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An exact calculation of the gravitationally induced electrostatic self-force on a charged test particle held stationary
outside a Schwarzschild black hole is presented. After mass renormalization, there remains a finite repulsive force
proportional to the square of the charge of the particle and to the mass of the black hole. In a local, freely falling
frame momentarily at rest with respect to the charge, the repulsive force varies as the inverse cube of the
Schwarzschild coordinate distance of the charge from the origin.

I. INTRODUCTION

Over the last twenty years a number of auth-
ors'~* have investigated the influence of a gravi-
tational field on charged test particles. Such work
has been motivated both by formal and by practi-
cal considerations. On the formal side, the ques-
tions involved are interesting because they are
simple yet subtle. As DeWitt and DeWitt! pointed
out, they raise “some of the most delicate issues
in classical particle physics.” On the practical
side, this work may be viewed as a small part of
the ongoing astrophysical research program® to
understand electrodynamical effects in processes
such as accretion and x-ray emission around black
holes and other strong gravitational sources.

One of the results of these investigations is that
a gravitational field modifies the electrostatic self-
interaction of a-charged particle in such a way that
the particle experiences a finite self-force. The
origin of this force is the distortion of the charge’s
long-range Coulomb field by the spacetime curva-
ture associated with the gravitational field. A
variety of techniques have been used to demon-
strate this. DeWitt and DeWitt! employed a for-
malism of curved-space covariant Green’s func-
tions previously developed by DeWitt and Brehme.®
Berends and Gastmans® used covariant perturba-
tion theory to do a quantum-field-theoretic deriva-
tion. MacGruder® used an approximate Lagrangian
for charged-particle motion derived by Bazanski’
from the Einstein field equations. Most recently,
Vilenkin® has approached the problem in perhaps
the most straightforward way, using the curved-
space Maxwell equations. In all of these approach-~
es the authors assumed that the gravitational field
was weak; thus they worked to leading order in the
small dimensionless quantity GM/c*», where M is
the mass of the gravitational source and 7 is the
distance from it. They found that the self-force
on a charge e is repulsive (i.e., directed away
from the grayvitational source) and has magnitude
GMe?/c*r®.

The purpose of this paper is to present an exact
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calculation, valid to all orders in GM/c?, of the
gravitationally induced electrostatic self-force on
a charged test particle which is held stationary
outside a Schwarzschild black hole. In this admit-
tedly special case an exact calculation is made
possible by the fortuitous existence of a previous-
ly discovered® ° analytic solution to the curved-
space Maxwell equations which are the basis of
our approach. Qur result for the magnitude of the
repulsive self-force is
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Fo= (C;ZLVS.S . 1
Here 7 is the Schwarzschild radial coordinate
of the stationary test particle. This formula
gives the self-force which would be measured by
an instantaneously comoving, freely falling ob-
server at the position of the test particle. We note
again that Eq. (1) is exact. Its similarity to the
weak-field result obtained by previous authors is
a coincidence resulting from our particular
choice of Schwarzschild coordinates and a freely
falling observer. For example, in terms of iso-
tropic coordinates [see Eq. (11)], the self-force
takes the form

Foo= GMe? 1
self cz,ra (1+GM/2C21’)6

e’ GM ( 3GM+_“) ) @)

er T
We arrive at our result by calculating the exter-
nal force required to hold the test particle static
and find that it is given by
GM -1/2 2
P GMm (I_ZGM) _GMe

ext 2 2, 2, 3
7s C7g C7g

s (3)

where m is the mass of the test particle.

The first term is present for uncharged as well
as for charged test particles. In Newtonian lang-
uage, it is just the negative of the gravitational
force that the hole exerts on the test particle.

The second term is peculiar to charged test
particles. Since the hole is uncharged, we must
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interpret it as arising from the test particle’s
electrostatic self-interaction. It vanishes as M
-0, indicating that the effect is induced by the
hole’s spacetime curvature. We conclude that the
hole’s gravitational field causes a stationary test
particle to feel a repulsive self-force as given in
(1). As a consequence, the external force needed
to support a charged test particle differs by this
amount from that for an uncharged one of the same
mass.

