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Quantum-chromodynamic radiation and mean scaling for hadronic and current processes
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A recently proposed model for the longitudinal- and transverse-momentum distribution of quantum-
chromodynamics (QCD) radiation is shown to lead naturally to mean scaling. Excellent agreement is found
for the normalized momentum distribution in pp ~nm +X between our predictions and the data from 13
to 1500 GeV/c with n, the number of pions, varying from 4 to 26. We also show that p,-pair production by
hadrons exhibits the same transverse-momentum spectrum as do the hadrons produced in e+e
annihilation. This transverse scaling in the mean in terms of the dimensionless variable zj ——k,/(k, ) is
interpreted as reflecting the primary (soft-gluon) QCD radiation distribution. Again, very good agreement is
found for these normalized distributions and our theoretical scaling curves.

I. INTRODUCTION

In a previous paper, ' we proposed expressions
for the four-momentum distribution of the quantum-
chromodynamics (QCD) radiation accompanying
quark scattering. Assuming that the inclusive
hadronic momentum distribution follows that of the
QCD radiation, we were able to obtain very satis-
factory agreement with the SPEAR data' in e+e

annihilation both for transverse and longitudinal
distribution of pions.

In this paper we give details of the model (Sec.
II) and present further experimental evidence sup-
porting our soft-gluon bremsstrahlung formula for
QCD. We show that "mean" scaling (or scaling in
the mean) found phenomenologically in PP semi-
inclusive distributions' '—and held for some time
to be without theoretical basis" —arises naturally
in our model. Any scaling underscores the exis-
tence of a universal curve —in this case for longi-
tudinal and transverse distributions. In Sec. III
we show that our proposed expressions in fact
give these curves in excellent accord with the data
for both distributions. We then extend this analy-
sis to current processes. In Sec. IV, we present
evidence for mean scaling in the variable z~ = k~/(k~)
for the process

pp~ jLl, |LL +X

as well as for

e'e -m'+X.
Our discovery of mean scaling for these pro-

cesses is quite nontrivial and in fact rather sur-
prising. It is nontrivial because the mean trans-
verse momentum for the p, pair is not the usual
300-400 MeV —found also in e'e -hadrons —but
for certain values of the p, -pair mass becomes
as large as 1.4 GeV. The apparent surprise may
be if one regards p, -pair production to arise ex-

elusively through a single hard quark scattering
as implied in the Drell-Yan mechanism. On the
contrary, in our approach the above scaling is
natural since we expect the p. pair to reflect the
transverse-momentum distribution of the primary
QCD radiation, just as do the produced hadrons in
e'e annihilation' or in pP scattering.

II. PHYSICAL PICI"URE AND FORMALISM

In analogy with QED reactions, we postulate that
in a given hadronic process there is an emission
of soft gluons to be dealt with nonperturbatively
because of the possibility of an infinite number of
zero-energy gluons. In QED, the creation and
annihilation of charged matter is always accom-
panied by the emission of electromagnetic radia-
tion which manifests itself as an energy-momen-
tum imbalance. In QCD soft-gluon emission mani-
fests itself through a reconversion into hadrons,
since (the assumed) confinement prevents its de-
tection in any other form, e.g. , in a semi-inclu-
sive reaction of the type

pp- pp+nm

we visualize the produced pions as the final visible
form of the primary QCD radiation emitted in the
scattering of the (hard) quarks constituting the
protons. Figure 1 shows this analogy in a pictor-
ial form. In Fig. 1(a) the electromagnetic radia-
tion I' is a necessary accompaniment of the
charged-particle reaction, and in Fig. 1(b) we have
the corresponding QCD picture with the radiation
accompanying pP scattering and which subsequent-
ly converts into pions.

In QED, the Bloch-Nordsieck (BN) theorem pro-
vides the proper nonperturbative vehicle to obtain
the spectrum of soft photons since a satisfactory
analysis of soft bremsstrahlung requires summa-
tion to all orders. In Ref. 8 we have given a de-
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(b)

FIG. 1. (a) Radiation (I') accompanying the @ED pro-
cess ee ee+ I'(K). (b) Badiation (I') accompanying the
@CD process PP-PP+ &(X).

h(x, e) =
J dn(u)(1 —e "'")

0
(2)

and d'n(k) represents the average number of real,
soft quanta emitted in the momentum integral
(d'k). The upper limit e in Eq. (2) required for
the convergence of the integral is the maximum
energy allowed for a single quantum emitted in a
given process. If we write

d n(t ) =P —f(-)dn„,dk

then P is seen to represent the spectrum and f(g)
the angular distribution of the single photon. ' In

QED, P is (i) proportional to the coupling constant,
(ii) a function of the momenta of the emitting par-
ticles (but not the photon momentum), and (iii)
differs from process to process. For annihilation
or creation of an e+e pair, PQEn (4a/m) 1n(W/m, ),
where W is the total energy of the pair, m, is the.
mass of the electron, and a =(137) ' is the fine
structure constant.

