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Rescattering in the nucleus for m d interactions at 15 GeV/c
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We present the m d charged multiplicity distributions at 15 GeV/c and examine the probability that the
products of a m n collision in a deuterium nucleus rescatter on the proton. Averaged over all topologies,
this probability is 0.13+0.02. The rescatter probability as a function of the number of charged particles
produced in the m n interaction exhibits an increase at high multiplicity.

I. INTRODUCTION

It is well known that high-energy interactions
with nuclei may, through rescattering within the
nucleus, provide information on the development
of hadronic matter during and shortly after an in-
teraction. For example, the magnitude of the ratio
of the mean charged multiplicity for interactions
on nuclei to that for interactions on nucleons,
(n,„)„„„,„,/(n, h)„„„„„,is cited as evidence against a

simple cascade picture for high-energy hadron-
nucleus collisions. " Whi. le there exists a large
body of theoretical literature on the nascent pro-
perties of hadronic matter, experimental infor-
mation is still rather sparse. '

The potential for using multiplicity distributions
in deuteron-target experiments in this connection
has become apparent in recent years. " In this
paper we obtain the charged-particle multiplicity
distribution for ~ d interactions at 15 GeV/c, and

use it to investigate the probability that the pro-
duct of a w n interaction (in the deuteron) will re-
scatter on the proton. Most of the above experi-
ments' only make measurements for charged
multiplicities ~3, and either neglect or make es-
timates for the contribution of low'er multiplici-
ties. In this work, we include measurements of
these lower charged multiplicities (nd, =0, 1, and

2).

II. EXPERIMENTAL DETAILS

This report covers a special scan of a 91000-
frame subsample from a 950000-frame exposure
of the 82-in. SLAC-LBL deuterium bubble cham-
ber to a 15-GeV/c rf-separated w beam at
SLAC. '" In this special scan we have recorded
40367 interactions of all event topologies. For
each event, the scanner recorded the numbers of
positive and negative outgoing tracks, classifying
the positives further according to whether or not

they stopped (without decaying) in the bubble-
chamber liquid (i.e. , were protons or deuterons
of momentum &400-900 MeV/c). For the stop-
ping positives the projected range and the angle
with respect to the beam were recorded. In addi-
tion, angle and distance information was recorded
for secondary interactions (of both charged and

neutral products), and for neutral-strange-parti-
cle decays and y- e'e conversions. In order to
determine scan efficiencies, a portion of the
sample ( 13%) was scanned a second time with

subsequent comparison scanning by a physicist to
resolve discrepancies. '

Although we are concerned primarily in this re-
port with scan data, measurements of y- e'e
conversions and neutral-strange-particle decays
have been used, especially in the evaluation of the
one- and two-prong inelastic cross sections. '
Also, measurements made of three-, four-, five-,
and six-prong events for the entire exposure'
have been used to determine proton momentum
spectra.

III. CORRECTIONS TO THE MULTIPLICITY DISTRIBUTION

The numbers of events found by the scanners
are given for each charge multiplicity in Table I.
To this scanned distribution we make a number of
"standard" corrections, which do not directly de-
pend on the nature of the target. We also make a
"spectator correction, " to account for those
events which may be classified, in the impulse
approximation, as x rs interactions with proton
"spectators, " but where the proton nevertheless
leaves a visible track due to its Fermi momentum
at the time of collision. (A "spectator" proton in
the impulse approximation is a proton which does
not participate in an interaction between its com-
panion neutron in the deuteron and the beam parti-
cle. )
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TA11LZ 1. 15-Gev/c s & charged-multiplicity distribution.

Ram events

Inelastic events Inelastic events
after after

"standard" corrections spectator corrections
Inelastic cross
sections (mb)
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13

Total
Even
Odd

356
1 855
8 742
4 523

10 913
3 313
6 431
1332
2 125

255
432

26
55

40 367

438+ 37
1245+ 206
5 353+ 581
4656+ 71

11208+ 115
3 305+ 60
6411+90
1281+38
2040+ 50

227+ 16
401+ 22
21+ 5.1
45+ 8.2

4 4+3ys

Q
+1+2

1 +2~3
"0.8

36 639+ 645
25 900 + 603
10 739+ 230

426+ 36
1 798+ 225
4677+ 572
6479+ 95
9 126+ 122
4 734+ 83
4 844+ 93
1 751+ 51
1 527+ 51

302+ 21
317+22

24+ 5.9
41+ 8.3

4 4 +3as

2 7+29
0

Q
+i,2

1 0.8

36 053+ 653
20 961+ 618
15092 + 264

0.461+ 0.041
1.94 +0.25
5.06 + 0.63
7.00 + 0-20
9.87 + 0.28
5.12 +0.15
5.24 + 0.16
1.89 +O.O7

1.65 +0.07
0.327 + 0.024
0.343+ 0.025
0.026+ 0.006
0.044+ 0.009

ooo5 '
p 003+0003

p +0.002
m0

p Qp1+0.002

38.98 +1.17
22.67 + 0.86
16.31 + 0.49

A. "Standard" corrections

In the "standard" correction category, we take
into account corrections for (i) scanning effi.cien-
cies (86%, 70%, 8'l%, and 98.6/p for 0, 1, 2 and
~2 prongs, respectively), (ii) unresolved close
secondary interactions (very minor, 0.4% of the
events), (iii) unresolved close y conversions and
neutral-strange-particle decays (also minor,
&0.2% of the events), (iv) Dalitz pairs (1024 +82
Dalitz pairs in the efficiency-corrected sample).
However, very-low-momentum-transfer one- and

two-prong events are essentially invisible to the
scanner, and, hence, are not adequately corrected
for by the scan efficiencies in (i) above. Since we.
really want the inelastic' cross sections we may
circumvent this difficulty, and obtain directly the
inelastic contributions to the one- and two-prong
sampl. es, by examining events with observed y
conversions and/or neutral-strange-particle de-
cays and correcting for the x d m n'nn channel
(see Appendix A). We thus obtain very nearly the
entire inelastic contribution. The multiplicity
distribution with these standard corrections ap-
plied is given in Table I.

