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Problem of fermion generations in grand unified theories
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We investigate the problem of incorporating the fermion generations within the framework of a grand

unified SU(N) gauge theory. The requirement of no triangle anomaly and an asymptotically free gauge

coupling constant appears to limit the number of light-fermion generations to four. Specializing to an SU(8)
model, we exhibit a Higgs mechanism that splits the fermions into. heavy and light sets, the latter containing

only three generations. We argue that the mass of the heavy generation is in the TeV region.

The simplest gauge models that unify weak,
electromagnetic, and strong interactions treat
the various generations' of quarks and leptons in
a sequential fashion and do not provide any insight
into the question of mixing angles and mass ratios
between various generations. Possible ways to
make further progress has been suggested in the
literature by treating the various fermion gen-
erations as representations of some discrete' or
continuous horizontal symmetry groups 3 With
the recent surge of interest in grand unification,
ways to tackle this problem in the context of
SU(N) grand unified theories have also been dis-
cussed by several authors. ~' The basic strategy
proposed is to consider an anomaly-free com-
bination' of totally antisymmetric representations
of SU(N) groups and identify the generation number
with the difference of the number of 10 and 10*
(or equivalently 5* and 5) dimensional SU(5) rep-
resentations contained in the above represen-
tations. The difference between Refs. 4 and 5 lies
in their choice of the anomaly-free set. In Ref.
4, Georgi requires all members of the anomaly-
free set (AFS) to belong to different represen-
tations of the grand unifying group. The smallest
grand unification group of the above type that can
yield three generations is found to be SU(11). On
the other hand, in Ref. 5, Frampton and Nandi
allow repetition of a multiplet in the AFS, which
then enables them to work with lower-rank groups
such as SU(7) or SU(9), etc.

We feel that since the purpose of employing
higher-rank groups is to avoid having to repeat
representations, the strategy of working with
only those anomaly-free sets where each rep-
resentation of the grand unifying group appears
once ought to be preferred.

We also propose to gauge the "horizontal" degree
of freedom' that transforms various generations
into each other. So, if there are m generations,
we propose an SU(m)„horizontal group. We con-
sider the minimal grand unification symmetry
which contains SU(5) x SU(m) „, i.e., SU(5+ m),

and we require light-fermion generations to trans-
form as vectors under SU(m)„group. Let us,
therefore, make our grand unification criteria
explicit:

(a) Only totally antisymmetric representation
of SU(N) are considered for assignment of fer-
mions.

(b) The set of fermion representations that is
anomaly-free' must not contain any representation
more than once.

(c) Self-conjugate representations are barred.
(d) The gauge coupling is required to be asym-

ptotically free. '
(e) The light generations of fermions are re-

quired to transform as a vector under the hori-
zontal group.

Within. this set of criteria, we find that the al-
lowed number of light generation of fermions
must be at most four. In the above discussions,
we have assumed that the very-low-energy. elec-
troweak symmetry group is SU(2)~ x U(1) with

each generation transforming as a weak isodoublet.
To present our discussion, we first give our

notation: For the group SU(N), the representation
with m antisymmetric indices will be denoted by
[N, m]. We then find that the only anomaly-free
sets of [N, m], satisfying the criteria (a)—(d),
are the following'.

SU(5): [5, 1]+[5,3],
SU(V): [V, 1]+[V,3]+[7,5],
SU(8): [8, 3 J+ [8, 6]+[8, 7],
SU(9): [9,2]+ [9,5],

[9,1]+[9,3]+[9,5]+[9,7],
SU(10): [10,3]+[10,6].

We emphasize that this result is true for all N,
provided we avoid self-conjugate representations
and the AFS with two representations which are
complex conjugates of each other. We note that
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this excludes the SU(11)group of Ref. 4 from our
considerations. To establish the connection
between the number of generations and the grand
unifying symmetry group, we display the SU(5)
content for each set displayed in Eq. (1) in the
notation [N, m] =Q C .(m,}where C„, is the number
of m,.-dimensional representations of SU(5) in
[N, m] under SU(N-5):

state):

[8, 3]: (y„„),=N, ,

((,AB)L= (D'L, E', E ),
(~abA)L= ( pI&+pL& PL& pL) &

(y„.), -=(II';„~;,', D;*., E,.),
[8&6]: (&'")L= (dpL -epL pL) (6)

(a) SU(7): [7, 1]=2(1}+(5},

[7, 3]=(5}+2(10}+(10*},

[7, 5] = (10*}+2(5*}+(1};

(b) SU(8): [8, 3]=(1}+3*(5}.+ 3(10}+(10*},
[8, 6] = 3(1}+3*(5*}+(10*},

[8, 7] =3 (1}+(5*};

(2)

(3)

