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An effective Lagrangian with scalar and pseudoscalar "matter" fields as well as scalar and pseudoscalar

(gauge-invariant) color-singlet gluon fields is constructed. It is a representation of quantum chromodynamios

in that it has the same symmetry structure as that theory, The present model is a generalization of a one-

(pseudoscalar) gluon-field effective Lagrangian which compactly summarizes the results of the 1/X,
approximation, gives a simple picture for the "U(1) problem, '* and essentially reduces to a type of
generalized cr model. The new feature here is that, in addition to the chiral-anomaly equation, the trace-

anomaly equation is automatically fulfilled. This gives a framework for discussion of the properties of a 0+

color-singlet gluon field. The model may be formulated either so that this field is eliminated by a constraint

equation or so that it is associated wi(th a physical particle. Probably, experiment is the best way at present

of deciding between the two possibilities. A number of possibilities for further generalization of the effective

Lagrangian, including a hint of a possible connection with the "confinement" problem, are mentioned.

I. INTRODUCTION

The theory' of quantum chromodynamics (QCD)
is expected to have the unique feature that the
fundamental fields (quarks a,nd gluons) do not

appear as free particles. This makes it interesting
to construct an effective Lagrangian for describing
the properties of the observed particles. The ef-
fective I,agrangian is supposed to be used for low-

energy processes and in the tree approximation.
Ln the past, a very large amount of work has been
done on I.agrangians of this type. The guiding
principle has been to construct a I,agrangian
which has a main piece invariant under chiral
U(N~) x U(N~) (N„= number of flavors) and an

auxiliary symmetry-breaking piece which has the
same transformation properties a.s the quark mass
terms. In addition, a piece which breaks the con-
servation of the axial-vector baryon-number [ or
"U(1)"] current is needed for the predicted
pseudoscalar mass spectrum to agree with ex-
periment. Now a. general Lagrangian constructed
according to the scheme mentioned above will
automatically satisfy the Ward identities (which
hold in QCD) corresponding to the conservation
and partial conservation of the appropriate SU(Nz)
x SU(NF) x (ordinary baryon number) currents.
This feature holds in the tree approximation and
can be considered, since it leads easily to the
«current-algebra" formulas for various processes,
as a strong motivation for the effective-I. agrangian
approach. Recently, it has been stressed by
Witten~ that the "1/N," (N, = number of colors)
approximation method applied to QCD provides
another motivation for using an effective Lagran-
gian at the tree level. Actually, it seems very
likely that any self-consistent approximation to

QCD which satisfies crossing symmetry will lead
to a tree-level effective Lagrangian. This is be-
cause if the opposite were true and, say, the com-
putation of loop diagrams were required, that
particular approximation, would by definition be a
bad one. Good approximations should yield rea-
sonable results in lowest order.

A new feature which QCD brings into the picture
is the possibility of gauge-invariant combinations
of gluon fields (or "glueballs") appearing in the
effective Lagrangian in addition to the "matter"
(or ordinary pa. rticle) fields. Witten' noted that
the presence of a pseudoscalar glueball field could
provide a, solution to the "U(1) problem" but he did
not give the appropriate effective Lagrangian.
"Qfitten's work was further clarified in. interesting
papers by peneziano~ and by di pecchia. ~ More
recently, a chiral effective Lagrangian which in-
cludes a pseudoscalar glueball and gives the cor-
rect anomalous conservation law for the U(1) cur-
rent was found. ' Here the glueball G is identified
with the gauge- invariant combination FI, I' being
the QCD field-strength tensor and I' its dual. in-
terestingly, in order to provide mass for the
q'(960) meson [ i.e. , solve the U(1) problem], it
turns out to be necessary for the effective
Lagrangian to contain terms which lead to the
elimination of the field G in terms of the matter
fields. Effectively then the theory becomes
equivalent to a type of old-fashioned p model.

