinthe softregionifk,; <@, and, by
the very definition of G, it has been subtracted off.
Thus the problem of the @ —~ © limit of G, is aproblem
in UVbehavior. Animmediate consequence isthatthe
dominant contribution is of the form of Fig. 21.
Here the momentum p* has small transverse mo-
mentum, while all lines in J’, G’ have transverse
momentum of order . Transverse momenta in
G and J are much less than . Thus we have an
operator-product expansion

- Gp~Gripg(m,M,n"=0, i, e(1))Gryy (Q/ 11, e(1)).
(3.16)

Here Gpg;pis G with n™ set to zero. Since there
is no longer any cutoff on k5, Ggx has an ultra-
violet divergence which is multiplicatively renor-
malized by a factor Z, so that

9 %)
<“5—u+’35'e;>cm=“fv<en)0m, (3.17)
where
¥2=B=—InZ (3.18)
T Pae, 7 .

IV. CALCULATIONS

Let us combine the results of Secs. II and III,
viz., Eqgs. (2.2), (2.13), (3.3), (3.13), and (3.16).
It is convenient to take the logarithm of the form
factor so that we have

1nV=—U—111n(Q2/u2)—12+0(1/Q), (4-1)
where I, is defined by Eq. (3.11), while

1,=S, - §g = 2InGgig —1Inz,p

N 4.2
U=8,=21InGgyy—InTryy - (4.2)

The quantities in Eq. (4.1) satisfy the following
renormalization-group (RG) equations:

DInV =0, (4.3a)

FIG. 21. Structure of dominant region for Gg.



DU =y, In(Q*/1?) +yg ,

(4.3b)

D=y, , (4.3¢)

DI, =~yg +2I,, (4.3d)
where v, is defined by Eq. (3.15) and

YR=Vs tYe=2Y7=Ys~Yac - (4.4)

The large-@? behavior can be conveniently ob-
tained by choosing u of order m and M in I, and
I,. Then we have to write U in terms of its value
when p =@Q:

1

2\ 1,(m,M,p) Q
V =g alm) (g—z) ! exp{— U(l,é(Q))+f %;—

p

There is an overall normalization e™’2 and a power
—I, of @ that are determined by infrared pheno-
mena. In QED these are of course computable in
perturbation theory. However, in view of exten-
sions of the methods of this paper to QCD, it is
useful to consider what would happen if QED were
asymptotically free. Then I, and I, would have to
be taken from experiment. But then it becomes
important to see how they vary for the various
form factors we might wish to consider. The varia-
tion is an ultraviolet problem.

It is also convenient at this stage to point out
that there is a certain arbitrariness in our con-
structions of the terms in Eq. (4.2)—as can be
seen, for example, in Fig. 16 where the 3 can be
replaced by any nonzero number. For calculation-
al purposes it is unnecessary to know anything
other than that Egs. (4.1) and (4.3) are true and
that U, yg, and y, have valid perturbation expan-
sions. The purpose of our work in Secs. II and
III is to assure us that this last sentence is in
fact true and that the quantities considered can be
defined outside of perturbation theory.

Suppose we compute InV in perturbation theory:

InV==-2_ Aype®¥ In?(Q2/u?) +0(1/Q),  (4.8)
NP

- where Ay, and Ay, may depend on m/p and M/p..
The calculation can be done in the Feynman gauge,
since V is gauge independent, and, given Egs. (4.1)
and (4.3), we would like to compute U, I, I,, vg,
and y,. However, the result is not unique, for if
we make the transformation

I,~1I,+f(e),
I,~1,+g(e),

then V and Eqgs. (4.1) and (4.3) are invariant if
we also let

U-U-fIn(@*/u?) -g,

(4.9a)
(4.9b)

(4.9¢)
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_ Qdu’ , ' 2
U(Q/u,e(u))=—£ _ﬁi,_ [VR(?(M D +y Le(n’) 1n§5]
+U(1,2(Q)), (4.5)

where the effective coupling €(u) satisfies, as
usual,

" ;,dﬂu) TN (4.6)
Hence
[VR(?(M')) sy (21 Dn ﬁ%;]}[l +0(1/Q)). @1
i |
vs=vs-BaL, (4.94)
Ya=7s B2 +2f. (4.9¢)

We can now impose some convenient conditions
on these quantities to permit a unique calculation.
Consider first the order e? terms in Eq. (4.8).
The e?1n?Q?/p? term in U has coefficient A,,, so
that y 3 = —4A,,€* + O(e*) by the RG Eq. (4.3b). We
need two conditions to fix the rest of U; let us
assume that y, =0 and that U =0 when @ =u. Then
I, has to be A e? and the RG Eq. (4.3c) pro-
vides a consistency check. Finally, I,=A ,e?,
with Eq. (4.3d) as a check.