8. "Spectator" correction

The "spectator" correction, for the shift from
odd-prong to even-prong events due to the pres-

ence of m n interactions with a visible proton
spectator, is estimated using events with a visi-
ble backward (in the laboratory) proton track.
For each multiplicity, the total number of visible-
spectator events is obtained by multiplying the
number of visible-backward-proton events by the
expected ratio of total visible to backward visible
spectators, based on the deuteron wave function'
and the flux factor. The result is then added to
the odd-prong sampl. e, and subtracted from the
even. %e are using here the fact that even-prong
events with a visible backward proton are nearly
always ~ n interactions, because the recoil proton
from a ~ P interaction never goes backward ex-
cept in rare cases due to initial. Fermi motion
(see below).

A number of points should be made concerning
the calculation of the expected ratio of total visi-
ble to backward visibl. e spectator protons: (i) We
must account for the fact that the cross section is
dependent upon s (s = center-of-mass energy
squared of the beam plus target neutron system),
particularly at high multiplicities, and, hence
upon the spectator proton direction and momen-
tum. In the calculation we use the empirical
scaling form for topological cross sections of
Czyzewski and Rybicki. " (ii) We integrate over
a Gaussian beam-momentum distribution (of mean
14.92 GeV/c and standard deviation 0.06 GeV/c),
although this turns out to have negl. igible effect.



RESCATTERING IN THE NUCLEUS FOR g d INTERACTIONS. . . 6 I;3

600

I I I I I I I I

I
I I I I I . I

2276 Events

E
N
D

400

POO

(iii) The spectator proton is assumed to be on the
mass shell, while the target neutron is taken off
shell to conserve energy. (iv) The effective mini-
mum spectator-proton momentum (P;„)which is
visible in the bubble chamber is estimated from
the data as follows. Figure 1 shows a histogram
of the events with a backward proton, as a func-
tion of the proton's projected range. Superim
posed on the histogram is a curve giving the ex-
pected spectator distribution in projected range
according to the Hulthdn wave function, "nor-
malized to the data in the region from 0.4 to 4 cm.
The curve and data are very similar except in the
first bin (0 to 0.2 cm), where there is a large
loss of invisible protons. Comparison with the
expected distribution in projected range indicates
that 68lo of the spectators are invisible, corre-
sponding to an effective P;„of 95 MeV/c. This
result is in agreement with estimates based on
measured momentum distributions in the following
fitted channels (by comparing with the Hulthen
distribution prediction, and also by comparing the
ratios of fitted events with and without visible
spectators): n d PPn m-, v d-ppm z w', and
n d-PPn n w n' . Thus, in our calculation we
use P;„=95 + 5 MeV/c.

The results of the cal.culation are given in Table
II. We multiply the number of visible backward
protons at each multiplicity by the appropriate
factor from Table II to obtain the total spectator
proton contribution to the even-prong events. This
result is then subtracted from the even-prong
sample and added to the next lower odd-prong
sample. The final multiplicity distribution" is
given in Table I, and plotted in Fig. 2. The corre-
sponding partial cross sections are also given in

Table I, using our measured microbarn equivalent
of 925+23 events/mb. ' Various moments of the
even and odd prong distributions are given in
Table III.

C. Coherent events and invisible or backward proton recoils

It is now possible to interpret the odd-prong
events (now, "odd" and "even" refer to the sam-
ples as corrected for spectators) as w n interac-
tions (with proton spectator), and the even as m P
events (with neutron spectator) or double-scatter
events where both nucleons participated (incoher-
ently). Note that doubLe-scatter events contribute
to the even-prong sample because the. proton is
always involved in the interaction, implying an
even number of outgoing 'charged particles. There
are, however, two potential complications.

First, coherent interactions may not be uniquely
classified in terms of "r n" or "~ P." The deu-
teron form factor limits significant coherent
processes to low multiplicity; the dominant in-
elastic coherent reactions are expected to be
m d-m n'm'd and ~ m m'd. The cross section for
the latter has been measured in this experiment"
to be 0.694 +0.073 mb, and the cross section for
the former should be approximately the same. It
has also been determined in this experiment" that
the m n m'd sample contributes 308+49 )Ub to the
three-prong events and 386+44 p, b to the four-
prong events; Thus, the inelastic coherent events
are approximately equally distributed between the
even- and odd-prong samples, and will not pro-
duce a large bias in the even-odd comparisons we
shall make. ' These effects will be discussed
further where relevant.

The second concern is that we may have some
~ P contamination in the odd-prong sample due to
events where the momentum transfer to the re-
coil proton is too small to produce a visible pro-
ton track. Experiments in hydrogen demonstrate
that this is rare, and primarily confined to the
elastic events. " Since the minimum squared mo-
mentum transfer (t;,) required to produce a sys-
tem of mass m against a recoil proton rises ap-

TABLE II. Ratio of total to backward visible proton
spectators (calculated).

0 I

0
l~m ~~~
5

Projected range (cm)
IO

FIG. 1. Distribution of projected (parallel to the Mm
plane} range for visible backward protons. The curve is
the spectator-proton distribution prediction based on the
Hulth5n wave fUnction normalized to the data between
0.4 and 4.0 cm.
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2

6
8

10
12

(Total visible)/(Backwa rd visible)

2.003 + 0.001
2.095+ 0.003
2.233 + 0.009
2.421 + 0.017
2.670+ 0.029
3.001+0.047
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TABLE III. Moments of the 15-GeV/c & d multipli-
city distribution. n=charged multiplicity. D =disper-
sion=(&n &

—&n& )~ . f2 ——&n(n-1)&-&n& .

