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The coupled Einstein-Maxwell system linearized away from an arbitrarily given spherically symmetric
background space-time is reduced from its four-dimensional to a two-dimensional form expressed solely in
terms of gauge-invariant geometrical perturbation objects. These objects, which besides the gravitational and
electromagnetic, also include mass-energy degrees of freedom, are defined on the two-manifold spanned by
the radial and time coordinates. For charged or uncharged arbitrary matter background the odd-parity
perturbation equations for example, reduce to three second-order linear scalar equations driven by matter
and charge inhomogeneities. These three equations describe the intercoupled gravitational, electromagnetic,
and acoustic perturbational degrees of freedom. For a charged black hole in an asymptotically de Sitter
space-time the gravitational and electromagnetic equations decouple into two inhomogeneous scalar wave

equations.

I. INTRODUCTION AND SUMMARY

This article extends the computational, structur-
al, and conceptual streamlining of the Einstein
field equations (linearized around a generic, in
general matter-occupied, spherically symmetric
space-time) from the pure Einstein system!:2 to
the coupled Einstein-Maxwell system. Coupled
electromagnetic and gravitational perturbations
are being investigated in an active way.®™® So
far the interest has centered itself solely on vac-
uum background space-times, Reissner-Nord-
strom space-time being the favorite. The anal-
ysis of this article does not suffer from this re-
striction, The approach of this article is naturally
tailored to any spherical background. This allows
one, therefore, to consider (a) the intercoupling
between acoustical, electromagnetic, as well as
gravitational degrees of freedom, and (b) the ef-
fect of the temporal or spatial structure of the
background on the evolution (and structure) of
any or all of these degrees of freedom. Thus, in
regard to item (b), for example, one has at one’s
disposal the means to discover which type of back-
ground best facilitates the generation of gravita-
tional radiation.

The discussion and classification of many phys-
ically and astrophysically interesting phenomena
(involving the Einstein field equations linearized
around spherical symmetry) has involved an in-
ordinate expenditure of effort by a number of
workers dealing with just the perturbation-theory
formalism itself. The lack of speedy progress
towards a detailed understanding of slightly

aspherical relativistic configurations has been
due to the lack of a sufficiently well-tailored
perturbational formalism. This has led to
claims that calculations in perturbation theory
are typically long, tedious, and filled with long
mathematical expressions, and at times are down-
right messy. Such an assessment does not, how-
ever, do justice to perturbation theory itself but
rather reflects (i) the proliferation of ad hoc co-
ordinate-dependent expressions with its concomi-
tant difficulties on one hand and (ii) the ambigu-
ities associated with infinitesimal coordinate (i.e.,
“gauge”) transformations on the other.

Now gauge ambiguities in perturbations away
from certain spherically symmetric space-times
have been eliminated by Moncrief’s explicit in-
troduction of gauge invariants.!®'?® The equations
describing perturbations on a Robertson-Walker
space-time have also been given in terms of gauge
invariants only.?! But the perturbation theory re-
veals its most striking structural beauty, versa-
tility, and ease of applicability when expressed in
terms of geometrical objects that are gauge in-
variants. In fact, it is difficult to find formula-
tions that require less investment to achieve equal
or higher levels of applicability.

The formulation in terms of gauge-invariant
geometrical objects!'? (tensors, vectors, and
scalars on a two-dimensional space-time) captures
the best of two worlds: namely, geometric for-
mulation (neither a coordinate nor a background
geometry commitment is necessary) and gauge
invariance (representation of any perturbed quan-
tity is invariant and hence unique with respect to

1300



22 GAUGE-INVARIANT COUPLED GRAVITATIONAL,... 1301

infinitesimal coordinate changes).

The background geometry as well as the coor-
dinate system used to describe it can be that of
an arbitrarily selected spherically symmetric
space-time. These space-times may be grouped
into overlapping classes associated with the names
(1) Reissner-Nordstrém,?? (2) Bertotti-Robinson,??
(3) vaidya,?* (4) Robertson-Walker,?2-25 (5) Kan-
towski-Sachs,?® (6) de Sitter and anti-de Sitter,??
or (7) some collapsing®” or radially pulsating star
with an asymptotically flat or de Sitter exterior.

The properties of matter, gravitational, and
electromagnetic perturbations on several of the
above-listed spherically symmetric space-times
have been considered by many workers. Their .
works are best classified as to the manner in
which the perturbational degrees of freedom in-
tercouple among each other. The intercoupling
is determined by the individual presence (or ab-
sence) of (a) background matter stress energy,

(b) background electromagnetic field, or (c) back-
ground charge current.

Thus, in the absence of all three of these back-
ground quantities each perturbational degree of
freedom evolves independently. This corresponds,
for example, to the propagation of gravitational
and electromagnetic waves in a Schwarzschild
geometry,2®-30-19:31-8¢ Qp the other hand, energy
might be fed by some matter sources into the
gravitational or electromagnetic degrees of free-
dom. This corresponds, for example, to (i) ra-
diation from an uncharged®’'® or charged®3® par-
ticle falling into or passing by a Schwarzschild
black hole, (ii) Machian effects of a slowly rotat-
ing uncharged®”'3® or charged® star, or (iii) star
suffering from odd-parity perturbations such as
differential rotations*® or torsional oscillations.