In general, let us write

U= iAp(e) In®(Q%/u?), (4.10)
P=1

where U =0 when @ =u. Then

vs I(@/1?) +yg =DU
=‘PZ=;[BA; ~2(P + 1A, JInf(@/0%).
(4.11)

This equation determines A, in terms of 8 and
Ap -yt

Ap=pAp-,/(2P) (4.12)
for P> 3, while if y, =0 we have A, =0 and
yYs=—44,. (4.13)

Now consider the O(e?") terms in InV. The only
contributions to Ay, for P=2 are from U. Thus
Ayp for P=3 is given by Eq. (4.12) in terms of
lower -order values, and in particular A,p =0 if
P>N+1. Then the 1n%Q?/u? comes from A ,,:

A=Y eV Ay, (4.14)
N=1
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Finally, the In@Q?/u? and @-independent terms are
fixed since we choose A,=A4, =0. Hence

1,=D YAy, (4.15)
N

L=) e A,,. (4.16)
N

In terms of the definitions with y, =0 and U(Q/Q)
=0, Eq. (4.7) becomes

V~exp- {12 (%,%,'é(u)) +1n% Il<% ,%,E(p.))

B et ou /)
(4.17)

This reproduces Mueller’s results.?

Now let us consider changing the particles or
the operator whose form factor we are discussing.
The only dependence on the operator is in fnuv‘
The only dependence of InV on particle type that
is not a sum of a term for each particle is in §;.
But this term depends only on the particles’
charges.

In Eq. (4.17) the only quantity that is independent
of particle type and of the operator is the order
€? value of yg, and this is what determines the
leading, Sudakov behavior.

While Eq. (4.17) gives a useful summary of the
large effects at high @7, it cannot be used when
actually @® -« for then the coupling &(Q) becomes
large and perturbation theory inapplicable.'® In
view of the applications of the methods of this
paper to non-Abelian gauge theories it is of inter-
est to see what would happen if Eq. (4.17) were
being used in an asymptotically free theory. In
the first place Mueller’s remarks? would apply,
so that the leading behavior would be determined
by B=ae®,y =be?.

If we only wish to examine the electromagnetic
form factor, we may choose y, =0 and U(Q/Q)
=0. This is a convenient condition to apply in
perturbation theory. To extend calculations to
other operators we can require I, I,, and y¢ to
be the same as for the electromagnetic case and
write

U=Ugp+AU (4.18)
with
DAU =yy(e), (4.19)

where y, is the anomalous dimension of InV:
DInV ==y,

since the operator is not now necessarily con-
served. Thus although I, and I, in Eq. (4.7) are

not computable in an asymptotically free theory,
the changes due to change of operator are com-
putable. These changes are in U(1,2(Q)) and, if
the operator has nonzero vy,, inyg.

V. SUPERRENORMALIZABLE CASE

In space-time dimension d< 4, QED is super-
renormalizable. It is easy to read off the altera-
tions to the results of Sec. II, III, and IV. First
of all, the anomalous dimensions vanish. Then
the UV behavior of higher loops in the 1PI vertex
is reduced, so that Eq. (2.13) becomes

r~ef(1+0(1/Q%)), (5.1)

where § now needs no renormalization, and ¢ is
number greater than zero.

Then in Sec. III all the divergences at large k&,
disappear so that Eq. (3.9) is replaced by

Zf B=f 'R (fi 0@ +£,) +O(1/QY),  (5.2)
while (3.16) becomes

Gr~Ggir - (5.3)
Hence

V=GReXp<InQ2fdd-zkrfl*'fdd-zkrfz"'g)

2 2\ a(m,M,e,d)
- <M> b(m, M, e,d)(1+0(1/Q*),

&
(5.4)
where
d=—fd"‘2ka1 (5.5)
and
b=Ggg exp(é’ — aln(m? +M?) +f d"‘szf2> .
(5.6)

Hence there is a power law falloff of ¥V which is
not renormalization-group controlled. The pur-
pose of the m? +M? factors in Egs. (5.4) and (5.6)
is to ensure that b is dimensionless.

VI. CONCLUSIONS

«

We have seen how to factorize the large-@ be-
havior of the electron’s form factor, and that the
UV part is the exponential of a quantity computable
by renormalization-group methods. The main
contribution came from the overlap of the soft
and collinear regions, and was factored out by
the Grammer-Yennie method.

There are many processes to which these tech-
niques should be applied in QCD. The precise form
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of the factorization and exponentiation will depend
very much on the process. There seem to be two
main difficulties, viz.,

(1) The factorization and exponentiation are in
coordinate space whereas the required answer is
in momentum space. See Refs. 8 and 20 for cal-
culational methods. i )

(2) QCD is non-Abelian, with two problems en-
suing: (a) We proved that the K,’s in Fig. 5 cannot
have collinear external lines. The proof relied
on using Ward identities to show cancellation of
soft contributions internal to a K;. Because non-

., Abelian gluons are colored, this proof does not
apply. Rather we must construct a definition of
K; in which internal soft contributions are sub-
tracted off when the external lines are collinear.
Exactly analogus remarks apply to our work in
Sec. III. (b) When we apply Ward identities to a
K gluon (as when we derived Fig. 9) we pick up a
term for each colored external line of a jet. Such
lines include soft gluons in a non-Abelian theory,

when one obtains commutators of the vertices
emitting the soft glue. In Ref. 3 it was shown that
then one simply applies the Grammer-Yennie
method to the commutator vertices.

None of these problems seems insurmountable,
but they do prevent a trivial extension of the re-
sults of the present paper. )

Note added: The extension to low-transverse-
momentum dilepton production in hadron collisions
(the Drell-Yan process) has been accomplished.
See D. E. Soper and J. C. Collins, lectures at the
XXI International Conference on High Energy
Physics, Madison, Wisconsin (unpublished); re-
port (unpublished).
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