IV. RESCATTER PROBABILITIES

A. Overall rescatter probability

Moment

& n2)

&n'&

&n(~ -1)&
&.n {n —1){n —2))

&~&/&

f2

4.334
22.67

135.9
18.34
76.6
1.97
2.199

-0.45

+ 0.066
+ 0.53

3.8
+ 0.47
+ 2.4
+ 0.11
+ 0.047
+ 0.12

Even-prong
events

Odd-prong
events

3.989+ 0.047
19.37 + 0.32

108.1 + 2.1
15.38 +0.27
57.9 + 1.3
1.860 + 0.064
2.144 + 0.050

-0.53 +0.13

The first quantity we wish to investigate is the
overall probability for a rescatter to occur in the
deuteron following an inelastic interaction. Using
the facts that rescatter events contribute to the
even-prong sampl. e, and that any events in the
odd-prong samp1. e are m n interactions where a
double-scatter has not occurred, this probability
is readily evaluated from the difference between
the numbers of events in the odd- and even-prong
samples (after correcting for visible proton spec-
tators):

proximately as m' (for m, ' «m'«s), the only
potentially significant invisible recoil inelastic
process is low-mass beam diffractive dissocia-
tion (e.g. , w-A„with m = 1 GeV), where atmost
a few percent of the interactions will have an in-
visible .recoil proton. Thus, the contamination
will be small, and almost entirely confined to the
one- and three-prong samples.

It is also possible that the low-t m P interactions
could contaminate the visible backward proton
spectator sampI. e, due to an initial backward
Fermi momentum of the target proton. Monte
Carlo comparisons of this contribution with the
invisible recoil contamination indicate that this is
the lesser of the two sources of contamination.

%"e conclude that the total n' P contamination in
the final odd-prong sample may be as high as

1%, but probably substantially less, for the one-
and three-prong events and negligible for higher
multiplicities. This result, which is expected to
be approximately energy-independent, is consis-
tent with the estimate made for Pd collisions at
100 GeV/c (by Lys et al. ') using 100-GeV(c PP
data by smearing the target-proton momentum ac-
cording to a Hulthen distribution.
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FIG. 2. Charged-multiplicity distribution for inelastic
events after all corrections, including the spectator
correction.

' = 0.130+ 0.020.
Ve+ N0

Here, P is the overall rescatter probability and
N, and N, are the numbers of events in the even-
and odd-prong samples, respectively (including
zero-, one-, and two-prong events). The factor
p, given by

p=a;„,&(w p)/a;„, i(w-n) =1.078~0.022,

compensates for the fact that the total inelastic
m P and m n cross sections are not equal, and

hence, that N, would not equal N, even in the ab-
sence of rescattering. To evaluate p, we assume
that o;„,~ (w n) = o;„,~ (w'p) (charge symmetry), and

use the cross sections in Ref. 14.
We have, in this estimate, neglected the contam-

ination of N, from events where the first interac-
tion is elastic and an inelastic rescatter occurs
(N, and N, do not include the corresponding unre-
scattered, or elastically rescattered, events. )
We obtain an upper estimate on the effect of this
contamination by assuming that the inelastic re-
scatter probability following an initial elastic in-
teraction is less than the total (elastic plus inelas-
tic) probability following an initial inelastic inter-
action. This assumption would yield a maximum
correction to I' of -0.01'7. As discussed above,
there may also be a shift from the even- to the
odd-prong sample due to invisible or backward
proton recoils from low-t m P interactions. Note
that the effect of the even-prong contamination by
inelastic rescatters from an elastic first interac-
tion is opposite in sign to the effect of the odd-
prong contamination by low-t m P interactions.
Thus, these two contributions, which may be of
the same order, will tend to cancel in their effect
on our measurement of the rescatter probability.
A shift of either sign could also be produced by an
imbalance in the division of coherent events be-
tween even and odd multiplicities. If our bias
were such that there was a shift of 0.25 mb (1% of
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the v N total cross section) from the even- to the
odd-prong sample, the correction to I' would be
0.014, while a shift in the opposite direction of
0.25 mb would imply a correction of -0.013. Our
best estimate remains I' = 0.13+0.02, although the
systematic effects could be nearly as large as the
error quoted.

This value for I' is larger than that expected for
a single beamlike particle emerging from the first
interaction" by somewhat more than a factor of
2. Thus, on the average, the hadronic matter
produced in the first interaction looks, by the
time it reaches the second nucleon, "bigger" than
a beam pion. Qn the other hand, since the aver-
age multiplicity (including neutrals) of a nNin-'
teraction at this energy is 6, the first interaction
product appears smaller, at the second-nucleon
distance, than it does at an asymptotic distance
(where the individual particle cross sections sim-
ply add).

Our measured value is compatible with a simple
instantaneous-production (cascade) model calcula-
tion (see Appendix B). This instantaneous-pro-
duction model calculation assumes that the parti-
cles produced in an interaction on one of the nu-
cleons in the d euteron follow trajectories given by
the extrapolation back in time of the asymptotic
trajectories that ihey would have in a collision on
a free nucleon. If one or more of these trajec-
tories intersects the cross section presented by
the second nucleon of the deuteron, with a Hulthen
spatial distribution, then a rescatter is taken to
occur. Particle production is assumed to be uni-
form in rapidity and exponential in transverse mo-
mentum, with a Poisson multiplicity distribution.

Noninstantaneous-production models, such as
the energy flux cascade model of Gottfried, ' gen-
erally assume that the rescattering hadronic mat-
ter remains beamlike in size Ii.e. , that the mean
number of scatters is given by the parameter v

(Ref. 16)]. The inconsistency of this with our
measurement may result from the neglect (in
some such models) of the rescattering of the tar-
get- recoil product.

Comparison with the results of m'd experiments
at higher energies" indicates that the rescatter
probability is consistent with being independent
of the beam momentum. Note that we have in-
cluded measurements of the zero-, one-, and

two-prong cross sections in our analysis, while
the higher-energy experiments with which we are
comparing had not. However, if we similarly use
estimates for these cross sections, instead of our
measurements, the resulting rescatter probability
(0.13-0.15) is still consistent with the higher-
energy data. Since the r P average multiplicity
doubles between 15 and 200 GeV/c, this energy

independence is incompatible with naive cascade
models which predict that the rescatter probability
should be proportional to the number of outgoing
particles from the first interaction. This alone
cannot be taken as evidence against all "simple"
cascade models; it is not difficult to develop such
a model with just this behavior by including the
overlap in particle trajectories and the angular
distribution of particles in the target frame (Ap-
pendix B).