If only the background matter stress-energy
tensor is nonzero then there is only an intercou-
pling between the acoustical and the gravitational
waves. An example of this is a star undergoing
even-parity pressure?''%° oscillations. If only the
background electromagnetic tensor is nonzero,
then electromagnetic and gravitational waves are
intercoupled.®® The associated coupled modes
are very directly described in terms of a beating
phenomenon, Faraday rotation, or both.® The
source of such coupled modes may be an un-
charged?? or a charged particle falling into, say,
a Reissner-Nordstrom black hole.

Nothing seems to be known when all three waves
(gravitational, acoustical, electromagnetic) are
intercoupled by virtue of both the matter as well
as the electromagnetic (together with possibly
the charge current) background being nonzero.

It is clear that any spherically symmetric space-
time together with a gauge-invariant perturbation,

projected onto a spacelike hypersurface, ordinar-
ily represents a moving point in superspace.?®
The background space-times under considera-
tion in this article have two Killing vectors.
Consequently, if the spacelike hypersurface is
compact, then a perturbation must satisfy addi-
tional initial-value constraints associated with
these Killing vectors. This is due to the linear-
ization instability,3-44

The body of the paper is arranged as follows.
Various background tensor fields (metric, Max-
well, electromagnetic, and matter stress-energy)
as well as the background Einstein and Maxwell
field equations for any spherically symmetric
space-time are given geometrically in reduced
form on a two-dimensional manifold in Sec. II.
In Sec. III the linearized Einstein field equations
are given both for odd and even parity in reduced
form in terms of gauge-invariant geometrical
objects on the above-mentioned two-dimensional
manifold. In Sec. IV the same is done for the
linearized Maxwell equations, in Sec. V for the
linearized electromagnetic stress-energy tensor,
and in Sec. VI for the odd-parity coupled Einstein-
Maxwell system, including the perturbed mass-
energy and charge conservation law. In addition,
if there is no charged background matter, the
linearized field equations are reduced to three
coupled scalar equations which are decoupled for
a charged black hole in an asymptotically de Sit-
ter space. Whereas Sec. VI considers the equa-
tions for I > 2, Sec. VII considers and decouples
them in an uncharged matter background for the
case I=1, Section VIII presents the even-parity
coupled Einstein-Maxwell system in terms of
gauge-invariant geometrical objects only.

Notation: Use lower-case letters for the back-
ground geometvical objects; indicate their per- '
turbations by the prefix A and their gauge invari-
ants by using capitals. We apply this rule con-
sistently to all geometrical objects except the
Einstein tensor and the metric tensor g,,, where
we attempt to deviate as little as possible from
the now well-established notation of Regge and
Wheeler.?® .

II. GEOMETRY AND ELECTROMAGNETIC FIELD ON M2:
BACKGROUND

Consider a spherically symmetric space-time
with a metric

ds*=g,, dx"dx"
=g pdxAdx® + ¥ (x°)[d6* + sin®0 dp?],  (2.1)
a Maxwell field
3fundx” A dx”=3f . pdx? AdxB+ 3fdx Adx®,  (2.2)
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a charge current
judx" =7 dx*, (2.3)
and a stress-energy tensor

typdxtdx’ =t , gdxAdx®

+31,47%(x€)d6* + sin®0 dp?). (2.4)
Capital latin indices A, B, C,... refer to some
as-yet-unspecified radial and time coordinates,
while lower-case latin indices a, b, ¢,... refer
to 6 and ¢. The functions 7(x°), g,5(x°), f,5(x°),
and j ,(x€) as well as the partial trace ¢,°=¢,>+1,°
are scalar, vector, and tensor fields on the to-
tally geodesic submanifold M2 spanned by x°(C
=0,1). Covariant derivatives on M? and on the
unit two-sphere (spanned by x?) will be indicated
by a vertical bar and a colon, respectively. Ob-
serve that spherical symmetry implies the vanish-
ing of the angular part of the charge current. The
off-diagonal elements (¢,, and f,,) of any second-
rank tensor vanish for the same reason.

The stress-energy tensor decomposes into a
part due to matter and a part due to electromag-
netism

— smat em
tuu_tuu +tuv,

where

1
timl’:E(fuafvsgaﬁ‘%faafaeguu)' (2~5)
Let

3€ 4 pdx? ndx®=3(detg o)/ ?[ABldx* Adx®
= |g|'/2dx° adx*
be the antisymmetric unit tensor on M2, Any an-

tisymmetric tensor, including the Maxwell field,
on M? is a multiple of this unit tensor. Thus,

FapdxA AdxP = foe ,pdx? Adx® (2.6)

where
1
f==3fcpe cp

is the radial electric field.
Similarly, if ¢,, is the antisymmetric unit ten-
sor on the sphere of surface area 412,

. fa,,dx“/\dx”=fma‘<abdx°ndx°, )
where
1
fmaszzfc'ﬁcd

is the radial magnetic field. The Maxwell field
in a general spherically symmetric space-time

is therefore
3fudx” adx” =51, ydx* Adx®+ 5™, dx® adx®.
(2.7)

It follows that on a spherical space-time the elec-
tromagnetic stress-energy tensor, Eq. (2.5), has
the form

tzrgdxudxvz-é_% [(Fo)+ (fmag)Z]gAdeAde

+8—1ﬂ[(fe)2+(f'““‘)z]ga,,dx"dx". (2.8)