In Ref. 8, we developed an approximate analytic
form for the transverse-momentum distribution' d( PK)which preserves the normalization and
(Kh') of the exact distribution of Eq. (1).

Now let us consider the corresponding situation
in QCD where two immediate differences from

I

QED arise. First, the non-Abelian nature of
QCD introduces the three-gluon vertex which has
no counterpart in QED. Second, the coupling con-
stant a„„„,is presumably large in contrast to the

tailed analysis of the transverse-momentum dis-
tribution resulting from this soft radiation. For
orientation and to facilitate further developments,
we present below the gist of our argument from
Ref. 8.

Using the BN theorem and energy-momentum
conservation, Etim, Pancheri, and Touschek' de-
rived the following expression for the four-mo-
mentum distribution dhP(K) of the emitted radia-
tion in an arbitrary QED process i- f+ I'(K):

~d4x
d4p(K') (d4K) ( ) sile x-h(in, e)

( )4 i

where

d2P(K )
d h I & x& -(K~'x/e-Bh(x)

(2w)'

where

(4)

h -c(ng x)y
g(x) = dQ„f(n) —(I —e ').

0

In Ref. 8 we approximated g(x) by

i,"(n) - —,'in(i +-,'n* f do„f(A)n,')
Now Eq. (4) can be integrated to give the approxi-
mate form

dK r(P/2) ~'A

(t)
where A = ,'(nh') give—s the transverse spread in the
primordial gluon radiation and K„(z) is the modif-

QED u. As to the first point, fortunately it has
been shown by many authors" " that in the lead-
ing-logarithm approximation, the infrared (IR)
divergences cancel for color singlets and that an
exponentiation very similar to that in QED occurs
as well for QCD. In this approximation, the non-
Abelian nature of QCD manifests itself essentially
in replacing the coupling constant by the running
coupling constant; otherwise, the results are
practically unchanged, apart from obvious group-
theory factors. Regarding the second point (large
o.„„„,), it should be noted that Eq. (1) is derived
whether or not n is small —it assumes only inde-
pendent emission and global energy-momentum
conservation. Thus, we assume, as seems rea-
sonable, that Eqs. (1) and (2) remain valid also for
QCD and represent a summation of the soft-gluon
spectrum. In order to use them, however, we
need to know what is the analogous P for QCD
which appears in Eq. (3). Owing to a lack of our
understanding of confinement in QCD we are un-
able to calculate P from first principles. An ef-
fective P was introduced in Ref. 1 as the average
spectrum of a single soft gluon and is our only
parameter. We shall allow it to vary and deter-
mine its value phenomenologically for each pro-
cess. No theoretical analysis of P shall be at-
tempted here, but since P de facto reflects the
intrinsic details of the theory, its experimental
determination in different kin)ematic domains and
for different processes may ultimately throw light
on the underlying dynamics.

Unlike QED, first-order expressions in P result-
ing from Eq. (1) are not likely to suffice for QCD.
In Ref. 8 our objective was precisely to obtain ap-
proximate analytic forms for d' (PK)hvalid for
large P. Equation (1) leads to
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~r(' )
&=( ~) (/) (9)

ied Bessel function (see Ref. 8 for details).
A completely analogous analysis can be per-

formed to obtain the longitudinal K)) distribution.
%e obtain

dP(KII) 1 1 KII (8 '&/' KII l

r(p/2) &~& 2&~& (8-,)/. .~~

(8)

where B= —,'(1-4A).
. From Eqs. (7) and (8) we find the average values

(k,)
J. ((k 2) (k )2)1/2 (17)

whose determination may determine P at least in

principle. In our model

and

. (l l)
P4) =

2 r( /2)
(P4')p, }'"

(K,') = —,'P(K, ')„...