In the present note we would like to indicate the
results of a start on the problem of including other
than pseudoscalar glueballs in the chiral effective
I.agrangian. One can imagine adding glueballs
with spin-parity 0', 1~, 2', . . . , but for simplicity
we shall restrict our attention to the 0' glueball,
H corresponding to I ~. For the pseudoscalar glue-
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ball effective Lagrangian, the guiding principle
was to have the anomalous conservation law for
the U(1) current (in the massless-quark theory)

2

emerge automatically from the equations of motion.
Here we shall make use of the fact that an anomaly
equation very similar to (1) holds for the trace of
the energy-momentum tensor 8„, in QCD. This
equation6 is (in the massless-quark theory)

ln (2), P(g) is the renormalization-group function
equal in perturbation theory to (-g3/16n2)(11
—

3 N~) + ~ ~ ~ . Furthermore, D„ is the dilation
current. %e will require our effective Lagrangian
involving both G and II to satisfy (2) as well as (1)
automatically. The structural similarity of (1)
and (2) seems very intriguing and might have a
"deep meaning. " However, there is a significant
.difference between the two equations. In the limit
where the matter fields are removed, the B,J,'
anomaly vanishes while the 6)„„anomaly persists.
This may possibly be related to a difference be-
tween the properties of the pseudoscalar and scalar
glueballs.

= 8„K defined in Ref. 5. The axial divergence
B„J'&=—i Tr(M~ M) here.

There are two main new aspects to the Lagran-
gian (3). The first is that, owing to the presence
of the third term, the anomalous partial con-
servation law is, as previously discussed, 5 satis-
fied automatically. The second is that the equation
of motion for G, Bf/BG +(i/4'Nz) (lndetM
—ln detM~) == 0, leads to the elimination of G in
terms of the matter field combination (indetMt
—ln detM). Substituting this relation back into 2
gives, once more, the old linear g model' which is
described by

Tr(B MB Mt) —V, (I„,J)
+ Tr[A(M+ M")],

J=detM+detM~ .
fn (4), Vo is an arbitrary function of I„and J. To
see that only functions of J appear, first note that
by parity invariance only the combination (lndetM
—lndetMt) will appear in g after G is eliminated.
Further, note that det(MM~ ) is a U(N~) x U(N~)-
invariant quantity which can be expressed in
terms of the I„by using the characteristic equation
for the matrix (MM~). Then

(in detM- in detM~) 2 = ln
det2M

det MM~

II, THE PSEUDOSCALAR GLUEBALL LAGRANGIAN

J
2[det(MM~)]'~ '

First we briefly review the chiral effective
Lagrangian5 with only G present and make a few
additional remarks. For simplicity we restrict
our attention to spin-zero matter fields. These
are incorporated into an N~ x N~-dimensional
(flavor space) matrix M, &

which transforms like
the quark field combination q~(1 +y5)q, . The in-
dependent chiral U(Nz) x U(Nz) invariants, not

involving derivatives, which can be made' from
M and M~ are I„=Tr(MM~)", where n goes from
1 to N~. including the glueball field G of Eq. (1),
the effective Lagrangian can be written as

g =-,'Tr(B„MB„M')+f-(I„,G)

+ G(in detM- ln detMt )

+ Tr[A(M+ Mt )] .
Here the matrix A, ~

= 5,m, A~ is taken to be pro-
portional to the real diagonal matrix of quark
masses. f (I„,G) is an arbitrary function of I„and
G. Requiring parity invariance gives the addi-
tional condition f (I„,G) =f (I„,—G). Note that the
field G here is taken for convenience to be v'N~

times larger than the corresponding field G'

which depends only on J and the I„. There actually
are implicit restrictions on Vo in (4) or, equiva-
lently, on f in (3). These arise because Vo must
be such that the chiral symmetry be spontaneously
broken. Also, in order to solve the U(1) problem
[i.e. , give mass to the q'(960) in the three-flavor
case, etc.] one must have ( 3 Vo/BJ)0 to be negative
and of sufficient magnitude, as discussed else-
where. 7

The following additional remarks may be help-
ful.