It turns out that if the radial magnetic field (due
to magnetic monopoles, say) is nonvanishing, then
the parity of the electromagnetic and gravitational
perturbations is not conserved. In other words,
there a radial magnetic field brings about a cou-
pling between even- and odd-parity modes, which
are described by spherical harmonics of order
I,m. Instead of decoupling them after the linear-
ized Maxwell-Einstein system has been written
down, it is simpler to first do a duality transfor-
mation: ‘

fé=f°cosa+ f™*gina ,
Fma&= _ fesing + f™Ecosa ,

which changes the background to an “extremal”
one,* i.e., one having no radial magnetic field.
Linearize the Maxwell-Einstein system around it,
obtain the even and odd normal modes, and then
finally perform the inverse duality transformation
on them to obtain the coupled even- and odd-parity
modes, which solve the original linearized system
under consideration. In this paper we shall only
consider the Maxwell-Einstein perturbation prob-
lem on an extremal background, i.e., one where
the background tensors are

3fupdx” Adx’=3f ¢, pdxA Adx®, (2.9)

-1 1
tyAxtdx” = —S—Tr—fzg" pdxAdx® + ‘g‘ﬂfzgaa dxedx®.
(2.10)

Let
V,=7, A/r

be the vector field on M? constructed from the
scalar »(x€), which characterizes the concentric
spheres. The Einstein field equations for any
spherically symmetric space-time assume the
form of one tensor and one scalar equation on
M2,

87t 5= =2(v 5tV ,Vp)

+(20' 4+ 30w - r?)g,5=G 5, (2.11)
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873t = v v - R=3G 2. (2.12)

The conservation law implied by these equations
is
r2(r?t,B) g = v,2,5=0.
The vertical bars refer to covariant derivatives
on M2, and R to its Gaussian curvature defined by
Waplc— wAlcm:wnRDAs_c
=w,0(008,c-62g,45) . (2.13)

The stress-energy tensor is expressed in terms of
geometrical units (length™). The Maxwell equa-
tions are

fuv:ll= 4’”]’” s
Jrog;n1=0,

and the Maxwell tensor as well as the current
vector are also expressed in term of geometrical
units (length™). In a spherically symmetric space-
time they are satisfied by expressions (2.2) and
(2.3). The only nontrivial equations are

(2.14)
(2.15)

(P149), = 474,

Stap 170

For the extremal field Eq. (2.9), Eq. (2.16b) is
satisfied identically. Using Eq. (2.9) and the fact
that ¢4 =0 the equation becomes

4B(P) 5= 4mPiA.

(2.16a)

(2.16b)

(2.17)

The charge conservation equation implied by these
Maxwell equations is

(#%4)1,=0.

The field equations and their conservation laws
thus formulated, incorporate only the spherical
symmetry of space-time. They do not make any
coordinate or background geometry commitment
as is done explicitly or implicitly in standard
formulations. This can clearly be a great advan-
tage if one wishes to let the equations speak for
themselves as to what, for example, the most
natural coordinate chart should be.

III. THE PERTURBED EINSTEIN EQUATIONS

Perturbations away from a given background geometry are determined by

(huv;a:a - hua:v:a - hva:u;a +haa:u:v)+guv(ha8;a:8_ haa:B:B _haBRaB) +hul'R = —16”A‘tw' <3'1)

For a general spherically symmetric background metric (2.1) and stress-energy tensor (2.4) these per-
turbations can be expanded in terms of spherical harmonics characterized by the integers I,m.
Suppressing these angular integers, one has for odd-parity perturbations

By, dxtdx”=h (x€)S,(8, P (dxAdx®+ dx®dx?) + h(xC)(S,: 5+ S;., )dx°dx® (metric) (3.2)
H» A a H

and

At,,dxtdx’= At ,(x©)S,(6, @) (dx4dx® + dx®dx?) + AH(xC)S,,, +Spa)dx®dx® (stress-energy), (3.3)

where the expansion coefficients h,, h, Af,, and Af have the usual geometrical significance on M2, the
totally goedesic submanifold spanned by x¢(C=0,1). The odd-parity geometrical gauge-invariant pertur-

bation objects are!

ky=h,-7r(n/7),, (metric), (3.4)
T,=At, - (t,°/2)h, (stress-energy), (3.5a)
T=At-(t,2/2)h (stress-energy). (3.5b)
The odd-parity linearized Einstein field equations are
S, +Spia): k,'4=167T (1=2), (3.62)
S,;: =[(r?R4)'C = (r2kC) 4] o+ (1= 1)+ 2)kA=16m2T4 (1=1). (3.6b)
Similarly, for even-parity perturbations one has
huydxtdx”=h,pYdxAdx®+h Y (dx*dx® + dx'dx?®)+ (©PK Yy, +v*GY,,, )dx'dx® (metric) (3.7

and*¢

Aty dx"dx"= At Y dxtda® + At Y (dx'dx®+ dx®dxt) + (AL Yy, + APY ., )dx*dx® (stress-energy). (3.8)

The even geometric perturbation objects are
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kup=hsp=Dai5—Prias

Tp=Blyp—tapich®—t,Pcin—tpPcias , (3.10a)

T ,=Af,—t,%pc=73(t,5/4)G ,, : (3.10b)

= At - (b)), 0, (stress-enerey), (3.10¢)

T2=Af - (¥1,%/2)G (3.104)
where

Pc=hc—%'rzG,c-
The reduced even-parity linearized Einstein field equations are obtained by first substituting Eqs. (3.7)

and (3.8) into Eq. (3.1) and then by equating the coefficients of the linearly independent harmonics
{Y’ Yoo YV, Y } (3.11)

1a3h
on the left-hand side to the corresponding coefficients on the right-hand side. This has been done for [ > 2

in Ref. 1, where the corresponding equations on M? are given. However, for [=0,1 the set of harmonics
is not linearly independent. In fact,

Y g0+ s+ 1)Yy,,=0 for 1=0,1,
as one can easily verify. This is remedied by a slight change in basis functions in Eq. (3.8),
At dx*dx"= At Y dxtdx® + At Y, (dxAdx®+ dxodxA) + VAt 3 Yy, dx®dx®+ APR[Y i+ 511+ 1)Yy,, ] dxdx®.