(18)

(19)

where (K~') „,.„, denotes the "primordial" trans-
verse-momentum spread of the gluons. "'" Thus,
we have

and

(t+p)
(Kll} =(&WB)

( /'2)
(10)

1
s r(-'~ s)",P .r((P+ 1)/2)

(20)

If we define the two dimensionless variables

(12)

~"(")
dz 2(8/»-i~(p/2) r (8/» '

+pi
2 ) (8 ~)

2(8-3)/2vZ@(p/2) L (B 1)/ (L2

(13)

K))
zll=(K )

~

then Eqs. (7) and (8) can be rewritten using (11)
and (12) as III. PHENOMENOLOGY OF THE SEMI-INCLUSIVE

PROCESS pp ~ nm + X

We now apply Eqs. (13) and (14) to describe a
generic semi-inclusive reaction with n pions

pp nm +X,

in the following way. Define

(21)

In Fig. 2 we have plotted the function ~(p) vs p
to emphasize which domains of P are accurately
determined by this procedure. This' method is
used in Sec. IV to obtain P for current processes
where very accurate values of (K~) and (K~') were
available.

where

and

~.(", )
r(p/2)

(14}

(15)

and

dP„( ik)„dg„

dP„(k II)„d'„
d ))"' no„dk)) '

(22)

(23)

, r( )" W. r(p/2) "I
With the above substitutions, Eqs. (13) and (14}

describe the normalized probability distributions
in terms of dimensionless longitudinal and trans-
verse variables. These dimensionless variables
exhibit mean scaling and are our proposed univer-
sal expressions from which all references to &, A, ,
and B, which depend on the intrinsic details of the
radiation, have disappeared.

For the determination of the remaining param-
eter P, it is convenient to consider the disPersion

b~

2,0

I.O

a

0
lO 20

FIG. 2. 6~(P) ys P fZ'Pnl Eq (2{))
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where o„ is the cross section and (k~)„, (kl)„are
the mean values for the transverse and longitudin-
al momentum for process (21).

In view of the discussion in Sec. II, we expect
that distributions (22) and (23) are independent of
z as well as of the energy, i.e. , show mean seal-
ing. s ' In our approach, the final pions are pro-
duced by the QCD radiation whose four-momentum
is then shared by the pions. Thus, the pion four-
momentum distribution should reflect that of the
original radiation, even though the mean values
(pf)„and (p~)„may be quite different' for differ-
ent n and may even possess energy dependence.

To describe mean scaling we propose Eqs. (13)
and (14) as universal forms for it, by setting

l.O

O. I

dp
dz„

0.0 I

(24)

We now proceed to compare our universal curves
with the experimental data. This comparison is
done in Figs. 3 and 4. The theoretical curves
were obtained upon using the same value of P =3.5
which was used in our earlier analysis' of the
SPEAR data. ' As can be seen, the agreement with
the data is very impressive, especially since the
only parameter p was not allowed to vary. Notice
that the data' ' presented in Figs. 3 and 4 cover
a range of energy from 13 to 1500 GeV, and n,
the number of pions, varies from 4 to 26.

A sensitive test of our scaling curve and the
underlying radiation model is provided by evalua-
tion of the fractional rms deviation

I.O

O. OOI
0 2.0 6.0

FIG. 4. dP/dz~, vs s„. Data are from Ref. 3. Sol,id
curve is our theoretical formula Eq. (14) with p = 3.5.

Our computed value for this quantity is 1.11 (with

p =3.5). The only experimental values we were
able to find were given in Ref. 3 for the 300-GeV
data. Their average value turns out to be 1.1+0.02,
in excellent agreement with our theoretical value.
A similar calculation for the transverse-momen-
tum variable gives

O. I

dP
dZL

0 ~ OI

0.00 I

0
I I I

10 ' 20
I

5.0

We have not been able to find any published ex-
perimental value for comparison and it would be
very interesting to have direct experimental in-
formation about this quantity. If we use the pheno-
menological fit to the k~ data made in Ref. 15,
we find =1.54, in good agreement with our value.

As is clear from our formulas, we should ob-
serve logarithmic violations. of mean scaling due
to the energy dependence of P (through its depen-
dence on a„„„,). The value of P =3.5 used in this
analysis should be considered as an average
value over the entire energy range.

A quantity which is independent of P (and thus
also of the main scaling violations) is provided by
the ratio of the two coefficients a~i and a~ given
by Eqs. (11) and (12):

FIG. 3. dP/d~& vs z~. All data shown are taken from
Ref. 3. For clarity, data from Befs. 4 and 5 which are
consistent with it are not shown. The solid curve is our
theoretical formula Eq. (13) with P = 3.5.

(25)
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I.o

(26)

IV. PHENOMENOLOGY OF CURRENT PROCESSES

We begin the phenomenology of current processes
by considering the very-high-statistics data
(275000 events) of Ref. 18 for the production of
high mass p, pairs (M& &6 GeV) by 400-GeV pro-
tons on tungsten target. The data covers prac-
tically all xz, a large range of p-pair mass (6.8-
13) GeV and (k~) is found to be =1.3 GeV. These
authors give a simple expression for the K~ de-
pendence, which fits all their data. " In terms of
the normalized variable z~, their formula be-
comes

~

~

d~ 1.845z~
dpi, „(1+0.845@i')' ' (27)

where (dP/dr~), „~ is normalized to 1 and repre-
sents the transverse distribution upon integration
over all the other variables.

