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We show that the effective-potential approach may be used to calculate the quantum-corrected mass of

the one-soliton solution of the sine-Gordon theory in 1 + 1 dimensions.

Nonlinear theories have been the subject of ex-
tensive investigations in the context of soliton and
instanton solutions.?® One of the most thoroughly
investigated theories is the sine-Gordon theory

in 1+1 dimensions.? Within an analytical frame-

work, N-soliton solutions for this model have
been found, the equivalence with the Thirring
model shown,® and the quantum-corrected mass
of the soliton computed,? etc.

The quantization of the sine-Gordon theory in
1+ 1 dimensions has been carried out in a quali-
fied sense by Dashen, Hasslacher, and Neveu*
(hereafter referred to as DHN). They have cal-
culated the quantum corrections to the masses
of the soliton states. In this note, we suggest
an alternate method to calculate these quantum
corrections and show that to order 7%, the results
we obtain are identical to those obtained by DHN.

The possibility of employing the effective-po-
tential approach to calculate quantum corrections
was suggested earlier.® We have used this ap-
proach to calculate quantum corrections to the
soliton mass. The Lagrangian for the sine-
Gordon theory is
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For this Lagrangian, the vacuums are ¢,=0,n7
(=1,2,...), the one-soliton solution is
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and the classical mass of the soliton is
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For calculating the quantum corrections to the
mass of the soliton, we need the effective po-
tential. For the case when ¢ is a constant, i.e.,
¢ =¢,, this is straightforward, and V., to one
loop, turns out to be®
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where A is a cutoff and we have used c=1,

We shall use ¢ =¢, in calculating E(¢,). We as-
sume that the above expression for V; can also

be used for ¢, deferring for the moment to com-
ment upon this. Before using this V;, we need

to renormalize the Lagrangian. We add a counter-
term of the form A[cos(VX /m)¢$ — 1] and demand
V" ($)| p=o=m* whence

)= 40,0+ 2 cos((-9) - 1]
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For VA /m small, it is now straightforward to see
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that quantum effects manifest themselves through
the “scaling”

m* m* m?i

x X Ter ‘ (6)
We then obtain the quantum-corrected one-soliton
mass (to order 7#) using the above scaling, i.e.,
8m3/A~8m3/A —m /7 in agreement with the re-
sults of DHN.

We now comment on the assumption that the
effective potential in Eq. (4) may also be used for
¢s(x). It seems that, in effect, it is equivalent
to the assumption that the effective action is a
local functional of ¢(x), i.e., it depends on ¢ (x)
but not its derivatives. This is apparent from

the approach of Salam and Strathdee® for the cal-
culation of the effective potential, which leads

to the same differential equation for V for the
cases ¢ = constant, and ¢ = ¢(x) with the restriction
of locality on V. We conclude by pointing out
that while the method of DHN for the sine-Gordon
theory in 1+1 dimensions leads to results which
may well be exact,? the above calculation of the
mass of the soliton is true only to order 7#Z. How-
ever, it seems that in theories where to order %
the assumption that the effective action is a
local functional of the fields is valid, the ef-
fective-potential approach provides a simpler
alternative to other approaches.
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