(i) The dependence of amplitudes on the vacuum
angle' 8 can be incorporated by adding to (3) the
term

(6)

The constraint equation for G is now modified to

—+ — (in detM- ln detM~) — = 0.Bf z 8

2N~

(7)

This means that, after substituting back, 6 al-
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ways appears in combination with (lndetM
—lndetM~). This latter quantity is seen' in the
approximation where the scalar fields (M+ Mt)
become very massive to behave as, in the three-
flavor case, for example, the q'(960) field.
Equation (7) is a, generalization of Witten's "soft
g"' theorem. 2

(ii) The quark-mass matrix can always be
brought to the diagonal form 2 in (3) by making
a chiral U(N~) xU(Nz) transformation on the
fields M- U~MV~, where U~ and V„are two
unitary matrices. The n.et.effect of this is to add,
via the third term of (3), the additional quantity
(i/ 2N) Gl ndetU~U~~ to Z,. This piece can be l~mped
into (6) however, giving a new 8,«. We interpret
the 8 in (6) and (7) to already include such a pos-
sible contribution.

(iii) The presence of a nonzero 8 in (6) gives
rise to the problem of strong T violation. A de-
tailed treatment in the present model has been
given elsewhere. '0

(iv) instead of writing the effective Lagrangian
in terms of the glueball G, it is possible3 ' to use
the pseudovector field E„satisfying B„K„=G as in

(1). K would also get eliminated. However, for
the purpose of the next Section it is better to use
G. Furthermore, for illustrative purposes, it is
possible to keep G from getting eliminated by
adding to g a kinetic term —,'X (B,—G) and taking
X-0 at the end. Then it is seen' that the field
(XG) behaves as an infinitely "heavy" tachyon which
decouples but leaves as a finite residue a mass
term for the g'.

(v) ln his well-known calculation" of the effects
of an instanton in the semiclassical approximation,
't Hooft found that his result could be roughly
summarized as the addition of an extra term such
as J=detM+ detM~. One might now guess that if
his calculation is carried to higher orders an ef-
fective term more like (lndetM- jndetM~)2 might
emerge.

III. THE TWO-GLUEBALL LAGRANGIAN

Our goal in. this Section is to find a Lagrangian
constructed out of M, M~, the 0 glueball Q, and
a 0' glueball H which automatically satisfies the
anomalous conservation laws (1) and (2) at the
tree level. lt also should be SU(N~) x SU(N~)
x (baryon number) symmetric. We will then con-
sider the question of whether the new glueball field
must get eliminated effectively from the theory,
as was the case for G, or whether it may be re-
lated to a physical 0' particle.

As a preliminary, let us consider two sets of
real scalar fields g„and $„, which transform re-
spectively as objects of (mass) dimension 1 and 4

under an infinitesimal scale transformation, '

OA lA p, lA&
(6)

~&~ = 44+".8.&~.

[An overall infinitesimal factor on the right-hand
side (BHS) has been set equal to one. ] Consider
the Lagrangian density

(9)

where V(7), $) is an arbitrary function of q and g,
not containing derivatives. Note that there are
no kinetic terms for the g fields. The "new im-
proved' energy-momentum tensor" for (9) is

(10)

and the dilation current D, corresponding to (8)
may be written as

so that

f3„D„=8 (12)

8„ in (12) thus must be equal to a quantity which
vanishes when V is scale invariant. That quantity
is 8 (x„Z) —52, which works out to be

(13)

This is the basic equation for our present purpose.
As an aside, we remark that there would be a
technical problem with the present approach if
one were to use a pseudovector glueball K rather
than the 0 glueball G. This arises because one
would then have quantities like (B,K, ) appearing in

2 a,nd it is known" that (11) does not hold in that
case.

Now we modify the effective Lagrangian (3), with
the help of (13) above so that the trace-anomaly
equation (2) holds automatically. We consider
first the possibility that FX gets eliminated from
the theory, and second the possibility that it re-
mains.

