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Some properties of an analog of the chiral model
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A two-dimensional, renormalizable scalar-field model, equivalent to the chiral model at the classical level,
is shown not to be asymptotically free and to have particle production. Therefore, the classical analogy fails
at the quantum level.

, I. THE MODEI.

%e are going to investigate a two-dimensional
renormalizable scalar-field theory which, classic-
ally, is equivalent to the O(N) chiral model. The
Lagrangian of the chiral model in two-dimensional
Minkowski space reads

Z =Tr(a~a "g ~).

Therefore, given a solution g of the equation of
motion (2) we get, through the above procedure, a
solution of the equation (4) as well.

Conversely, given an NXN antisymmetric ma-
trix Q, a solution of the equation (4), we define
J„=&,„a„p. Then, in terms of J„, the equation
(4) becomes (3)

The equation of motion associated with it is
simply

a„(g 'a"g) =o. (2)

This implies that J„ is a pure gauge, i.e., there
exists an orthogonal matrix g such that

J~ g
-iB

.[a,4' a.4']=o ~ (4)

This is the equation of motion associated with the
Lag rangian density

,'Tr[a„@a y '+&-„„y[ a@, a„@]). (5)

The chiral model, recently studied by several
authors, is closely related to the nonlinear o

model. They are both known to be asymptotically
free '5 and in both the interaction arises from the
fact that the field takes values in a curved space.
It is actually the chiral model that is related to
Yang-Mills theories through Midgal's recursion
relations. Also, as will be explained later, the
chiral model of O(3) or SU(2) symmetry is exactly
equivalent to the nonlinear o model of O(4) sym-
metry.

The chiral Lagrangian (l) is invariant under G
~G and the invariance under this symmetry gives
the conserved currents

(g
- I a ~)ii If ii

Here we choose G to be O(N) Then J„.and k„are
antisymmetric N &N matrices.

It is easy to check, by using the orthogonality
condition gg =1, that

z.„=a,J„-ag„+[J„,J„]=0.
Because J, is conserved, i.e. , R~J„=O, there ex-
ists an N&&N antisymmetric matrix Q, whose en-
tries are scalar fields, such that J„=e„„a„p.By
virtue of (3), Q satisfied the equation

Moreover, from the definition of J„ it follows that
the equation (2) is satisfied. This means that to
any solution P of (4) corresponds a solution, g, of
(2). Thus, the scalar field theory (5) is, at the
classical level, equivalent to the O(N) chiral mod-
el.

The two theories, however, are not equivalent
at the quantum level. %e will in fact show that,
in contrast to the O(N) chiral model, the theory
(5) or, more precisely, the theory with Lagrangi-
an

Z =--,'Tr(a„/a" @ + Xe„„@a„ya„y}

[where we have introduced in (5) a coupling con-
stant X by rescaling Q] is not asymptotically free.

Moreover, we will show that this model has par-
ticle production. The question of whether the chi-
ral model has particle production has not been
studied in the general case, but in view of the re-
sults of Refs. 2 and 3, it quite likely does not.
This is definitely true in the particular case of
O(3) or SU(2), when the chiral model is equivalent
to the O(4) o model, which is known not to have
particle production.

The equivalence between the SU(2) chiral model
and the O(4) v model can be seen by expressing g
in terms of 4 real parameters (no, n„n„ns) as g
=noI+in 0, where v are the. Pauli matrices. For
g to be in SU(2), n; must satisfy no +n& +n2 +ns'
=1 which is the constraint of the 0 model. Then
a straightforward calculation shows that
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efficient in js is positive, and the theory is not
asymptotically free.

III. PARTICLE PRODUCTION

FIG. 1. Two-point function T'

Tr[a~a"g ']=23.n;8"n;, i=0, . . . , 3

where the left-hand side is the Lagrangian of the
O(4) nonlinear v model.

Therefore, at least for O(3) or SU(2) and prob-
ably in general particle production is absent in the
O(N) chiral model; this is another notable differ-
ence between the quantum theory based on La-
grangian (6) and the O(N) chiral model.

II. ASYMPTOTIC FREEDOM

Here we will show that the scalar-field theory
with derivative coupling (6) has particle produc-
tion.

For the sake of simplicity, let us consider our
model in the case when the symmetry group is
O(3). For general N, we would consider a process
involving particles in an O(3) subgroup of O(N),
and reach the same answer. So, in the case of
O(3), we have only three independent fields P",
which we will call A, B, and C. In terms of these
fields the Lagrangian (6) becomes

Z =-,'(3„&3"g+a.aa"a+ a„Ca"C+~~.„aa„aa„C).

The renormalization-group equations for the
one-particle irreducible Green's functions are

8 8
+P(X) -n—y(~) I'"'=o.

Bp, Bg

In order to determine whether the theory (6} is
asymptotically free, we need to know the sign of
the coefficient of the first nonzero term in the ex-
pansion series of P(X) in terms of the physical
coupling constant X. In this case the lowest term
turns out to be cubic in A.. To this purpose, it is
sufficient to know the expansions, up to one loop
order, of the two- and three-point functions F' '

and I'3', which are determined by the diagrams of
Figs. 1 and 2, respectively.

Apart from irrelevant constants, the normalized
inverse propagator I'" turns out to be

, (N-2), -P'
ln

The diagram of Fig. 2, however, turns out to be
finite. Therefore I"'3'=X+~ 8, where It3 is a num
ber, independent of P and p. .

Based on these results, one finds that, to the
lowest order in &, y(X}=[(N —2)j4w]X and P(X)
=[3(N —2}/4m]x~. Therefore, the first nonzero co-

I

The simplest process with particle production
compatible with the symmetries of (6) is a process
with two particles going to three such as B+C
-A+A+A, which corresponds to the Feynman
diagram shown in Fig. 3. The amplitude for this
process, apart from symmetrization. between iden-
tical particles, is

3(2,~. . . p V -Pi).V -Pi) t (q -P3) (e -Pa).
2&) &gu&n8&y6Pgl5

(p p )2 ( p )2 ~

Equation (6), by simple algebraic manipulations,
becomes

3 2~&6'6&sz

q P3

Let us consider now the process where p3 is par-
allel to p, and P& and P2 parallel to q. By conser-
vation laws then

Pe ——P and pi+P2 —q

and we will have to symmetrize between P& and P2.

P

FIG. 2. Three-point function I
FIG. 3. A process with two particles going to three

whose amplitude is given by Eq. (8).
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Therefore, the amplitude of the process in Fig. 3
1S

which shows that our model has particle production.
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