This is the orthogonal basis used by Zerilli.>® The stress-energy gauge-invariant perturbation objects
with respect to this basis are the same as those given by Eqgs. (3.10a)-(3.10d) except for the first scalar
(3.10c¢):

T, p=Al,p— tABICpc" tACPCIB - thpC'A ’ w

TA= AtA - tACpC - ’}’2(taa/4)G'A ’

T%= AL - (p°/r) (%t ,2/2), o+ UL +1)(2,2/4)G } (stress-energy). (3.12)
o 120+1)
=T T2 42 L

T2= A - (#%1,2/2)G ’

The corresponding perturbed Einstein field equations are?”48:4®
Y: 20%kypic—Fcpin—kepia) = [T+ 1)/7’2+Gcc+ G+ 28]k 45 — 28,50k p 10— kerip—Fkepiz)g®?
+ 2 ,5(20°1 P+ 40P =GP cp+ g, 511+ 1)/ +3(GC+G 2+ R )P+ 2(v ke g+vgk ,+k 4 15)

— %45 [Zk'cm 60k o— (_z__1r)2(_z+_21k] =_161T,,, (3.13a)

Y i koy=kac'C+kcC gm0,k == 160T (3.13b)

a

Yy, —(k,o'C+20% o+ G k) + [kep'C'P+ 20 k' P+ 2(0C' P+ v D)k o ]

-[kcc|D'D+vckDch+(chc- w1, C]= -1677%, (3.13¢c)

27 ¢
Y .t 3l(l+1)Yy,,: koC=-167T2, (3.13d)

Consider the linearized conservation equation A(f,,/*)=0. It is in fact implied by the linearized field equa-
tions. It consists of a scalar and a vector equation, namely,%°

Y, r2(PTA) ,+ T° - (7 - ;3,(2“- 2) T2=1t°(k —1k %) +%tABkAB , (3.14a)
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Y: 72T 5)' 2 = T M+ 1) /7 = 20, T% =3k g ;B + kg BtC, = 3k o\ pt8 4, = R, c£°,

+35(k, s = kv )0+ 205k 5 otC  + BB 16, e

(3.14b)

These equations are identities if one uses the background field Eqs. (2.11), (2.12), the linearized field

Eqgs. (3.13), and the identity

(ps1c=Fcan—Fepin)' S+ ke 118+ 8anllcp' ' P =k p' PV =R, pp(2k P = k58 °) = Rllp®g 45—k u5) -

IV. PERTURBED MAXWELL FIELD EQUATIONS

The linearized Maxwell equations together with -
the linearized charge conservation equation are

Af =40 o+ fou, ™

+ Mg+ o 17— 30%,0) (4.1)
Afw,,m=0, (4.2)
NP b O i SIS 7 i I (4.3)

They govern perturbations in the electromagnetic
(em) field and in the charge current. For a gener-
al spherically symmetric background metric (2.1),
em field (2.2), and charge current (2.3), these
perturbations can be expanded in terms of spher-
ical harmonics characterized by the integers I, m.

A. 0dd parity

Suppressing these integers, one has for odd-
parity perturbations

3Af,,dx" Adx”= Af,(x°)S,dx* ndx®
+ Af(Sye = Sop p)dx Adx®,  (4.4)
Aj,dx* = Aj(x°)S, dxe. (4.5)

The corresponding gauge invariants are very easy
to obtain because Af,, Af, and Aj are unaltered
by an infinitesimal odd-parity background coor-
dinate transformation. The odd-parity gauge-in-
variant geometrical perturbation objects are sim-
ply

F,=Af,,
A=A } (Maxwell) (4.6)

F=Af

J=Aj (current), (4.7)

and they satisfy the linearized Eqs. (4.1)-(4.3),
]

r 4 0 g papanene,) =40, 121 (480)
Fap=Fpa=0, 121 (4.8p)
F,=F,, I>1. (4.8¢)

The perturbed charge conservation Eq. (4.3) is
trivially satisfied.

B. Even parity

Even-parity Maxwell and current perturbations

~ have the form (suppress the angular integers !

and m) _
3Af,, dx" A dx"=20f, o(x€)Ydx* A dx®
+Af, (xO)Y  dx* Adx®
+3AfYe,,dxAdx, (4.9)

(4.10)

The corresponding gauge-invariant geometrical
perturbation objects are therefore (see Appendix
for details)

Fa5=0fsp=fan'Pc=F sbcia=FPcin)

Aj,dx* = Aj(xC)Y dxA+ Aj(x€)Y dx°.