Q. Multiplicity dependence of the rescatter probability

We now investigate further the early develop-
ment of the product of a hadronic interaction by
measuring the probability that the product of an
initial interaction on the neutron will rescatter on
the proton as a function of the final multiplicity
that the n n interaction would have had in the ab-
sence of a second interaction. This is possible
because we can measure the probability that the
product of the m n interaction did not rescatter,
since our corrected odd-prong sample constitutes
precisely these events. Thus, the rescatter
probability, P„, as a function of the charged
multiplicity (n) of the m n interaction is given by
(Dziunikowska et al. ')

(2)

Here, a„(w n) is the cross section to produce n
charged particles on a free neutron, and &„("s n")
is the measured n (odd) prong cross section in
this experiment, i.e. , the cross section for a m n
interaction in deuterium followed by no rescatter.

The main difficulty in evaluating Ecl. (2) is that
the m n charged multiplicity distribution, o„(n n),
has not been directly measured. However, we are
able to use the detailed m'p cross sections at the
nearby energy of 16 GeV, "'"plus the assumption
of charge symmetry, "to estimate the 16-GeV/c
m n multiplicity distribution, which we then scale
to 15 GeV/c. ' " The results are tabuiated in
Table IV. The quoted errors include an estimate
of the errors introduced by scaling uncertainties. '

Finally, we renormalize the o„("m n") so that

That is, we require that the odd-prong data, rela-
tive to the free-neutron-target cross section,
give the correct overall rescatter probability
measured above. This is necessary to correct
for screening, where an initial m n interaction is
prevented when the proton is "in the way. " The
resulting values for P„are given in Table V and
plotted as a function of the initial n n interaction
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TABLE IV. Estimated & n multiplicity distribution
from &+P data.

I
I

/

I
I

I
I

I
I

I
1

+ ch

1 (total)
(inelastic)
3
5
7
9

11

6.26 + 0.21
2.05 +0.21
8.11 +0.17
6.62 +0.15
2.38 + 0.07
0 ~ 570+ 0.021
0.072 + 0.006

6.61 + 0.38
2.18 + 0.22
8.31 + 0.23
6.45 +0.20
2.18 + 0.08
0.487+ 0.024
0.057+ 0.006

0„(& n) (mb)
16 GeV/c 15 GeV/c

C
I

0.5

b

I

b
0

I i I i I i I I s I i J
I 3 5 7 9 II

tl (charged particles)

Scaled from the 16-GeV/c estimates according to
the Czyzewski and Hybicki (Ref. 10) scaling function.

asymptotic charged multiplicity in Fig. 3. .

We find a substantial. rise in P„at the highest
multiplicities (n = 9, 11). The first four points
(n a'I) are consistent with constant I'„; however,
the confidence level for P„ to be constant for
m (11 is only 0.2%%uo. The overall rescatter prob-
ability cancels out the X' expression, so that the
normalization according to Eq. (2) has no effect
here. Also, the maximum sizes of the possible
even-odd biases discussed earlier are too small
to affect this result.

We conclude that, at 15 GeV, the product of a
m n interaction has time to develop some part of
its final-state characteristics (i.e. , at least the
difference between low and high charged multip1. ic-
ity) by the time it reaches the second nucleon in

the deuteron. This effect is a signature for "cas-
cading, " since the more particles you have, in the
cascade picture, the greater the chance for a re-
scatter (assuming that the angular distribution of
emitted particles does not strongly narrow with
increasing multiplicity). However, we expect that
the fastest rise of I'„with n should be at low n in
a cascade picture, because, for large n, the
particles overlap and do not add as much rescat-
ter probability for each additional particle as at
low multiplicity. The observation of a significant
rise only at the high multiplicities indicates that
there may be more than simple cascading occur-
ring. The issue might be partly resolved if, rela-
tive to high multiplicities, the low multiplicities

TABLE V. Multiplicity dependence of rescatter
probability for 15-GeV/c 7r d interactions.

~ch

0.066 + 0.152
0.116+0.028
0.167+0.030
0.090 + 0.043
0.295 + 0.060
0.521 + 0.130

FIG. 3. Rescatter probability for an initial 7r n inter-
action as a function of the charged multiplicity of the
w n interaction, for w n at 15 GeV/c (this experiment).

have a l.arger diffractive component or are gener-
ally more peripheral.

Two other deuteron-target experiments have re-
ported measurements of P„. Both are m d, one at
21 GeV/c (Ansorge et al. '), the other at 205 GeV/c
(Dziunikowska et al. '), and both see no significant
rise in P„with n. However, the 21-GeV/c data as
reported do not include the fact that the forward-
to-backward visible spectator correction should
depend on multiplicity. In addition, the values for
the free-neutron-target cross sections, &(w rs),
were estimated using m'P data and statistical iso-
spin assumptions (insufficiently detailed w'p data
are available near 21 GeV/c to make a charge-
symmetry estimate such as we make at 15 GeV/c).
Because of uncertainties in the importance of
these issues, we hesitate to conclude that a tran-
sition has occurred between 15 and 21 GeV, or
that there is a significant conflict between the two
data sets. It does appear, however, that a change
has occurred between 15 GeV and 205 GeV, with
any indication of cascading becoming negligible at
205 GeV.

V. THE EVEN-PRONG DISTRIBUTION

Another distribution of value in double-scattering
models, used by Dziunikowska et al. ,

' is the com-
parison of the measured even-prong multiplicity
distribution, &„("w p"), including double-scatter
events, with the corresponding topological cross
sections on a free proton target, &„(w p). The
&„("w p") distribution includes effects of both the
overall cross section excess from rescattered
m n events, and shifts among the multiplicities
due to new-particle productipn in the double scat-
ter. The ratio a„=&„("w p")/&„(w p) for our 15-
GeV/c data is given in Table VI and shown in Fig.
4. Note that the &„("wp") are our even-prong cross
sections as measured, with no renormalization
involved. The o'„(w p) used are the 16-GeV/c
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TABLE VI. The o„("&p")/O„p p) distribution at 15 GeV/c.

g„("n-p ")/0„(x-p)
BLRW model
prediction CTM prediction

0
2(inel)

6
8

10
12
14

0.92 + 0.41
0-89 + 0.12
1.091+ 0.049
1.139+0.055
1.364 + 0.098
2.02 + 0.26
2.9 + 1.7

4 +5

1.12+0.04
1.16+ 0.04
1.20+ 0.07
1.29 + 0.14
1.38+0.73
1.63 + 1.63

0.86
0.92
0.97
1.07
1.27
1.68
2.50
4.26

~ Reference 21.
CTM =coherent tube model (Ref. 24).

values, "scaled slightly to 15 GeVjc." The ob-
served a„distribution exhibits a tendency to in-
crease with charged multiplicity, as expected if
double scattering tends to increase the multiplicity
of products in an interaction.