It may appear strange at first glance that a
gravitational field can induce such a self-force,
because the equivalence principle assures us that,
for a freely falling observer, in the neighborhood
of the test particle the same Maxwell equations
hold as in flat spacetime, where there is no self-
force. But this paradox is resolved when one
realizes that the equivalence principle does 7ot
say that these same differential equations will
have the same solution locally as in flat space-
time. ‘Indeed, a solution for the potential which
locally looks just like the flat-space one would
not have the correct asymptotic behavior at spatial
infinity, because spacetime curvature affects the
long-range behavior. The solution which does
behave correctly at infinity is not the same locally
as the flat-space one, although it still satisfies
the flat-space Maxwell equations locally. The
different local behavior gives rise to the self-
force. The long-range nature of electromagnet-
ism has forced us to impose boundary conditions
far outside the local jurisdiction of the equivalence
principle. '

II. CALCULATION OF THE SELF-FORCE

A. Metric and freely falling observer

We consider a gravitational field described by
the Schwarzschild metric,

ds?=—(1 - 2M/7rg)di %+ (1 = 2M /7))  drs?
+73(d6? + sin® 6d¢?) , (4)

written here in terms of the standard Schwarzs-
child coordinates ¢, 75, 6, and ¢. (In this section
G=c=1.) We shall compute the external force re-
quired to hold a test particle with mass m and
charge e fixed at the point g =bg, 6=0. It is an-
ticipated that this external force will have two
contributions, one of which is to be identified as
the negative of the gravitational force on the test
particle and the other as the negative of the elec-
trostatic self-force. i

We expect to encounter the usual divergences
associated with a point particle, and indeed the
electrostatic self-force will turn out to be infin-
ite. However, the infinite part of the self-force

. will have precisely the same location dependence

as the gravitational force on the “bare mass” of
the test particle, and thus it can be absorbed by
a renormalization of the test particle’s mass. A
finite part of the self-force will-remain, though.

In order to focus on measurable quantities, we
must specify the observer who measures the ex-
ternal force. The most convenient choice is a
freely falling observer, located at the test parti-
cle, instantaneously at rest with respect to it.

To transform quantities into this observer’s
frame, we need expressions for his coordinates in
terms of the Schwarzschild coordinates. Since he
is freely falling, his coordinates x° =%, x' =%,

x? =¥, and x® =Z can be chosen to be locally flat;
this means that, at the spacetime point @ at which
the force is measured,

(g58)p = MaB (5)

and

(67 gEz'B')o, =0. (6)

The construction of such locally flat coordinates is'
a well-known procedure.'® Given an arbitrary set
of coordinates x* in which the metric is g,,, the
coordinates

2= (0%, )p [ (6 = ) +5(Thy)p 6 = 0)*(x =)+ -+ ]

(7
are locally flat at the point @, the coordinates of
which are x* =b" in the arbitrary coordinates and
x%%=0 in the locally flat ones. Here I'}, is the af-
fine connection

rﬁlzégpv(axguk"'a)\gvx"avgxx) (8)

and Aap must satisfy
gpuznTxBA_&uAEu . (9)

We note that the condition of local flatness deter-
mines the coordinates x* only through second or-
der in (x = b)*, but this will be sufficient. Also,
Eq. (9) determines A%, only up to an arbitrary
Lorentz transformation.

In the present case, it proves convenient to take
the x* to be isotropic coordinates'!

x°=t,

xt=x=v(rg)sinfcos¢ ,

x2=y =7(rg) sinfsing , (10)
x3=z=v(rg)cosé ,

rather than the standard Schwarzschild coordi-

nates themselves, where

7=%(7s ~M+7rs(rg - ZM)]UZ),
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or
rs=r(1+ M/2r)% . (11)

In these coordinates the metric is given by

— 2
ds?=~ (—i—:—%) dt®+ (1 +M/2v)4(dx?+ dy®+ dz?) .