Fy=Afy=f%c (Maxwell) ,
F=Af
(4.11)
J4=8j, =jaicd=3%cia>
Ly (current). (4.12)
J=8] =Py

The gauge invariants for the metric perturbations
are

In terms of these objects the linearized Maxwell equations (4.1) and (4.2) are

Y: (PF,p) =1+ 1)F ,=47172T ,+ (*f 1 5) 1k B+ 37°f Bk pa 1 ct Prcia=Facis)

+ 3771, %g" (ke cp1p*Repis = Espic) =1k cr 120

Y, -Fgp'P=4nJ, I>1

*a

1a

Y, Fap=Fyp-Fgy, 121
Ye,: F,=0, 1>0.

kEop=hip=Paia=Pria ’} (metric) . (4.13)
k=K - 20,
(4.14a)
(4.14b)
(4.14c)
(4.144d)
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The linearized conservation equation (4.3) is

[P, =Ry ) ] = U+ 1) +54[k+ 3R C] ,=0, 1=0.

It is implied by Eqgs. (4.14).

V. THE PERTURBED ELECTROMAGNETIC STRESS-
ENERGY TENSOR

The linearized Einstein equations (3.1) are cou-
pled to the linearized Maxwell equations (4.1) and
(4.2) by virtue of the fact that, in the presence of
a nonzero background electromagnetic field f,,,
first-order deviations Af,, away from f,, result in
first-order deviations Af,, away from the em
stress-energy tensor

1 [ 1 oL
tuv=—47(fuafv —Zguvfaﬁf B)- (5-1)

In fact, one has
1.
Atuvz_a[Afuafva"'Afvafua_fuafvﬂhat;

—%huvfaﬂfﬂs _—%guvA(fanaB)] pd (5'2)

Focus, as usual, on a particular harmonic mode
characterized by the integers I and m, which are,

-1
Ta 22,; fAcFC* )

(4.15)

as usual, suppressed. The to-be-determined odd-
and even-parity gauge-invariant stress-energy ob-
jects, Eqgs. (3.5) and (3.10), must now be expressed
in terms of the odd- and even-parity gauge-invari-
ant electromagnetic objects, Eqs. (4.6) and (4.11),
as well as in terms of the corresponding gauge-
invariant metric objects, Eqs. (3.4) and (3.9).

The procedure is particularly easily accom-
plished for odd-parity modes. The expansion co-
efficients of Eq. (3.3) are obtained from (5.2) with
the help of (4.4) and the fact that

Fundxtdx’ =f apdx® ~ dx® .
The result is

arat, =-f,°bfc ,

Amat=ghfoof"’ == 3ht,".

Substitute these expressions into Egs. (3.5), take
note of Egs. (4.6), and obtain

(odd-parity electromagnetic stress-energy) . (5.3)

T=0

This is the odd-parity Maxwell source that drives the Einstein perturbation. The odd-parity linearized
Maxwell-Einstein system is therefore given by Egs. (6.1) below.

For even parity the construction is analogous. The result is that the even-parity stress-energy gauge
invariants, Eqgs. (3.12), expressed in terms of the electromagnetic ones, Eqs. (4.11), are

41T 45 =F 5cf5° +Fcfs® —kopfuf 5 = ikanfopf °P~ sHgas, 120

4T, =-f,CFq, 121
41T =0, 1=2
T3 =4nT = - Lkfop fCP -iH, 120

where

H=2(FCDfCD ‘kDEfDCfEc)

is the gauge-invariant perturbation scalar of f,zf *°.

(even-parity electromagnetic (5.4)
stress-energy), y

On M? the antisymmetric background Maxwell tensor f,5, Eq. (2.6), and the gauge-invariant perturbation
tensor F 45, Eq. (4.14c), can be expressed in terms of scalars as follows:

fas=fean »
Fap=~- chECDGAB .
Making use on M? of the identity

CB_ B
€ace”7=0,",

the electromagnetic stress-energy gauge invariants Eqgs. (5.4) reduce to
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41T 45 =FPecp fgap + 5/ (kan +kc8an =2kopeae®s)
AT, ==F%af, 121
41T =0, 1=2

4T =F°Pe.pf+ 1k -kC), 120

VI. THE COUPLED LINEARIZED EINSTEIN MAXWELL
SYSTEM

To obtain the equations governing a given odd-
parity perturbation mode of the metric and the
electromagnetic field, insert (5.3) into (3.6), and
(4.8c) into (4.8a). The result is evidently

RIS =161T™, 122 (6.1a)
=[7 R a)ic =74 (rRe) 14l + (1 = 1)1 +2)ky
+ 4% ,°F . =161/T5*, 1>1 (6.1b)
~F, 4 J(i:zl)F — VY ARy ) g =4nd, 121,
(6.2)

Here T™* and T5* include all those stress-energy
gauge-invariant perturbations which are not elec-
tromagnetic perturbations. The perturbed conser-
vation equation

Alfmae + tem); =0
for odd parity is (I=1)
(FPTEA (1 - 1)1 +2)T™ =+%*F , (6.3)

These are, in fact, implied by Eqs. (6.1) and Max-
well’s equation (2.16a). Equation (6.3) is the
(“Lorentz”) equation of motion for odd-parity mat-
ter perturbations.

The odd-parity perturbation equations (6.1)—(6.3)
can be given a simplified and more transparent
form by expressing them in terms of Cartan’s
calculus of the differential forms.

