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We argue that, in a gauge field theory defined in a finite-volume box, some set of constraints should be .
imposed on the surface fields in order to get the proper equations of motion of the fields on the surface. For
the pure SU(2) gauge theory we present four such sets. Each one of them predicts a different consistent
theory, in which the ambiguity in 4, is removed, and all the constraints become an identity of the theory.
In each one of these theories some of the total electric and/or magnetic charges vanish identically. We
realize these constraints and “Gauss’s law” (7§ = 0) in a remodified axial gauge: 9;4; = 0. Such an analysis
and procedure can be done similarly for other gauge theories and/or other gauges.

1. INTRODUCTION

In the last few years, the interest in non-Ab-
elian gauge theories has grown steadily. The
hope is that such a theory would appear to be a
good model for the strong interaction® as an un-
broken one and for the weak interaction® as a
broken one. The curious point in this hope is
that these theories are, nowadays, not completely
understood and will be only through hard work.

In this paper we would like to clear up the situa-
tion slightly concerning the ambiugity of unbroken
gauge theories.®* The source of the ambiguity

in these gauge theories is that they are defined
by fields A{ and their conjugate momenta 7¢ which
are not physically observable, and only some
combinations of them have physical meanings.

As a result of this situation nonphysical operators
and states appear in many ways and produce
many uncertainties about the validity of the cal-
culation and interpretation® of the predictions of
these theories (in the cases where some kind of
predictions are possible). When the conventional
Lagrangian or Hamiltonian formalism with the
Poisson brackets (1.1) is used, the ambiguity
problem presents itself by the vanishing of the

7§ and the appearance of a local constrained op-
eration 72 (7,A)=0. This is the non-Abelian ver-
sion of Gauss’s law, which ensures that 72 will
remain zero. Both constraints are in contradic-
tion with (1.1):

ALE 1), mF, O} =08 @ -T). 1.1)
The conventional way of handling this embarrass-
ing situation is to use Gauss’s law to gauge away
some combination of the fields {4 %}¢ (e.g., axial
gauge, Coulomb gauge). In this way Gauss’s law
becomies solvable for the vanishing fields! con-
jugate momenta {r%}°, and thus instead of being
a constraint on the theory it becomes an identity.
The fields A should be solved now from the equa-
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tions {49}°=0 and expressed by the remaining
fields. Such a procedure should lead to a well-
defined theory, presented by a set of fields ({A';}
-{A%% ~ A9 and their canonical conjugate mo-
menta, which are not subject to any kind of con-
straints. In this way the contradiction between
(1.1) and the two rules m,=0, ﬁo(ﬁ,K)=O disappears.
Anyhow, it seems now that the second step in this
procedure, namely the expression of A in terms
of other fields, is not complete and leaves some
dynamical degrees of freedom in A%.®* Taking into
account that 7 is zero identically, the contradic-
tion with (1.1) thus remains. This situation is
most confusing, and may lead to all kinds of un-
reliable theories and predictions, arising from the
contribution of nonphysical states.*

In order to improve this situation, one should
find a way to define Aj completely in a way con-
sistent with the whole theory. At this point, we
leave for a moment this Aj-ambiguity problem
and turn our attention to another embarrassing
problem in these theories.

Taking a conventional field theory described
by a set of fields ¢* and their canonical conjugate
momenta 7¢, in a box of volume (2L)?, the Hamil-
tonian contains the kinetic energy term
1 [(8,6'? dv, and thus one finds that the ordinary
equations of motion (EOM) of 7' are not satisfied
onthe surface S of the box. Instead, one finds
that 7'(s) is linearly dependent on 8,¢'(s) (the
tangential derivative on the surface). If the
fields ¢! describe a massive particle, one can
neglect this problem if L is taken to be large
enough. Anyhow, considering the problem of un-
broken non-Abelian gauge theories with long-
range forces, which is crucially dependent on the
solutions of the EOM which falls as #™!, this
problem is in no way negligible. It was suggest-
ed® that in these theories this surface problem
should be solved by adding to the theory more
dynamical degrees of freedom on the surface.
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In this way when one introduces some constraints
on the states the proper EOM are produced on
the surface. We will not take this point of view
for the following reasons. First, we do not see
the point in the introduction of new dynamical
degrees of freedom, which do not have any phys-
ical meaning. Second, the sets of constraints
presented there [(6) a-15, (6) c-12] are not self-
consistent for finite-volume “bags” unless var-
ious other constraints are satisfied; in particular,
E (s)=0. However, we cannot find any justifica-
tion for such “universal” forces. In the follow-
ing, we present four new types of bags, free from
such restrictive conditions.