In order to compare the above fit with our pre-
diction, Eq. (13), we need to fix the value of the
parameter P. Using Eq. (27), the dispersion A~
is calculated to be 1.68 which corresponds to
P =8 (see Fig. 2). In Fig. 5, we show the pheno-

As one can see from Eqs. (13) and (14), a~ and

a~~ give the exponential cutoffs e '+ '.& and e '~~ '~~.

The ratio

a& ja =2/v =0.64

is a constant, independent of any parameter (and
in particular, of P). The above value compares
quite well with the value 0.61 which one can ob-
tain through the phenomenological fit made in Ref.
15. It is not possible to check our vat, ue directly
against the fits made in Ref. 3 because of a very
different functional form for z

~~

distribution used
there.

For large values of z, we expect our model to
break down. We can estimate as follows a value
z,„beyond which we predict mean scaling to be
rather badly violated. From deep inelastic scat-
tering we know that, on an average, each quark
(in PP scattering) would carry an energy Eo
=Ms/12. Thus, z =Ms/12(k). In the transverse
case, where (k~)=0.35 GeV, z,„=6 for 300 GeV
and 1.7 for 28 GeV. In the latter case, therefore,
we find that mean scaling should become invalid
for k~ ~0.64 GeV. This seems to be experimental. —

ly verified. "
When z ~z, it is reasonable to suppose the

dominant process to be hard quark scattering with
its accompanying power-law damping. "

dP

de

O.OI
I.O

ZI
2.0 3.0

FIG. 5. dI'/dr~ vs s&. Solid line is Eq. (13) with P —8.
Dashed line is a fit given by Eq. (27) to the p-pair data
of Ref. 18. No uncertainties are shown for the experi-
mental results —since the uncertainty in the functional
form for the cross section has not yet been determined
by the authors of Ref. 18.

menological fit, Eq. (27) (dashed curve), together
with our expression Eq. (13), for P =8 (solid curve).
The agreement is excellent. Actually, quite a.
similar agreement is found for any p lying between
(7-11) for this range of s~ values. "

Now we turn to e+e annihilation into hadrons. '
These data were partially analyzed earlier (for
W = 7-7.8 GeV), with a prechosen fixed value of
P =3.5.' In Fig. 6 we present all the data from
W =3-7.8 GeV in terms of the normalized dP/dr~.
As one can see there is a clear scaling-in-the-
mean effect when the data are plotted as a function
of z~, even though data at different W are rather
different as a function of k~'. (After all, the
sphericity at 3 GeV is consistent with phase space,
while at 7.4 GeV there is a pronounced jet struc-
ture. ) We also present (solid line) our expres-
sion for P=8 for comparison. Our formula is
seen to provide a good average over all the data.

If we compare Figs. 5 and 6 we see how re-
markably similar p, -pair production and e'e an-
nihilation distributions are when studied as a func-
tion of the normalized z~ variable. Thus, we find
strong support for our underlying hypothesis, i.e. ,
that a/l particle production reflects the transverse-
momentum distribution of the primary QCD radia-
tion. %e conjecture that this structure will show
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6 W = 3.0GeV
o W 4.8GeY

e e~7f+X~ A W = 5.6-:6.3GeV
a W =6.3-'7.0GeV
~ W =7.0-:7.8 GeV

2.0 3.0

mentum distribution in e'e annihilation, ' to study
mean scaling in purely hadronic as well as current
processes. Clear evidence for mean scaling is
found for these processes. In our model it appears
quite naturally, since it implies the existence of
a basic "internal" process whose four-momentum
distribution itself is revealed through mean scal-
ing. We have presented a compact universal form-
ula for this distribution, in terms of P, which des-
cribes the effective spectrum of a single gluon-
in exact analogy to QED. ' In Ref. 1 a simple QED-
type expression for p was proposed. We now be-
lieve that the situation is more complex. For in-
clusive processes of the type discussed here there
occur integrations over the unobserved variables
which run over the confinement region thus render-
ing a theoretical determination of P rather diffi-
cult. This problem certainly deserves further
study.

We also estimated the range beyond which our
model breaks down and which signals the onset of
power -law damping.

FIQ 6 dP/dz J vs zJ for e+e —&+ X. Data for
= 3(g), 4.8(O), 5.6-6.3 (A), 6.3-7.0(G), and 7.0-7.8()
QeP are taken from Ref. 2. Solid line is our Eq. (13)
withP = 8.

up in hadronic production accompanying deep in-
elastic scattering as well.

V. CONCLUSION

We have applied our gluon-radiation model,
which was very successful in describing the mo-
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