6 = Tr M +M~av ~v av
aM aM' aG

+ 4G ——4 V. (14)

A. The case when H disappears

Here we identify the fields q„with the Hermitian
combinations of M and Mf and the fields g„with
the 0 and 0' glueballs G and H. Equation (13) may
then be written as
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Immediately, we note from (8) that the charac-
teristic G(lndetM- lndetM~) term is scale in-
variant and will not contribute to the right-hand
side of (14). This is an encouraging start because
if it were not so, we could not proceed further.
Clearly the chiral-invariant term f (I„,G) in (8)
may be generalized to f (I„,G, H) and should be
scale invariant; i.e. , it should satisfy

Tr M +M~
~ +4G —+4B =4

in addition to

f (I„,G, H) =f (I„,—G, H)

(15)

+ G(lndetM- lndetM'+ 2i8)
2

4X,

—H E~ ln( —
g) . (17)

In (17) R„ is any function of I„, G, and H satisfying

+M~ " +4G "+4H "=mR„,8R 8R aR„ 8R„
BM BM~ BG

for parity invariance. The main problem is to
find a new term involving H which will lead to a
8„„satisfying (2). However, it is easy to see that
a term equal to H multiplied by the logarithm of a
homogeneous function will have this property. The
two-glueball effective Lagrangian may then be
written as

g=- ,' Tr(8„Ma„—,M~) +f(I„,G, H)

axial-vector-current anomaly the new parameter
(vacuum phase angle) is 8 and the new term- Gine" 0:i8(FF). For the scale anomaly the new

parameter is a characteristic scale A —=q' and is
contained in a term -Hlne' 0: 7(FF). The simi-
larity of the two terms is striking in spite of the
fact that the 8 anomaly is associated with a com-
pact (axial-vector current) transformation, while
the 7. anomaly is associated with a noncompact
(scale) transformation.

Since there are no 8 G and 8,Hterm, s in (17) the
equations of motion for the G and H fields just
lead to their elimination in terms of the matter
fields M and M~. These explicit constraint equa-
tions are

+ (1ndetM- indetM~ + 2i 8)
af

c
m in& =0~aG

(20)
af c &R„c 8—+~in( "~ —H g ~—lnR =0.
arl m IA m aa

After G and H are eliminated by solving (20) and
substituting back into (17), one would aga, in be
left with the general linear 0 model. What has
been achieved then is a better justification and
interpretation of this old model in the light of
QCD. This is welcome because a number of fairly
successful experimental predictions" can be taken
over and also extended further.

Let us consider, for simplicity of further dis-
cussion, a particular example of the two-glueball
Lagrangian:

R~(I„, G, H) =R (I„, —G, H) .

gn other words, it is of scale dimension m and
parity invariant. The real coefficients c obey
the equation

c =1.

(18)

(19)

&=- -'Tr(&, M&„M') +f0(I„)+a., (I, ) 'G'+a, (y, )-'H'

+ G(lndetM —1ndetM~ +2i8)4X,

H lndet ~ +lndet M
AN@ Agp

H in(H/A4) . (21)

Finally, A is a scale parameter with dimensions
of mass, inserted to preserve naive dimensional
consistency for the Lagrangian (17). Using (14) it
is straightforward to verify that (neglecting the
"quark mass" matrix A) the anomaly equation (2)
is satisfied. The necessary quark mass term will
be discussed later.

It is interesting that (17) makes manifest an in-
terpretation for the anomalies. When there is an
anomaly so that the classical conservation law is
not the same as the quantum one, it is an indica-
tion that the classical Lagrangian is incomplete
and must be supplemented by an additional term
possibly containing a new parameter. For the

Here a&, a2, and b are dimensionless constants
while fo(I„) is some scale-invariant function of the

I„. Equation (21) corresponds to the choice of the

R„ in (17) which gives a characteristic H term
most nearly similar to the characteristic G term.
A suitable quark-mass symmetry-breaking term
which should be added to (21) will be given in (28)
and discussed there. Note that we have included
in (21) a term like H lnH which contains only glue-
ball fields. The reason for this is that (in lowest-
order perturbation theory)