(12)

The test particle is located at x=0, y=0, z=0
=4{bs —=M+[bg(bs —2M)]*/% forall t. Choosingthe
time of the measurement of the external forcetobe
t=0, we take b*=(0,0,0,b). We impose the re-
quirement that the observer be instantaneously at
rest relative to the test particle at t=0 and that
his local coordinate axes to be aligned with the
isotropic ones at that instant; then A*, is uniquely
determined to be

V=800
- Vv
A%, = 811 = . (13)
V&s3

Using (7), we then find the following transforma-
tion between the two frames:

1-M/2b M 1
T/ Lo (eag/any L@ -0

+O((x* =d*)?), (14a)
M 1-M/2b
262 (1+M /2b)°

_2]—1)”2— (1+ M/2B)[ 2065 = b )(z = b) - 67| — %))
+O((x* =b*)3) . 140)

In the locally flat frame the metric takes the form
g3 =155 +0((x7)?); i.e., it is Minkowskian up to
second-order corrections in the coordinates.

With these preliminaries out of the way, we may
proceed to calculate the self-force, which we do in
the next two subsections by two different methods.
In subsection B we use the fact that the external
force can be obtained by integrating the covariant
divergence of the energy-momentum tensor over
the spatial extent of the test particle. This is a
local approach to the problem. In subsection C we
employ a global energy-conservation argument to
obtain the external force.

—f:

x* = (1+M/20)%(x* =) + 5z giE 2

B. Local method

The test particle is assumed to be held fixed by
some external force. The density G&x of the ex-
ternal force measured by the freely falling ob-~
server is given by

% =T . (15)

The energy-momentum tensor T°® of the system
has two contributions:

TuF—Tmh +TE . (16)
The first term,

m d&"‘ d&

Tmech —(—ﬁiTZ_ dT d 54(x7 ‘57(7)) ar 3

()

is the “mechanical” energy-momentum tensor for
a particle of mechanical mass m,. Here g

= det(g&g)_; 7 is the proper time along the world
line x%= £%(7) of the particle and is given by

dT?= — gap dE%dEP = — g, dEbdE” . (18)
The second term,

1 — ——
T =g (FTFP5 -5 g F % Fys) (19)
is the energy-momentum tensor for the particle’s
electromagnetic field. The field F B and the cor-
responding potential A® are related to the current
density

a
4(xY = £7
Je g)l f 5 Y - () (20)
by the Maxwell equations

Fep=Ap,5 —Ag; 5 (21)

and
FB g=trg%, (22)

The external force Fi on the test particle is ob-
tained by integrating the space components G txt Of
the force density at 7 =0 over the extent of the test
particle. For a point test particle, we cannot do
this; instead we shall integrate over a small
sphere of radius € centered on the test particle
and take the limit €~ 0 afterward. In freely falling
coordinates the sphere € =const is a true metric
sphere. By symmetry, it is clear that the exter-
nal force can only have a z component, so we need
only calculate F. We have

[ Gfxt ]T:od%—

€~ 0 r=¢

=lim | _[7%F5]7.,d%, (23)

where 72=%%+7%+2Z% Now the observer’s metric
is Minkowskian up to 0((x%)?) correctlonsL so the
covariant derivative in (23) is T*P ;=06- 5T*°

+0+ T‘j+O(x°‘T37) Therefore
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Fi, = lim {L [_?-‘ Tilé-ch] a*x (24a)
>0 \r=7 L0 T=o
+j; _ [T5is Ji-0d%Sy (24b)
r==¢€
+j_- (063 TR 52, d%% (24c)
r=¢€
9 70 -
+f [-—=Tm] a° (240)
r=e L9t T=0
+LE (T8 17, a°s; (24e)

+f 1 O(x“TE.X)];=Od3k‘} , (249
r <€

where the divergence theorem has been employed
to obtain the surface integrals in (24b) and (24e).
Here d°S; =675 n! 72dQ, with n'=x*'/7 being a radial
unit vector and df an element of solid angle in the
locally flat frame. We proceed to evaluate each
term in order. _

Qur first task is to obtain £%(7), the world line
of the test particle in the observer’s frame, since
this enters into Tﬂh . In the isotropic coordinate
basis, the test particle is at rest at x*=b%=5'*
for all ¢, so the world line in this frame is &"(7)
=(t(1),0,0,b). Using the metric in (12), one finds
from (18) that

_1-M/2b

aT= 3072

dt . (25)

Choosing 7=0 when t=0, we have

24 (r) = (1 +M/2b

m T,0,0,b> . (26)

Transforming this into the observer’s frame by
means of (14), one finds

M1 L ™)
’ 202 (1+M/2b)2 1-M/2b

+0(79) . (27)