We can compare the a„distribution with the
prediction of a picture of hadronic interactions
which assumes the absence of singular short-range
forces. Here, we shall consider the prediction
due to Baker et al. (BLRW)." Et has been shown"
that for high-energy hadron-deuteron interactions
(~100 GeV) the o.„distributions. predicted by this
picture agree well with the available data. In

Table VI and Fig. 4 we give the prediction for 15
GeV obtained according to the prescription of
BLRW."" Figure 4 suggests that the data ex-
hibit a faster rise of e„ than the prediction. This
would be consistent with the indication of cascad-
ing that we observe at 15 GeV/c.

The coherent tube model (CTM) also makes a
prediction for the a„distribution, which previous-
ly has been compared to data at higher energies. "
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FIG. 4. The ratio of the (inelastic) even-prong "m p"
cross section (this experiment) to the n p cross section
{Ref.20) {scaled from 16 to 15 GeV/c) as a function of
charged multiplicity. The "x"points are the prediction
of the coherent tube model (Ref. 24) and the squares are
the prediction of the BLR% model (Ref. 21).

We have estimated the prediction of this model for
15-GeV/c interactions, "given in Table VI and

Fig. 4. The CTM prediction for u„and the data
are compatible, considering the possibility for
systematic error in the estimation of the CTM
predicted values. " However, because the ob-
served P„distribution is not constant (as the CTM
would imply), the CTM fails to consistently de-
scribe double scattering at 15 GeV jc.

VI. CONCLUSIONS

We have measured the r d charged-particle
multiplicity distribution at 15 GeV/c, and have
used the results to investigate double scattering
inside the deuteron. The average probability for
a rescatter to occur is I' =0.13 +0.02 (statistical
error only, systematic uncertainty nearly as
large). As a function of the number of charged
particles produced in an initial m n interaction in

the deuteron, the rescatter probability exhibits
a rise at high multiplicities. This may be inter-
preted as evidence for cascading at 15 GeV/c.
However, this distribution is constant at low

multiplicities followed by a fast increase, which
is inconsistent with a simple cascade picture
which predicts a rapid increase at l.ow multiplici-
ties followed by a leveling off.

We have also compared the &„("s' p"), for n

even, including both single-scatter proton-target
interactions and double scatters, with the corre-
sponding &„(np) on fre'e protons. Comparison of
the ratio of the two with the prediction of the
BLRW model suggests an incompatibility which

may be due to cascading in 15-GeV/c s d interac-
tions.
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APPENDIX A: ESTIMATING THE ONE-
AND TYPO-PRONG INELASTIC SAMPLES

It is difficult to measure the one- and two-prong
inelastic' cross sections by simply counting events
because of the invisibility of very low-momentum-
transfer events, and because of the contamination
from elastic interactions. However, we may
avoid this difficulty by using the fact that nearly
all inelastic one- and two-prong events involve
m" s and/or neutral strange particles. By using
the sampl. e of events where a y- e'e conversion
and/or a neutraL-strange-particle decay is ob-
served in the bubble chamber, we immediately
eliminate any confusion with elastic events. This
selection also minimizes the low-momentum-
transfer problem because the low-momentum-
transfer interactions are dominantly elastic,
which we now exclude, and because the presence
of a y-e'e conversion and/or a neutral-strange-
particle decay provides an obvious flag for the
existence of an event. The main inelastic chan-
nel. s missed by this technique are expected to be
m d-n n'nn, m d»K K'nn, and m d-'E K'n.
The cross section for the first of these has been
measured in the charge-symmetric channel (at
15 GeV/c) w+d- v'm PP as 0.376 +0.025 mb. "
This turns out to be smaller than the statistical
error in our two-prong inelastic measurement
(to which it applies); however, we correct for it
anyway. The latter two channels are assumed to
yield negligible contributions.

To determine the inelastic cross sections from
the inclusive y and neutral-strange-particle cross
sections, we must determine the mean number of
such particles in an interaction (selecting inter-
actions that have at least one). This information
may be obtained by studying the observed distri-
bution of the number of y conversions or strange-
particl. e decays per event. The remainder of this
Appendix describes the formalism that we have
used. '

Let R„be the probability for an event to have n
particles of the desired type, given that it has at
least one, and define Q as the probability to ob-
serve rn particles (given there exists at least
one). If e is the efficiency for observing a parti-
cle, the moments of the R„probability distribution
are related to the 9 by

mf
(n(n —1) ~ ~ ~ (n —@+I))=—~ Q '

t Q, (A1), (na —k)!

where M is a number such that R„=O for all n
&M. The connection with the data is made in the
ratios of Q's, which are just equal to the ratios of
the corresponding numbers of events:

Q ( /Q~ = N) /X~, (A2)

where N& is the number of events which are ob-
served to have i particles of the desired type.

At this point, we turn to the specific cases at
hand, starting with the y's. Motivated by the
facts that most y's come from n' decays, and that
our charged multiplicity distribution is very near-
ly Poisson, we assume that R„ is of the form

+n
(A3)

With this probability distribution, (Al) and (A2)
yield the result

(A4)

m =p .-»(g N)
n=a+i (n

(A5)

We note that the detection efficiency, &, drops out
of this equation except in the small e " term.

Turning now to the neutral-strange-particle
case, we start with the assumption that only sin-
gle associated production is significant, i.e. , we
neglect the possibility that that number of strange
particles (charged plus neutral) produced is dif-
ferent from two, in a strange-particle event. '
Thus, we may set M = 2 in (Al), and a little alge-
bra yields the number of events with at least one
K' or A' (whether or not it is observed):

5I~, = N, +N2(2 —I/e). (A6)

The symbols in (A6) have the corresponding
meanings as for the y case. Note that & includes
the contribution to the observational inefficiency
from neutral decay modes, and Ki, 's.