H=' ll- ".~F + ~ ~ ~,2X 'I

32& N j
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and so in the limit when the matter fields are not
present the trace anomaly still remains. In this
formula we have reinstated N, = number of colors
= 3. (The factor 1/N, in the second term reflects
the fact that the quark-loop contribution to the
vacuum polarization is down by 1/V, compared to
the gluon contribution. ) We may try to use this to
estimate in perturbation theory the quantity h/
(1 —b) which measures the relative contribution of
matter versus glueballs to the trace-anomaly term

2x
1 —~ 11 Nc

(22)

It is seen that the relative contribution of the
matter term becomes less important in the high-

V, limit. Although in the present note we are
focusing on those aspects of the effective Lagran-
gian which follow directly from the symmetry
structure and anomalous conservation laws, it is
interesting to observe that the 1/V, approximation
would seem to provide a way of distinguishing be-
tween the assumption of this section —that H gets
eliminated —or the assumption of the next sec-
tion —that H remains. If we accept the validity of
the 1/N, approach we expect that H should remain.
Thus from our point of view the experimental
discovery of a fairly low-lying 0' glueball state
would reinforce the status of the 1/N, approxima-
tion. We may understand this feature by mimicking
the discussion given around Eq. (11) of Ref. 2.
Note first that unlike the chiral anomaly in Eq. (1),
which is of order 1/N, for large N„ the trace
anomaly in Eq. (2) is of order unity. Now a 0'
state would be characterized by a squared mass
parameter which is related to the zero-momentum .

limit of the Fourier transform of the matrix ele-
ment (0~ TH(x)H(0) ~0). In order for the glueball
field to get eliminated in terms of matter fields
we would expect that both gluon and matter con-
tributions to (0(TH(x)H(0) ~0) should give the same
result and so should be of the same order in N, .
However, the only way this can happen is for the
matter field to behave like a dilaton whose mass
is proportional to 1/N, The mass. of a dilaton
should, however, be proportional to the trace
anomaly, which we have just noted to be of order
unity.

One point of interest arises from the necessity
of having a spontaneous breakdown of chiral sym-
metry for the o-model I agrangian. This means
that the vacuum value ( M) w 0; neglecting 8 we
would have ( M) =( Mt). This does not give any-
thing striking for the one-glueball Lagrangian. In
that case the constraint Eq. (7) says that G is
eliminated in terms of ln(M/Mt). Thus one pre-
dicts (G) ~ In((M)/(M~)) =0, which is consistent
with the requirement of parity invariance. On the

other hand, parity invariance places no restriction
on the vacuum value of the scalar glueball (H). In
fact, if one makes the assumption (as we are doing
in this section) that H should get eliminated in

terms of the matter fields it is unnatural to avoid
predicting (H) g0. For example, in the case of
Eq. (21) (with the further simplifying approxima. —

tion h =0), the constraint equation gives

B, The case when H remains

In this case we want to have an actual physical 0'
glueball in the theory. In order to get a scale-in-
variant kinetic term we define (a possible dimen-
sionless factor has been set to 1 for simplicity)

(23)

where h is identified as the field of scale dimen-
sion 1 associated with the glueball. Remembering
that H~2E'=8'-E' (E and B are Yang-Mills
electric and magnetic fields), we see that it is not
automatic for H considered as a time-varying field
quantity to have a unique sign as required by (23).
The sign will be unique, however, if there is
spontaneous breakdown giving K=(H) +H, with
~H~« ~(H) ~. Then we have a plus or minus sign
in (23) depending on whether the vacuum is of
magnetic or electric type. It is interesting to
note that the requirements for constructing a
consistent effective QCD Lagrangian seem again
to have pushed us to a situation where (E2) g 0.