£%(7) = (‘T,0,0

Substituting this and g =~-1 +0((x%)?) into (17) and
performing the integration over 7, one finds that

m

T.-f.;"cﬁTA'a‘E—
+0((x%)?)
M 1 1
"[b_2 (1+M/2b)° 1-M/2b “O(fz)]
X 83 (x* —X* (T)), (28)
where '

X @) =1d" T2+ 0 () (29)

is the spatial position of the test particle in the
observer’s frame at time 7, with
T=M 1 1
@7 W+M/20° 1-M/20

5 % (30)

being the test particle’s acceleration in this frame
at 7=0. Using (28), one finds that term (24a) is

K 3 Mmg 1 1
.l,;sg [8? T"‘""‘]7=0 a’x b2 (1+M/2b)° 1-M/2b"
(31)

The surface term (24b) is zero because the inte-
grand contains 5°(x*), which vanishes on the sur-
face 7=€. Term (24c), due to the O((x*)?) cor-
rections to g4g, is also zero because it entails
integrating O (x* )53(x? ).

Now we face the more difficult task of evaluating
the electromagnetic terms (24d)-(24f). We need
to know A® in the vicinity of the test particle so
that we can then calculate F® and 7% . We can-
not obtain A® by solving (21) and (22), because the
locally flat coordinates (7) do not provide a global
coordinate system, which is required in order to
impose boundary conditions on A* at spatial in-
finity. Even if we were to define x® everywhere,
rather than just in the neighborhood of @, g45
would be so complicated except near ® that we
would be unable to find an exact solution to (21)
and (22).

We therefore consider the Maxwell equations in
the global isotropic coordinate system. We may
write them in the form

Fpy=0,A,=-0,A, (32)

and
8,V =g FW)=dn/=gJ* . (33)

Now in this basis the situation is static with J*
=(J°x,»,2),0,0,0) and A, =(A,(x,9,2),0,0,0).
The only nontrivial component of (33) is the =0
one,

—a;(@googijajAo)=47"[‘_gJo- (34)

Using the metric in (12), this becomes

. M 2-M/2r F)
[V v 1+ M/2r)(1 = M/27) 'a_r]AO

=4r(1+M/27)*(1 = M/27)?J° . (35)

Since the test particle is stationary at x* =% =55,
its charge density is

1
9= Trazra iz

3(x® -~ b%) ., (36)
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Thus A, satisfies

. M 2-M/2r 9
[V 72 @+M/2r)A =M/27) a_r]A"
1-M/2b 3
=4re m72—b)§ () (xk— b*) . (37)

The boundary conditions to be imposed on A4, are
that

Ay~ =e/r asr— (38)

so that, by Gauss’s law, the net charge is just e.
In a 1926 paper on electrostatics in curved
spacetimes, Copson’ found a particular analytic
solution to Eq. (37). It did not satisfy the boundary
condition (38), but Linet® made the necessary
modification. The solution he found is

where b=M2/4b. This is the exact electrostatic
potential of a point test charge in the Schwarzs-
child metric.

Now we must transform (39) into the freely fall-
ing frame. We have

8x§ Z)x‘_3
ag” A =gan g gttA,. (40)

Ag=g55AP=g55

Using the fact that A;=0, that g,, is diagonal, and
that g5 is Minkowskian plus O((x*)?) corrections,
this becomes

Ag= [_ g— + 0((x3)2)] g™A,, (41a)

A= [%’-;—- + O((xa)z)] g%A,. (41b)

e I .

Ay=- . 5 Because of the limit €~ 0 in (23), all we really

b(1+M/2b)*r(1+M/27) need is the first few terms of an expansion of Ag

= aai/z 2. NE about the point x®=0. Towards this end we first

X|M+bd (Lz_'.'_z.lf.i +b —LMZ ], expand each factor in (41), for which we have ex-