APPENDIX B: AN INSTANTANEOUS-PRODUCTION MODEL
FOR SCATTERING IN THE DEUTERON

The instantaneous production model (or "cas-
cade" model) assumes that in a hadron-nucleon
interaction, it is a good approximation to suppose
that the asymptotic final state is achieved in a

The number of events with at least one y (whether
or not the y is observed) 'X, is then estimated by"
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distance which is short compared with the inter-
nucleon spacing within a nucleus. Thus, a hadron-
nucleus interaction is analyzed as a sequence of
quasifree hadron-nucleon interactions. In this
Appendix, we describe such a model for scattering
in the deuteron. This model is intended to provide
us with a useful intuitive foundation with which to
interpret the data and the predictions of other
models, some of which have much firmer theore-
tical foundations. Our model takes into account
the fact that the products of a hadron-nucleon
collision have strongly correlated trajectories
(because of the Lorentz transformation to the
laboratory frame, and because of the limited
transverse momentum), and also avoids multiple
counting in tallying double-scatter events. These
points, which have sometimes been ignored in
statements about cascade hypothesis predictions,
are responsible for the fact that the overall re-
scatter probability is predicted by our model to be
nearly independent of energy. However, because
of the semiclassical nature of this model, we are
forced to make some ad hoc assumptions, which
we shall note in our discussion.

The quantity of interest to us here is P~, the
probability that a rescatter on the second nucleon
of the deuteron occurs given an N-product (in-
cluding neutrals) interaction on the first nucleon,
all at a specified beam energy. The overall re-

scatter probability is obtained from this simply by

P= P)r+z +vox ~ (Bl)

where a„and azoz refer to the N-particl. e and total
inelastic cross sections on a single nucleon.

The instantaneous-production model makes the
implicit assumption that, as far as rescatteri. &g

properties are concerned, the outgoing state may
be represented by an incoherent superposition of
free-particle states, even though these "particles"
may be within the range of the strong force of
each other. In our model, motivated by the as-
sumed instantaneous nature of the production, we
shall take the product of a hadron-nucleon inter-
action to be an incoherent superposition of free-
particle trajectories with origin in a common
point.

An impulse approximation is used, so that no
flux factor effects due to Fermi momenta are
considered. Nucleon 1 is taken to be centered at
the origin, while nucleon 2 has its center at coor-
dinate x. A beam+nucleon 1 interaction producing
N outgoing particles occurs at x&, defined as the
position of the center of the beam particle at the
time of the interaction. This makes sense be-
cause the interaction is assumed to take place in
a very short time, compared to other time scales
for the event. P~ is then given by

I

P~ = »&»» &
& probability that a beam particle with impact parameter

between b& and b&+db& will interact with nucleon 1,
between z, and z, +dz& along the beam direction given that nucleon 2 is at x)

x (probability that interaction at x, will result in N products)

x [probability that nucleon 2 is centered between x and x+0'(x)]

x (probability that ~1 products from the initial N-product

interaction at x~ will rescatter on nucleon 2 at x) . (B2)

Since we take an N-product interaction on nucleon 1 as given to occur, the product of the first three fac-
tors above must integrate to unit total probability. The third factor is simply the absolute square of the
deuteron wave function times the volume element, ( P(x) j'd'(x), which we take to be spherically symmetric:
(g(x)('= (g(t')('. We also assume that, on the average, it is sufficient to take the first interaction as occur-
ring at the origin. Then the first factor is proportional to 5i'l (x&), and, neglecting screening (for now) of
the origin by nucleon 2, our formula reduces to

d' x r ' x probability that ~1 products from the initial X-product interaction
at the origin will rescatter on the second nucleon if it is at x) . (B3)

The remaining factor in parentheses we call
P„(x). With due regard to trajectory correlations
and care to avoid multiple counting, estimates for
P„(x) are obtained as follows: Nucleon 2 at x is
assumed to opaquely fill a solid angle Q, (x) of

l

magnitude Q, (x) and centered about the direction
x. Thus, a product of the first interaction whose
trajectory intersects Q, (x) rescatters, and it does
not rescatter if its trajectory does not intersect
Q, (x). If Q„,(Q, (x)) is the probability that particle
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i intersects Q, (x), we may now write

(B4)

I et us suppose (for now) that there is no very
"special" class of particles on the average and

set

Q„,(II,(x)) =Q„(&,(x)) for all i.
Then

(B5)

Q, ()).(x)) = f &'()) )s ()) ),
n,(x)

where

(B6)

1 do„
&n(&) =— (B7)

is the (normalized) inclusive differential cross
section given N particles. Consolidating, we have

(Bs)

For g(r), we use the Hulthen wave function with
the addition of a hard core:

A(R, ,)e "(1—e ~")/r for r ~ R,„
0 for x&R

(B9)

where R „is the radius of the core and A is a
normalization factor. The addition of the hard
core allows one to avoid the problem of nucleon 2

overlapping the origin.
For Q, (x), we try two different forms reflecting

different target shapes:
(1) disk target,

n, (x) =2v JI —1/[1+(5/r)']"']x;

(2) sphere target,

i,(x) = 2v(1 —[1 —(b/r)']" Q~ .

(Bloa)

(B10b)

The "disk-target" form takes nucleon 2 to present
a cross section with the geometry of a disk of
radius b, oriented with its axis along x and at
distance x from the origin. The "sphere-target"
form supposes this cross section to have the geo-
metry of a sphere of radius b centered at x. Note
that the same radius, b, is used for both the disk
and. the sphere, so that both would present the
same cross section to an incident plane wave.