To proceed, we now identify the fields g„ in (9)
with Hermitian combinations of I and M~ and
with h. The field g in (9) is identified as before
with the pseudoscalar glueball G. Equation (14) is
now replaced by

g„„=Tr I +~'

+h—+4G —4V,By ap
(24)

and the two-glueball effective Lagrangian be-
comes

Tr MMt '=8~
ln((H)/A4) + 1 '

so one must have (H)e0 for consistency. In turn
this implies (E2) to be nonzero. We note that a
number of authors'4 have recently made specula-
tions along these lines. The possibility of a mag-
netic vacuum is favored and is closely related to a
mechanism for quark confinement. ln any event,
it is clear that the assumption requiring H to get
eliminated in terms of matter fields has very
strong consequences. Amusingly, as we shall see,
even if we do not make this assumption, (F2) g0 is
still plausible.
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&=- —.'Tr(B„MB,M~) —,.'-(B @)2

+f(I„,G, A) + G (ln 1etM - in detM~ + 2i 8)

(25)

Note the presence of the kinetic term — (B„h)' in
(25). As before, f(I„,G, h) must be scale invariant
and invariant under the interchange G- —G. Fur-
thermore, R is any function of scale dimension
m of the quantities I„, G, and h; it is also in-
variant under G- —G. Using (24 and (23), we
verify that the trace-anomaly equation (2) is satis-
fied (for zero quark masses A). As discussed
above, f and the R must be arranged so that (h)
4:0 emerges; this is, however, a weak restriction.

The scale-invariant part of the potential
f (I„,G, h) may contain terms such as h'Tr(MM~)
and h[Tr(MMt)]'I2, for example. This means
that we must expect (B~f/Bh2) and (B~f/B&Bc)
(where o is an isoscalar 0' particle) to be non-
zero. In other words, from a phenomenological
standpoint the particle h can mix with the matter
isoscalar scalars of the theory and would have
decay modes like r'r, le'k, etc. There is no
special reason to expect its mass to be anything
other than of the order of the usual hadron. ic
masses.

Distinguishing between case A where II gets
eliminated from the effective theory and case B
where it is associated with the particle field h can
be accomplished most directly by finding three
rather than two 0' isoscalar resonances'5 belaw
1.5 Gep or so. This could be done either by
studying &'&r and k'k partial-wave phase shifts
or by directly searching for decays~a like g-hy.
Ln this analysis one is hampered by the fact that
the o-type resonances are rather broad. An addi-
tional possible source of confusion arises from
the possibility of radially excited quark-antiquark
states or of baryoniumlike states. A deeper thea-
retical study of this question may also help one to
decide between the two possibilities. For example,
it is known" that pure classical QCD cannot sustain
a glueball excitation. However, the relevance of
this result to the quantum case is not at all clear.
'Ln the present context we should remark on the
difference between 0 and 0' glueballs. The
special situation in the 0 channel is related to
the spontaneous breakdown of chiral symmetry.
Thus, when for simplicity the quark masses are
not present, the q'-type particle is expected to be
a Nambu-Goldstone boson. If one allows the field
associated with G to mix with 7~' in order to boost
its mass to a suitable nonzero value, it is seen
(as outlined in Ref. 5) that G should behave as a

tachyon. An alternative formulation presented
here leads to its elimination. gn contrast, the
spontaneous breakdown of chiral symmetry does
not affect the (isoscalar) o-type mesons; they have
the wrong quantum numbers to be associated with
the divergences of any spontaneously broken cur-
rents. Thus the o mesons are expected to have
suitable masses without requiring any special
mechanism.

Finally, we mention that the quark mass term in
(3) should be slightly modified if our effective
Lagrangian is to exactly mock-up 8„,„ in the
broken theory. The chiral- symmetry-breaking
term in the fundamental QCD Lagrangian is

NI;
—VSB(quarks) = —p m, q,q, , (26)

0=i

where the rn, are the current-algebra, quark
masses. The trace-anomaly equation (2) should
be ext.ended to read6