72 ~ 2bz + b? r2 -2bz+b X - . .
pressions in isotropic coordinates, about the cor-
(39) responding point x*=b". From (14), we get
)
9F _ 1-M/2b M 1 1 N 2]
t- 1+M/2b [“ 7 T3M/3 Tom/ap & -0+ oll =07 - (422)
and

ax! M 1-M/2b

Bt B2 (1+M/2bp 6%+ O(x - )3 (42b)
the expansion of g% is
_ (1+M/2b) 2M 1 1 v ,
C=-TH /2y [1 ~WT Tia/ah Tom/ap B ot~ b")z)] , (43)
and that of A4, is '
_ e 1-M/2b M 1-M/4p '
Ao_— I x® =% (1+M72b)3 [1+z§- (1 +M/2b)(1_/u/2b) (Z_b)"'o((xb'-bk)z)]
M 1 1 1-M/2b
~e% [T M/2b) [ =% 170/ "’)“O((xk"’k)z’] : (44)

Now we use (14) td express these series in terms of the locally flat coordinates. This is straightforward
except for the transformation of the factor 1/|x*-b*|, which turns out to be

1 1 M 1

= — 2 — —
| x* ~ b%| 1xi_Xz(t)|(1+M/2b) [1 262 (1+M/2b)°

The final result is

_ [L+oz+0((x%)?) @2
A= —e|:—~———————~~~——I 0] + B+ vz +O((x*) )]
and
5. T N'& 2 _ -
A= [)t Ixé t(;(é((;_r)l) ) Rl O((xa)Z)],

z ,+O((xa)2)]. (45)
(46a)

(46b)
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1 1 M 1+M2/4p2

M
~2a=f=A=Vh= T Tizmy 1-37% 0 V775 (M 2N - HTE "

By differentiating (46) one finds the following expressions for the electromagnetic field components E;
=F;5=9;45-9;A7 and B;E%eg;;F =¢€77 9547 and their time derivatives at 7=0:

[Eili.o= e['-;iz + an'n? - ;a + )07 —(y+ u)675]+ [0(7°) terms with an odd number of n*], (48a)

[BiJz0=0(7), (48b)

[2] -o(1/7), (48c)
ot |50

[BTB?‘T—] T —esg;,A—:; +[0(1/7) terms with an even number of n*]. (484d)

We proceed to use these expressions to evaluate the electromagnetic contributions (244d)-(24f) to the ex-
ternal force.
From (19) one obtains

1 ,: S
To= g € E3By+ O((*F(F7)), (49)

so term (24d) becomes

b % S_L;;;f% f-'aE; i _995] f f [__ . M]
j;sz[af T"’"‘];,od e, L R e =0 var | a% O (F7Y)

(50)

Consider the second integral first. One can show from (48) that in the neighborhood of the test charge the
most singular terms in its integrand have the structure (odd number of ni)/73; these vanish by symmetry
when integrated over solid angles. The less singular terms will vanish when the limit € -0 is taken. Thus
only the first integral above contributes. Substituting the expressions in (48) and performing the angular
integrations, one obtains

_E_’__zo =2 2[241':32(‘[;‘1_7)% 1 1
f [at T. ], JAEEse ) z=sel ) 53) W Wem/any 1-m/3b (51)

after dropping terms which vanish in the limit €~ 0.
Next, since
1

T = 5. [2(E; Ez+ By By 0% = E; E; - B; B3]+ O((x®)X(F*")?), (52)

term (24e) becomes

S 1505 @ [ afnii(s Eye By BO7 - By - BBl

r=¢€

v [ aGn [0 (FFP) ;s - « (53)
r=e€
As before, the second integral vanishes in the limit € — 0 because the terms which are singular enough to
contribute contain an odd number of unit vectors and thus vanish by symmetry when the angular integration
is performed. The first integral yields

[T P l.0d?S5=(3 @+ N)e? —+(y+u)e

_28 M 1 1 Me? 1
T3 b2 A+M/20)° 1-M/2b " »° (1+M/2b)° °

(54)
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after dropping terms which do not contribute in the
limit - 0.

Finally, one can check that the last term (24f)
does not contribute to the external force for the
same reasons that the other terms arising from
the O((x®)?) corrections to g3z did not.