The (I„(II') term is important because it contains
the trajectory correlation information, and hence,
really determines the energy and N dependence in

(N —2) = —', (a, + a, lns) -2, (B12)

where a, =-1, a, =1.5, and s is the square of the
c.m. energy (in GeV) of the beam pion + target
nucleon system. It is assumed that there are at
least two outgoing particles from the first inter-
action. Thus, only those P„ for N» 2 are used in
calculating P. A Poisson distribution in N, for
P ~ 2 (normalized to 1 for N ~ 2), has also been
tried, and gives results consistent with the above

our model (we are assuming that particle-nucleon
cross sections are independent of energy). In our
calculations, we assume particles to be produced
with a uniform distribution in rapidity and an ex-
ponential falloff in transverse momentum. This
choice is motivated by the desire to examine the
sealing properties of the rescattering as a function
of energy. However, at 15 GeV/c it may be
argued that the actual rapidity distribution is
better described by a Gaussian (Bosetti et al. ,
1973"). Assuming a Gaussian distribution at 15
GeV/c has approximately a 20%%u() effect on the re-
sults, and flattens the P~ distribution somewhat,
but does not alter our conclusions in this paper,
so we shall use only the sealing form.

The actual model calculations are performed
using the Monte Carlo method. The & and p,

parameters of the Hulthen wave function are fixed
at the typical values:

& =45.72 MeV=o. 232 fm ',

p, = 5 o. = 1.16 fm ' .

R,, is assigned a value according to

(Bll)

where 0 is a rough nucleon-nucleon total cross
section in mb, and R,.„ is in fermis. Kith 0.=39
mb, R „=1.11 fm, the value we have used for
most of the calculations. R,, values of 0.892 fm
(corresponding to the v-nucleon cross section of
25 mb) and 0.796 fm have also been tried to deter-
mine the effect of varying this parameter. Nu-
cleon 2 is not allowed to have a position such that
the beam particle would strike it before reaching
nucleon 1 at the origin [a minor consideration,
which was neglected in writing Eq. (B3)]. We take
the b parameter (the radius of the 2 nucleon disk
or sphere) to be fixed at 0.892 fm [=v'o „/(10')]
for mesons and 1.11 fm [=u'o/(10~) =R,.„] for
baryons.

The total rescatter probability, P, is calculated
assuming a Poisson multiplicity distribution for
the "extra" particles produced in the first inter-
action (that is, the distribution is Poisson in
N —2). The mean of the Poisson distribution is
taken to be
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FIG. 5. The instantaneous-production-model predic-
tion for the Pz distribution as a function of the total
multiplicity (including neutrals) from the first interac-
tion. The curves are labeled according to the target
shape P =sphere, D =disk), and the beam momentum in
6eV/c.

FIG. 6. The instantaneous-production-model predic-
tion for the overall rescatter probability as a function
of beam momentum. The curves are labeled p or m ac-
cording to whether the beam particle is a proton or a
pion.

method within the Monte Carlo errors.
Most of the results given here are for a pion

beam, and assume one baryon (the target recoil)
and N —1 identical mesons emerging from the first
interaction. Calculations have also been made for
a proton beam, giving two baryons from the first
interactions. Production of baryon-antibaryon
yairs is neglected.

The energy and N dependence of P„, both for the
sphere and the disk-target shapes, is shown in
Fig. 5. Note that N is the total number of outgoing
(hadronic) particles from. the first interaction,
not just the charged prongs. Thus, there will be
some smea. ring over N when one sees only
charged particles, and the average N correspond-
ing to a given charged multiplicity (N,„) may be
something like &N,h. Also, N is at least 2, so
that one does not, in practice, have available the
N=1 case. Thus, for comparison with experi-
ment, the N =1 point is irrelevant, and, if only
the charged-multiplicity dependence is available,
the smearing will result in a somewhat flatter
distribution (because a given charged multiplicity
corresponds to contributions from several values
of the total multiplicity) than in Fig. 5.

Figure 6 gives the total rescatter probability as
a function of beam momentum for various para-
metrizations of our model. The estimates for P
are not very sensitive to the slope assumed in the
e ~r falloff. For the 15-GeV/c, v beam with a
spherical target shape, a slope of 4 GeV ' gives
P=0.123, and a=8 GeV ' gives P=0.117, both
0.003 away from the 6-GeV ' result. As P is only- twice as large as the rescatter probability ex-
pected for a single particle, and the remaining
contribution is from particles which have small
longitudinal momentum, the absence of substantial

sensitivity to the precise slope of the p~ falloff
should not be surprising.

Figure 6 shows a rather flat energy dependence
between 15 and 400 GeV. The energy dependence
of P may be simply understood in terms of two
opposing factors. The increase in average multi-
plicity with energy tends to produce a correspond-
ing rise in P, while the increasing forward colli-
mation with energy tends to decrease P. At lower
energies, the first factor wins and P rises with
energy, but as the energy increases the two fac-
tors cancel and P becomes constant. That the
asymptotic dependence should be flat is a simple
consequence of the uniformity in y of the model
(and of the assumption that the cross section of the
outgoing particles is independent of energy).
Since the average multiplicity grows like lns, and
the total rapidity gap, F, also grows as lns, the
number of particles in a given y interval is inde-
pendent of energy:

dN/dy - constant = —,a, .
Furthermore, as we increase the number of par-
ticles with increasing energy, the "added" parti-
cles a,re in the added rapidity region, namely at
the highest value of y. Thus, the additional parti-
cles a.re in the very forward direction, where
there are already plenty of other particles, and,
hence, contribute nothing more to the rescatter
probability. Consequently, the high-energy re-
scatter probability is energy independent. How-
ever, one should be aware that, especially at the
lower energies, the assumptions that (N) ~ ins
and dN/dy - constant are only approximations.
These forms are reasonably good at Fermilab and
CERN ISR energies, but are by no means estab-
lished as asymptotic.



F. C. PORTER et al.

*Now at Department of Physics, California Institute of
Technology, Pasadena, California 91125.

/Now at Laboratoire de Physique Nucleaire des Hautes
Energies, Ecole Polytechnique, Palaiseau, F-91120,
France.

~A. S. Goldhaber, Phys. Rev. D 7, 765 (1973); K. Gott-
fried, Phys. Rev. Lett. 32, 957 (1974).

2For reviews see L. Bertocchi, in High, Energy Physics
and Nuc/ear Structure —&9T5, proceedings of the Sixth
International Conference, Santa Fe and Los Alamos,
edited by D. E. Nagle et al. (AIP, New York, 1975);
W. Busza, ibid.