A. Odd-parity coupled scalar modes

In order to solve the coupled system of Eqgs.
(6.1)—(6.3), express all relevant dynamical wave
fields in terms of dimensionless scalar functions.
The gravitational degree of freedom is expressed
in terms of the covector field

Badx?®

on the manifold M%. There are two scalars that
can be constructed from k,dx* and which each give
rise directly to-its scalar master equations. They
are first of all!

I =xd(r 2k dx®) = —*(r ?ky)ic » (6.4)

(even-parity electromagnetic stress-energy).

(5.5)

the Hodge dual of d(» 2k,dx*) with respect to
gapdx*dx® and a specified orientation of M?. A
second scalar is ¢ with the property

d® = xkdx* + other (matter-associated) terms .
In terms of the Hodge duals Eq. (6.4) and
*k4dxc* =k, dxC

and with the help of Eq. (2.6), the coupled equa-
tions (6.1)—(6.3) assume the form®!

—xdxk dx® =161T™ | 1> 2 (Einstein) (6.5a)
*d [75%d(r Pk ydx®)] + (I = 1)(1 + 2)k4dx? — 47 xdF
=16772TTdx* , 1> 1(Einstein) (6.5b)

(+1) +1)

*d#dF +=—="F + 7% xd(r *kydx®)=dnJ ,

1>1(Maxwell) (6.6)
*d (P #TT20xA) + (1 = 1)(I +2)T™* = 7% ,dx* ~ xdF ,
1= 1(Lorentz). (6.7)

Alternatively, the (co)vectorial linearized Einstein
equation (6.5b) could be converted into a scalar
equation by operating on it with the operator *dr’?
and then using Eq. (6.4). The result is

xdwr 2driL + (1 = 1)(1 + 2)I1 = 4xd(f«dF)
=16m»d(TT*dx*). (6.5b")

Equations (6.5b’) and (6.7) describe the coupled
acousto-electro-gravitational modes on a generic
spherically symmetric space-time.

B. Coupled modes in space permeated by uncharged matter:
CI1=2

Let us now assume that the spherically symme-
tric background is permeated by a radial electric
field, but that the matter permeating the space is
uncharged

jcdxCZO.

Consequently, the background Maxwell field equa-
tion (2.17) yields

(%), 4=0.
Thus, the radial background electric field has the
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well-known form
=e/r?. (6.8)

In the presence of such a special background field
the Einstein Eq. (6.5b) assumes the form

d[7**d(r Pk gdx*) - 4eF)
== (1 = 1)1 +2) %k dx® + 1677 T T2 qx"

and dictates therefore that the right-hand side is
the exterior derivative of a scalar, say (I - 1)
X(1+2)®. Thus,

d® = xkdx® =167 (1 = 1)(1 + 2)] W 2xTTax"

(6.9)
where

(I =1)1 +2)@ =r**d(r 2k dx™) - 4eF . (6.10)

The idea now is to consider the scalars ® and F
as the new descriptors of the gravitational and
electromagnetic degrees of freedom, instead of

kudx* and F. Eliminating k,dx”* between Eqs. (6.9)
)

idxd) + v { v

and (6.10) yields therefore
—rhxd(r 2xd®) + (I - 1)1 +2)®

=—4eF +16m (1 - 1)(I +2)] '%d T, ax* .
(6.11)

It is advantageous to cast this Einstein equation
into a form that has its second-order differential
operator the same as that of the Maxwell field Eq.
(6.6). This is achieved by letting

=9V, (6.12)
Thus
*d(r 2xd®) = xd (v 2xd(r¥))
==[r(rd),c]'
== 1% =7 — 0N,
where
ve =70 /7.

Thus, the Einstein Eq. (6.11) becomes

—ve'CHII+1) =2y = —-‘-I—F +160 (1 - 1) +2)] 'w*dT5*dx* (Einstein). (6.13)

The Maxwell Eq. (6.6), using Eqs. (6.8), (6.10), and (6.12) is

2
xdxdF +77 [l(l +1)+4—:;]F=—f§(l —1)(I+2)y +41J (Maxwell). - (6.14)

The conservation Eq. (6.7) for the type of background under consideration is

*d(rIxTTax®) + (1 = 1)1 +2)T™ =0 (matter).

-

(6.15)

Equations (6.13)—(6.15) are the odd-parity equations that govern coupled gravitational, electromagnetic,
as well as matter perturbations (I > 2) away from any spherically symmetric space-time background oc-

cupied by uncharged matter.

C. Coupled modes in charged asymptotically de Sitter space

Let, for example, the background be a Reissner-Nordstrom black hole in an asymptotically de Sitter

space. Then the metric on M?is

d2
2,
Gapdxtdx® = —g(v)dt® + 20
with
2m e A,
=1-—+5 ==
glr)=1 ponliin 31’

(6.16)

The equations for the decoupled normal modes can be obtained easily. Indeed for the metric (6.16),

c lc_ 2 6m | 4e’
VeV =Vc =g =3 t—r.
c c TS T A

Thus, Egs. (6.13) and (6.14) become

L [l(l 1) +i*%-]\1/ =—3[3m\11 4eF] +167

3m | 4e

{( = 1) +2)] Y rxd(THdx?)