Combining our results in (31), (51), and (54), we
find that Eq. (24) gives

F; _ Mmo 1 1
ext” p2  (1+M/20)° 1-M/2b
M om 1 1
YRR [W+M/20)7° 1-M/2b
Me? 1
T (1+M/2b)° (55)
where
(1 f‘f d7> . > dr
=22 - 2 )=2g2 = 6
m=35e _:EI:)(E_ + A 72 3 € A 72 (5 )

The fact that 6m is divergent is of course due to
the fact that we have treated the test particle as a
point charge. However, since the first two terms
in (55) have the same dependence on b, we can ab-
sorb this divergence by a mass renormalization:
we consider m =m,+ 0m to be the actual, finite
mass of the test particle. Then the external force
necessary to hold it stationary at »=5, =0 is

F; _ Mm 1 1
ext™ p2  (1+M/2b) 1-M/2b
Me2 1 (57)

T (Q+M/20)°

C. Global method

The external force can also be calculated by a
global, energy-conservation method. Consider a
Gedankenexperiment in which the charge is dis-
placed slowly a distance |6b | (in isotropic coor-
dinates) toward the hole. Then, according to the
freely falling observer, an amount of work 6W is
done on the mechanical support, given in his basis
by

OW = ~F%,,8b. : (58)

This work is sent in the form of a bundle of energy
to an observer at rest at asymptotic infinity; be-
cause of the gravitational red-shift, the energy

OE received by this observer is given by

— 1-M/2b .—
6E=[—goo(b)]"26W=—ﬁ—AW/27béW.  (59)

But by conservation of energy, this energy must
be equal to the change —6M .in the asymptotically
measured mass of the system that results from the
displacement of the charge. Then using the fact
from (14) that 66 =(1+M/2b)?6b, we have

oo 1 1 __ M
ext™ 1 M/20 1-M/2b 6b °

(60)

Now, Carter'? has shown that the change in mass
O0M between two nearby, nonrotating black-hole
configurations is given by

L

oM =87r

1 . .1
84~ 5 afc(,\/;rd T
x [ " hmgace, (1)

where k and A are the surface gravity and the
area of the black hole, respectively, G*” is the
Einstein tensor, and #,, is the difference in the
metric between the two configurations. ' The inte-

grals are to be evaluated over the exterior of the

black hole. For a slow displacement, no matter
or electromagnetic radiation crosses the horizon,
so 6A=0. Furthermore, since we are dealing
with a fest charged particle (ignoring the direct
effect of the particle’s mass or charge on the me-
tric), we can ignore the term involving .
Hence, invoking Einstein’s equations, we have

6M=—6fT0°v—gd3x. (62)

Let us split the “energy” integral above into a
mechanical contribution and an electromagnetic
contribution, i.e.,

+U__. (63)

mech em

- f T°WV-gd3x=U
Then combining (60), (62), and (63), we have
1 1 o)

P 9
Fe™ T3m/36 o073 o6 U

mech+ Uem) * (64)
The mechanical contribution to the energy is eas-
ily found from (17) and (26) to be

_1-M/2b
Umech—mo 1+M 72b . (65)

To evaluate the electromagnetic contribution, we
first note that

1 .
T 0 g°°g“a,.Aoa,A0, (66)

em 0~ 87

as follows from (19), so
Uem= %fg""giiaiAoajAow/——gdax. (67)

At this point one cah substitute (39) for 4, and
actually carry out the integration explicitly in po-
lar coordinates. The integral diverges because of
the singularity in A, at the point charge, but it is
possible to separate out the divergent behavior and
regulate it by excluding from the region of inte-
gration a ball of radius a around the test particle.



The result of this lengthy calculation is

g € 1-M/2b_ M 1
em” 2a (1+M/2b)° ~ 20> (1+M/2b)* °

(68)

A much quicker route to this result is via an in-
tegration by parts in (67); one obtains

1 .
Uen™ g fdsonai(V—gg"Og"ajAo)
1
= _'rr f dZSi«/—_ggoog“Aoale
roo

+Lf d?SV=gg®g AP A,.  (69)
87 Jruks2 »

The integral over the surface at infinity vanishes
because A, drops off as 1/ at large distances. An
easy calculation using (39) shows that the angular
integral on the horizon averages to zero. One is
left with the first term, which because of (34) be-
comes

U= —2 f JAV-gd’x. (70)
Since V-gJ °= e6*(x* - b%), U,, is formally equal to
-3z eA, evaluated at x*=b*, which is divergent. We

regulate it by substituting
v _gJo =

lim 6( |x* - b*|-a) (1)
a—>0

and doing the integration before taking the limit.
Physically, this corresponds to giving the charge
a finite radius a in isotropic coordinates. To be
more correct, one should give the charge a con-
stant finite radius 7 in freely falling coordinates,
as in subsection B. In freely falling coordinates,
a surface of constant a is not exactly spherical;
however, it is straightforward to show that this
does not alter the final conclusion. Using the ex-
pansion (44), this yields the result (68).