3A. Sheng et a/. , Phys. Rev. D 12, 1219 (1975); S. Dado
et a/. , Phys. Lett. 60B, 397 (1976); Y. Eisenberg
et al. , ibid. 60B, 305 {1976);K. Dziunikowska et al. ,
ibid. 61B, 316 (1976); R. E.Ansorge et a/. , Nucl. Phys.
8109, 197 {1976);J.E. A. Lys et a/. , Phys. Rev. D 16,
3127 (1977); T. Dombeck et al. , ibid. 18, 86 (1978);
K. Moriyasu et al. , Nucl. Phys. B137, 377 (1978).

4J. E. A. Lys et al. , Phys. Rev. D 15, 1857 (1977).
R. Harris, Ph.D. thesis, University of Washington,
VTL-PUB-22, 1975 (unpublished).

~F. C. Porter, Ph.D. thesis, University of California,
Berkeley UC PPG/77/9/1; 1977 {unpublished).

~ "Inelastic" as used here means all channels except
r d r d and r d r pn.

L. Hulth5n and S. Sugawara, in Handbuch der Physik
(Springer, Berlin, 1957), Vol. 39, Chap. I.

See, e.g. , G. F. Cox et al. , Nucl. Phys. B19, 61 (1970);
and J.Bartke, Acta Phys. Pol. B7, 723 (1976).
O. Czyzewski and K. Rybicki, Nucl. Phys. B47, 633
(1972). The mean (n) and dispersion (0) of the n p
multiplicity distribution at our energies are assumed
to obey {n) = —0.628+1.4131ns and D = 0.307& 0.367(n),
where the constants have been determined in a study
of ~ p data in the 8—50-GeV/c region (Ref. 6). The
r n multiplicity distribution is parametrized in the
same way, using the same slopes as for r p, but tak-
ing the intercepts at —0.706 for (n) and 0.388 for D,
as constrained by our estimated 16-GeV/c v n multi-
plicity distribution. Estimating the r n parameters
using r+p data yields consistent results.

~~A small correction (586 +102 weighted events) has also
been made to account for H2 and HD contamination in
the bubble-chamber liquid, distributed according to
the expected r p multiplicity distribution.

~2R. Harris et al. (unpublished).
~3It is possible that the Fermi momentum in the deuteron

could alter this result, but comparison of Monte Carlo
calculations with and without an initial target Fermi
momentum indicates that the effect is to even further
reduce (slightly) the invisible recoils.
r~p cross sections from K. J. Foley et a/. , Phys. Rev.
Lett. 11, 425 (1963); K. J. Foley et al. , ibid. 19, 330
(1967); S. P. Denisov et al. , Phys. Lett. 36B, 415
(1971); Yu. P. Gorin et al. , Sov. J. Nucl. Phys. 15,
530 (1972) I'Yad. Fiz. 15, 953 (1972)].
The rescatter probability for a sing]. e beamlike parti-

cle may be estimated for deuterium by v-1 (see Ref.
16), with the result 0.049 + 0.034.

~6v is defined to be the mean number of inelastic colli-
sions that a beam particle would undergo in a nucleus,
assuming it remains beamlike after each collision,
and given that it interacts at least once. Using our
measured inelastic cross section for n. d at 15 GeV/c,
and the equation {Ref.2) v=2a~„et (e N)/oi«~ (n d), we
obtain (Refs. 6, 14) v=1.049 +0.034.

tTE. Bracci et al. , CERN Report No. CERN/HERA 72-1,
1972 (unpublished).

~8K. Boesebeck et al. , Nucl. Phys, B28, 381 (1971);
P. Bosetti et al. , ibid. B54, 141 (1973); P. Bosetti
et al. , ibid. B94, 21 (1975); P. Bosetti et. al. , ibid.
B101, 304 {1975);H. Graessler et al. , ibid. B75, 1
(1974); J.Hofman, Ph.D. thesis, Bonn University,
1974 (unpublished); H. Graessler et a/. , Nucl. Phys.
B95, 1 (1975); D. R. O. Morrison, private communi-
cation (1976).
In making our charge-symmetry (invariance under the
reflection I3 —I3) estimate, we include the contri-
butions of strange particles and baryon-antibaryon
pairs with the following assumptions: (i) The only
particles produced are r, X, N, F, A, and Z; {ii)
At most, one strange-antistrange pair is produced
(in associated production only); (iii) At most one NP
pair is produced, and not in conjunction with strange
particles (see Ref. 6 for further details of the calcula-
tion).

~OR. Honecker et a/. , Nucl. Phys. B13, 571 (1969).
+M. Baker et a/. , Phys. Rev. Lett. 39, 375 (1977);

M. Baker et a/. , Phys. Rev. D 17, 826 (1978).
22The charge-exchange (zero-prong) contribution has

been included in the prescribed convolution (Ref. 21).
The 7.5-GeV/c n p distributions used in the convolu-
tion were estimated by interpolating among data at
nearby energies. The normalization used here is 250.
=3.03 mb {Refs. 14, 21, 23).

23C. Quigg and D. P. Sidhu, Phys. Rev. D 7, 755 (1973).
MA. Dar and Tran Thanh Van, Phys. Lett. 65B, 455

(1976).
We use p2 =0.21, as in Ref. 24. Because sufficient ex-
perimental data are unavailable, the ratio o„(r p; 30
GeV/c)/o„(n p; 15 GeV) is estimated with the scaling
formula of Ref. 10.

26J. E. Richey, Ph.D. thesis, Florida State University,
FSU-HEP 76-6-18, 1976 (unpublished).

2~Note that in Eqs. (Al) and (A4), we use an average de-
tection efficiency, e. The spread in y detection effi-
ciencies allows possible correlations in multiple~
(detected) events, resulting in a different effective de-
tection efficiency than our overall average. The
amount of bias introduced may be estimated from our
data, and we find that there is no bias with a sensitiv-
ity of -10% (Ref. 6). We add {quadratically) a 10%
error to the statistical errors to allow for this un-
certainty.