*dsdF += [1(1 +1) -— +—T]F =;}§[ —e(l =1)(I +2)¥ = 3mF)] +4aJ .
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By setting
T=2v,

where
x=31-)@+2)]2,

these equations have the form

A

¥ : 3 dIE:
sdxd +'—12'|:l(l+1) U I
F v v 4 F 4

which can be easily separated into the normal
modes by means of an orthogonal transformation.
Note that the de Sitter aspect of the geometry
makes itself felt on the perturbations not through
the potential but rather through the nature of the
second-order operator xdxd. It reduces essen-
tially to Moncrief’s result® if A =0,

VII. THE ODD-PARITY CASE: /=1

For such a mode the three ihdependent equations
are given by Egs. (6.5b), (6.6), and (6.7). If one
specializes now to the case where the background
charge-current vector jodx® vanishes, then Eq.
(6.7) implies that »*xTT*4x* is closed. Conse-
quently, there exists a scalar S such that

dsS =7r2xT5qx* . (7.1)

In addition, Eq. (6.8) holds. It follows from Eqs.
(7.1) and (6.8) that the Einstein Eq. (6.5b) can be
integrated to give

*d(r 2 dx?) =%F +167S, 1=1 (Einstein).

(7.2)
Introduce this equation into the Maxwell equation
(6.6) to eliminate reference to the gravitational
perturbation 2,dx*, and obtain

; .
*d*F +[;2, +%]F =4n[J - 4eS], 1=1 (Maxwell).

(7.3)
This equation determines the electromagnetic di-
pole wave field.
Objections against the gauge invariance of the
Einstein equation (7.2) can be raised. Indeed the
gauge-invariant Eq. (3.4)

Y2 a=7"hy = (h/7%) 4 ' (7.4)

is not a gauge invariant at all when!=1. In fact,
for that angular mode, S,., +S,.,=0, and the me-
tric perturbation Eq. (3.2) has only the form

R, dxtdx’ =h,S,(dxtdx® +dxdx?) .

Under an infinitesimal coordinate transformation
induced by

3 -2 smmat
—4ex [\If } _ [Bm\ rad TS x4 ’ 6.17)
-3m F 4rJd

£ dx" = ESdx",
the perturbation (multiplied by ) becomes
7 g =7y = (E/70) a5 (7.5)

and no gauge invariant such as Eq. (7.4) can there-
fore be constructed from k4. The %, necessary
for this construction,l is indeterminate. Never-
theless, even though Eq. (7.5) is gauge dependent,
its curl

[(7%ra)i5 = (P*hp)saddx® ~ dx* = d(r hudx?)
=d(r 2k dx?)

in Eq. (7.2) is independent of any gauge change.

It is now clear how to solve the coupled Ein-
stein-Maxwell system Eqs. (7.1)=(7.3) in an ar-
bitrary uncharged spherically symmetric back-
ground:

(i) For any I =1 matter perturbation, which must
satisfy the equation of motion

d(r**TT*ax*) =0,

solve Eq. (7.1) for S as a line integral on M?,
S= ITZiTTatdxA o

(ii) Solve the inhomogeneous Maxwell wave Eq.
(7.3) to determine the perturbed Maxwell field F.

(iii) To find the perturbation in the gravitational
field k,dx*, solve the perturbed Einstein Eq.
(7.2). This is accomplished by expressing & dx*
in terms of a to-be-determined scalar ¥,

2R dx? = 4d¥ . (17.6)

(On M?, which has an indefinite metric, this de-
composition is not unique.) Thus, Eq. (7.2) be-
comes

wdw =47§F +167S . (1.7)

One sees therefore that, for /=1, odd-parity
gravitational perturbation (7.4) and hence k,dx* is
determined modulo the gradient of some indeter-
minate scalar.



1310 ULRICH H. GERLACH AND UDAY K. SENGUPTA 22

VIII. COUPLED LINEARIZED EINSTEIN-MAXWELL SYSTEM: EVEN PARITY

To obtain the equations governing a given even-parity perturbation mode of the metric and the electro-
magnetic field, one must combine the linearized electromagnetic stress-energy gauge-invariant Eq. (5.5)
with the linearized Einstein field Eqgs. (3.13). Also, using the background field Egs. (2.11) and (2.12), one

has

20 gp1c = Roain=kemia) = [(= 1)+ 2)/7*+4v c|c+ 6vcv C]kAB - 2gABvC(kED|c =kegip=Repip)g®?

(l+1)-1
+g 4p(20° P+ 40 WP~ GCD)kCD+gAB[ ( 1,3

+2(Wak, g +0 gk, 4tk 418) = Zan \:Zk,c lc"'ﬁvck,c

+20{°+3v | kP

wk]

=—4g o fecpFC P+ 2f2 [k yp+g 45k cC=2k cpeC Py = 16772 | 120 (8.1a)

k,a~ kAc|C+kcclA‘UAkcc=-4f€ACFc" 16775, 1

(8.1b)

272

(- k'clc_ Zvck,c—Ga"k)+ [ch""D-l-ZUCkCD'D'*'2(vc'D+vch)kCD]— [koclum"’vckul)kc"'akcc— 1(1+1) kcc]

kCC="' 16ﬂszat, 1=>2 .