Now, in order to renormalize the mass m, tom,
we must express the radius of the ball of charge
in local freely falling coordinates, because it is
this radius that is treated as constant as the
charge moves. We thus have from (14)

G=a(1+M/2b). o (1)
Then we can write
1-M/2b Mé 1
Umech+ Uem m 1+M /Zb + 2b2 (1 +M /Zb)‘l ’
(73)
with
e2
m=my+lim —. (74)

-0
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It follows from (64) that

F; - Mm 1 1
ext™ p2  (1+M/2b)} 1-M/2b
M é? 1
=55 (1+M/20) ’ (75)

in agreement with the local method.

IIIl. SUMMARY AND CONCLUDING REMARKS

We have computed the external force that is re-
quired to hold a test particle of mass m and charge
e stationary outside the horizon of a Schwarzschild
black hold of mass M. In the frame of a freely
falling observer who is instantaneously at rest at
the position of the test particle, it is

: GMm{ 2GM\ /2 GMe
F? = 1-
o v \ g T s

, (76)

where we have used (11) to express the force in
terms of the test particle’s Schwarzschild radial
coordinate (now denoted »¢ rather than b) instead
of the isotropic radial coordinate b used in (57) and
('15). No approximations have been made other
than treating the particle as a test particle and thus
ignoring its metric perturbations.

The negative of the second term above is the
gravitationally induced electrostatic self-force of
the charged test particle, as given in Eq. (1). It
is interesting to determine when, if ever, it be-
comes important physically. If we write

Fext= Fext,grav(l - A) ’ (77)
where F,., ..., iS the first term in (76) and
2 2 1/2
A= £ /mc (1 2GM) (78)
7s rg

is the fractional correction due to the self-force,
then it is easy to show that the maximum value of
A (which occurs at »¢=3GM /c?) is €2/3V3GMm.
For an electron outside a one-solar-mass black
hole, the self-force gives at most an insignificant
fractional correction of 4 x 107°,

But suppose we have a black hole whose mass is
less than M ,,= €?/3V3Gm (7.3 X10" g for elec-
trons as test particles; for the critical mass, the
Schwarzschild radius is 38% of the classical elec-
tron radius, e?/mc?=2.82x107*® cm). Then one
finds that the fractional correction exceeds unity—
and thus the repulsive self-force exceeds the at-

‘tractive gravitational force—over the range of ra-

dii ».<7»¢<7,, where **

. 3V3GMm . 71) (79)

7————3 = cos(s cos —Q ‘3
When M =M ,,, 7.=7.=€*/V3mc*=3GM ,,,/c*
=1.6x10"% ¢cm. AsM -0, ».~2GM/c® and 7,
- e®/mc®. It is amusing to note that at »=v, the
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test particle’s electrostatic self-force would suf-
fice to support it against the hole’s gravity, with-,
out the help of any external force; moreover, such
an equilibrium situation would be stable against
radial perturbations. Unfortunately, in a regime
where the black hole’s Schwarzschild radius is
comparable to or smaller than the classical elec-
tron radius, quantum effects will vitiate a clas-
sical treatment of the problem. Indeed, it is
meaningless to talk of an electron being held

fixed at, say, 10™% cm from a miniblack hole,
when the Compton wavelength of an electron is
two orders of magnitude larger than this.

One is led therefore to wonder about the signifi-
cance of an effect such as the self-force within the
context of a fully quantum-field-theoretic treat-
ment. How much, for example, would it affect
the Hawking radiation rate and spectrum? The
self-force is the classical manifestation of one

of many effects that will presumably appear when
the free-field treatments generally used in investi-
gating quantum processes in curved spacetime

are extended to include interacting fields. Further
work along these lines is in progress.
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