(c) SU(9): [9,2] = 6(1}+4(5}+(10},

[9, 5] =(5}+4(1o}+6(10*}+4(5*}+(1},
(4)

also a similar decomposition for the other set;

(d) SU(10) [10,3] = 10(1}+10(5}+5(10}+(10*},
[10,6] =(5}+5(10}+10(10*}

+10[5*}+5(1}. (5)

From Eqs. (2)—(5), we see that the SU(10) case
does not satisfy our criterion for light generations
belonging to the fundamental representation of
SU(5). From this, we conclude that the maximum
number of generations is four. '

To demonstrate our procedure, we describe the
SU(8) model of Eq. (3). The fermion multiplets
are denoted by (tj& 5„)L, (g B~„,) L, (P )„. According
to our prescription for identifying light fermions,
we see that they a,re given by (&II,»)L and (g'")„,
where a, b, c, . . . stand for SU(5) indices 1, . . . , 5,
A, B, . . . stand for the horizontal SU(3) indices
6, 7, 8, and a, P, . . . stand for SU(8) indices. The
heavier fermions are then identified as (t/rABc)L,

(g,»), (tl)„), (tl)" ), (g"), (g'), and (0") .
We will now proceed to show that it is possible to
choose Higgs multiplets and vacuum expectation
values that yield the above mass hierarchy for the
fermions. We first note that at the level of heavy-
fermion masses, the horizontal symmetry SU(3)II
is already broken. To simplify discussions, we
give explicit particle labels. Our notation will be
as follows: Lower-case symbols with subscripts
P (P =1, 2, 3) such as (Mp, dp, ep, t&p) will stand for
light fermions of pth generation; i stands for color
index; capital-letter symbols with subscripts such
as (U~, Dp, Ep, Np) will stand for heavier fermions
(superscript c indicates charge conjugate of the

(g )L—:MpL,

(g )L ——(U5L& U2L& D2L& E5L) &

[8, 7]: (gA)L'-=MAL
&

(P') =- (D;„Z-„,N„) .
In making the above identification of heavy-par-
ticle states, we have used the fact that there is
negligible mixing between heavy- and light-par-
ticle states resulting from the Higgs mechanism
displayed below. We first give the Higgs multi-
plets, Yukawa couplings, and vacuum expec-
tation values (VEV's) that contribute to the heavy-
particle masses. We choose the following Higgs
multiplets: 4 ~, 4 ~', 4~, 4~~~„where we assume
antisymmetry in both super- and subindices and
tracelessness (e.g., Z„P"„=0).Theheavyfermions
in Eq. (6) acquire their masses and mixings from
the following gauge-invariant couplings:

yr&&B&ka g-1 g C,v»a grat G-&
&p

C&t&Y
6ee 0 grhy~ e

jpraBC ~
g C,ax»v

where $'s with superscripts are obtained by
applying the totally antisymmetric E symbol for
the SU(8) group. The desired pattern of heavy-
particle masses ensue on setting

(@ab5 ) g P (C AB) ~ P (C 5ABC) ~ 0

(C,"B)Xp, (4'„b;,g ep.

(7)

(8)

It is clear that since three of the above VEV's
break SU(2)L && U(1) symmetry, they contribute to
the R'-boson mass, These VEV's are therefore
constrained to be of order m/@=300 GeV. If
we therefore choose the coupling constants associ-
ated with the invariants in Eq. (7) to be of order
2-3, then the heavy generation acquires its lar-
gest mass, of the order of TeV's. The important
point that we stress here is that none of the cou-
plings in Eq. (7) upon using Eq. (8) contribute to
the light-fermion masses or light-heavy mixings.
All the other Yukawa coupling constants are chosen
smaller, compared to those in Eq. (7), since they
involve light to heavy mixings as well as light-
light rnixings.

The light-particle sector is completed by ad-
joining the following extra Higgs multiplets:
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P &„with (C,"~c) 0 0 and C „8with (C ~") c 0. The
latter contributes to the mass matrix for down
quarks whereas the former contributes to the up-
quark masses.

Finally, we envision that the grand unification
symmetry SU(5+m) (for m generations) will break
down to SU(5) x SU(m)„at some mass scale higher
than 10"GeV by a Higgs multiplet of type C 8.
Then, as we go below the mass scale of 10"GeV,
SU(5) symmetry breaks down to SU(3)c x SU(2)~
x V(1). The next important mass scale is around
10' TeV, where the horizontal symmetry SU(m)„
is completely broken down. 'The heavy-fermion
mass (- TeV) constitute the next level in the mass

hierarchy.
In summary, we have presented a new approach

to SU(N) grand unification based on economy and

the requirement of asymptotic freedom for gauge
couplings, which embeds a horizontal gauge sym-
metry. This enables us to limit theoretically the
number of light-fermion generations to four and
leads a set of new fermion with masses in the TeV
range.
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coupling constant allow a much larger number of light
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