These linearized Einstein field equations together
with the linearized Maxwell field Eqgs. (4.14)
govern the even-parity interacting gravitational
and electromagnetic degrees of freedom coupled
to the uncharged and/or charged matter degrees
of freedom. No further dynamical equations are
necessary. In particular, the continuum analog
of the (perturbed) Lorentz equation of motion and
of the (perturbed) charge conservation equation
are directly implied by the linearized field Eqs.
(8.1) and (4.14), respectively. The perturbed
Lorentz equation in terms of gauge-invariant mat-
ter and em field objects is Eqs. (3.14a) and
(3.14b). There the objects T, T,, T*, and T?
must be replaced by the right-hand sides of Eqgs.
(8.1a)~(8.1d), respectively. The perturbed charge
conservation equation is simply Eq. (4.15). l

SUMMARY AND CONCLUSION

Suppose one wishes to make some precise state-
ments about first-order perturbations away from
some spherically symmetric space-time of one’s
choice. It is immaterial what the background
geometry or the relevant coordinate system might
be. If the perturbations are of odd [(- 1)'*'] par-
ity, Egs. (6.5) and (6.6) [or Eqgs. (6.1) and (6.2)]
give a minimal as well as complete description
of the linearized Einstein-Maxwell system. This
description includes via Eq. (6.7) [or Eq. (6.3)]

=—dfe pF'P+2f2(k =k )= 167T3™2  [>0--. (8.1c)

(8.1d)

—

the Lorentz equation of motion for the charged
matter distribution. The (co)vectorial Einstein
Eq. (6.5b) may be replaced by the scalar Eq.
(6.5b’). This scalar equation together with the
two scalar Eqgs. (6.6) and (6.7) gives a necessary
and sufficient description of the physically very
rich®® coupling between gravitational, electro-
magnetic, and acoustic perturbational degrees of
freedom. If the matter of the background is un-
charged then these equations can be replaced by
Egs. (6.13)=(6.15) for 1>2, and by Eqs. (7.7) and
(7.3) for 7=1. If the background contains no mat-
ter, then the relevant equations are Egs. (6.17).
In all of these equations the nature of the per-
turbed matter as expressed by the respective
covector and scalar, T®'dx“and T™#, is as yet
unspecified. They must be constructed in accor-
dance with the prescription given by Egs. (3.5).
If one wishes to make precise statements about
even-parity [(-1)’] perturbations, then, regardless
of the background geometry or coordinate system
in question, the relevant Einstein-Maxwell set of
coupled equations is Egs. (8.1) and (4.14). As
discussed in Sec. VIII, they imply Egs. (3.14) and
(4.15), the continuum perturbational analog of the
Lorentz equations of motion and of charge con-
servation., Thus, once one has constructed the
even-parity matter perturbation invariants in
accordance with Egs. (3.12), one can investigate
coupled acousto-electro-gravitational modes



that might be present in a star perturbed away
from equilibrium or in a star undergoing highly
nonlinear radial pulsations or general spherical
collapse. The junction conditions across the star’s
surface are already known.? Nevertheless, the
even-parity equation as exhibited here suffers
from a drawback that the odd-parity equations

do not have: The former have not been decoupled
to exhibit a single master scalar equation for the
gravitational perturbation degrees of freedom.

The outstanding problem for perturbation theory
away from generic spherically symmetric space-
times is this: Find a single scalar master equa-
tion for the even-parity gravitational degrees of
freedom. One’s belief that this can be done is
supported not only by the existence of an even-
parity master equation for a vacuum background,®°
but also by the fact that at least for a vacuum back-
ground even- and odd-parity perturbations are
obtainable from the same master equation.*

A warning is, however, in order. One should
not count on the Zerilli even-parity master equa-
tion to be the prototype equation to be generalized
to generic spherically symmetric space-times.
This warning is motivated by the observation that
the odd-parity master scalar equation does not
reduce in a vacuum to the one given by Regge and
Wheeler.?® Instead, their equation is in essence
the time component of the covectorial equation in
the gauge invariant % ,dx“. The decoupling they
achieve is made possible by the happy coincidence
that time is a cyclic coordinate of the Schwarz-
schild background. In view of the fact that Zer-
illi also makes repeated use of the cyclic nature
of the time coordinate, one cannot exclude the
possibility that his master equation is some co-
ordinate component of a second-rank tensor equa-
tion,
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APPENDIX : EVEN-PARITY MAXWELL AND CHARGE
GAUGE INVARIANTS

The gauge invariants for the perturbations (4.9)
and (4.10) are constructed in the standard way
by considering linear combinations of the Maxwell,
charge, and metric perturbation that stay un-
changed when the background is subjected to an
infinitesimal coordinate transformation. Such a
transformation is expressed in terms of the Lie
derivative with respect to (suppress angular in-
tegers I and m)

£,dx* = £ ,(cOY dx4+ E(xO)Y dx°.

The change due to an infinitesimal coordinate
transformation is

Afuv'_'Afuv- (fuv;c £o+fav€o;u+fua£a;u) ’
Aj_u = Aju- - (ju;lu;aga+j0‘£°:u) ’

and
Euv=huv_ (guv+£v;u) .

These expressions, when rewritten in terms of
geometrical objects on M2, have the form

AF 45=AF ap= (f45"%ct st 1a* [ 4%in) »
AF 4= AF 4= 4%kc ‘
af=af,

87 4= 8] 4= (Garck+i%c14) »

af=aj-jct°,

and
hap=hsp=(Eain* Epia)s
Ra=h = [E4+72(6/7) 4],
K=K-2v%,
Y’G =7%G - 2¢

Also, if
Pa=hys~ %”ZG A

then
Da=pa=E4-

In terms of the vector p , the set of gauge-invari-
ant geometrical perturbation objects are given
by expressions (4.11)-(4.13).
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