0,„=II [1+ y (g—)] V» (quarks), (27)

where y(g) is the anomalous dimension of the qq
operator. lt is easy to verify that the term in (3)
V» = —Tr[A(M+M )] does not yield this property.
gn fact, it gives the equation 8,„, =II—3V». We
must modify this V~~ in such a way that the be-
havior of 8 J' in the broken theory is not upset.
However, the equation for B,J,' only requires that
V» transform according to the [ (NF, N~ ) + (N~, N„)]
representation of chiral SU(Nz) x SU(N~) and not
contain a factor like J of Eq. (4). A simple but
not unique choice of a symmetry-breaking term
which will satisfy both the 8,J'. and 8. equations
ls

—V» = [Tr(MM")] "-»"Tr[A(M+M')]. (28)

The first factor in (28) is a chiral invariant so
that our new V~~ has the same chiral transforma-
tion propert'ies as our old one. Equation (28)
should be added to (17), (21), arid (25) to complete
the effective Lagrangian. Consequences of using
(28) rather than the conventional one will be dis-
cussed elsewhere.

IV. DISCUSSION

Generally, theorists studying nonperturbative
QCD have attempted to derive the properties of
the observed particles, i~eluding the fact that they
are color singlets, from the quark and gluon field
equations. This is of course a difficult but fas-
cinating project. Here we have attempted to work
backwards. We have assumed that composites of
quarks and gluons appear in the effective theory
as, respectively, mesons and (gauge-invariant)
glueballs. For simplicity only spin- zero objects
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were considered; this is, however, sufficient to
make contact with a large part of the previous
work on chiral symmetry. The QCD "ingredient"
in our approach is the symmetry structure of the
theory. Thus we have demanded that (in the limit
of zero quark masses) the theory be SU(N„)
x SU(Nr) x (baryon number) invariant and that the
chiral and trace anomalies be fulfilled exactly in
terms of 0 and 0' glueball fields. It seems in-
teresting that so much structure for the effective
Lagrangian emerges from such simple require-
ments. In particular, (i) The nature of the U(1)
problem and the related "strong T violation"
problem has been illuminated; (ii) The connection
of the effective QCD Lagrangian with an old a
model has been made; (iii) The parallel structure
of the chiral and trace-anomaly effective terms
has emerged; (iv) The possibility of a nontrivial
gauge-theory vacuum characterized by (E~) t 0
has been suggested; and finally (v) a nontrivial
framework for discussing the properties of glue-
ball fields and their interaction with matter fields
has been laid down.

There are many directions for future work:

(a) Especially that part of the Lagrangian in-
volving the scalar gluebaH. still has a fair amount
of arbitrariness. It seems likely that. various ap-
proximation schemes will give further restric-
tions. The I/N, approximation (which provided
the motivation2 for the introduction of effective
glueball fields in the present context) seems a
likely candidate. It might also be interesting to
try to relate the results of the lattice, bag, in-
stanton, and perturbation approaches' to the
present model.

(b) One can consider both matter and glueball
fields of spin greater than zero to be present in

A lot of work in this direction was done for
chiral Lagrangians without glueball fields. This
might be now extended. If glueball fields of spin
zero remain as physical excitations (Sec. III 8),
appropriate modifications of the old chiral-sym-
metry results should be made. Some relevant
calculations might be carried out for scalar-
meson decays, g' —g2r decays, mN o terms, etc.
Extending by including higher-spin glueballs
mould seem to require a new method, since we
have already used up the information of the stan-
dard anomaly equations. For example, one might
study the possibility of QCD anomalies associated
with more complicated gauge-invariant gluon
operators and then assume that these operators
are dominated by appropriate glueballs.

(c) The phenomenological analysis'5'~6 of reso-
nances which are suspected glueballs might pro-
vide useful information which can be fed back as
constraints on the effective g.

(d) A difficulty common to many approaches is
that it is unclear how many flavors (N~) are rele-
vant for an effective low-energy theory. The
answer to this question would seem to be related
to a more satisfactory understanding of the quark
mass terms. Some preliminary work has been
done in collaboration with per Salomonson.

Further work along the 1.ines above wi11. be re-
ported elsewhere.
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