In this paper we suggest that in order to get
the proper EOM on the surface the fields K“(s)
and their conjugate momenta 7%(s) should be sub-
ject to some set of constraints; these constraints,
like Gauss’s law, should be realized and become
identities of the theory. We present in Sec. II,
for example, four different sets of this kind, for
the pure local gauge theory of SU(2). Each one
implies some kind of constraints on A j(s) which
exactly removes the ambiguity which is left
after the realization of Gauss’s law. In this way
each set of constraints can be used to define a
proper quantized gauge theory in a box of finite
volume (2L)3. The problem of presenting these
constraints in an open space where L - = is left
to further publications.

Defining the total electric and magnetic charges
as Qp= /B +dS, Qz= /B +dS, the four theories
are characterized as follows (a=1,2,3):

Theory I: Q%=@%=0,
Theory II: Q%=Q%=0,
Theory II: Q%=0,

Theory IV: Q5=Q%=0%=0.

It is not clear to us whether each set of con-
straints leads to a different actual physical
prediction (e.g., confinement, spectra, scatter-
ing, amplitudes, etc.). Neither is it clear whether
other sets of constraints are needed in order to
describe some physical environments. In any
case, one should go on investigating these prob-
lems and try to learn the physics which these
theories predict.

In order to realize these theories we present
in Sec. III a modified axial gauge defined by
(1.2):

8A2=0 (a=1,2,3). (1.2)
It is necessary to define this gauge, as we find
the commonly used axial gauge” A,=0 too restric-

tive and not well defined.

In Sec. IV we realize Gauss’s law and the sur-
face constraints. The theory is thus well defined,
leaving aside the order problem, and we can
quantize.

That is done by replacing the Poisson brackets
between the canonical variables by commutation
relations in Sec. V.

As was mentioned above, we do not include
fermions or scalars in our discussion. This
procedure can be carried out with them in a sim-
ilar fashion, by enlarging the set of constraints
in a proper way. In environments such as the MIT
bag theory, where the fermion’s currents vanish
on the surface, such an enlargement is trivial
and our sets of constraints are sufficient for this
purpose.

We reserve a last comment for the problem of
the Hamiltonian which naively seems to imply
an infinite energy.®! We do not think that this prob-
lem is a consequence of the A ; ambiguity only,
and this should not motivate the identification of
A,.° Moreover, such an approach does not re-
move the infinite energies, which are of local
nature. It seems to us that the correct approach
to this problem should be similar to that in QED,
namely to find the solution with finite energy and
forget about all others.

II. SURFACE CONSTRAINTS

The common Lagrangian density which is used
to describe pure non-Abelian SU(2) gauge theory
is

= P8 F*e=_3Tr(F, F*), (2.1)
Fe,=08,A%-8,A% +ge™ALAC, 2.2)
F,,=371F% =0,A,-8,A,—iglA,,A,l

[a is an isospin index, (, v, are Lorentz in-
dices, and T%(a=1,2, 3) are Pauli matrices.] The
conjugate momenta of the A fields are
8L = —a a a a_1 a
age =T Fo= — Ej (BE=2€;,F), (2.3)
j
3L

b v
8h¢

=73=0 (2.4)

' where the presence of too many degrees of free-

dom reflects itself in the vanishing 73.

In order to continue with a Hamiltonian quanti-
zation procedure, one has to define the equal-time
nonvanishing Poisson brackets of the theory to be
given by (1.1). The contradiction between (2.4)
and (1.1) for 7° should be resolved by expressing
A, explicitly in terms of other fields, and elim-
inating both A, and 7, from the theory as indepen-



dent degrees of freedom. The Hamiltonian of a
theory, defined in a finite box of volume (2L)3,
is given by

fd3 (37 7o+ 3B s Bo+ AL(V * T+ g€?7° « Re)]
14

-de-F“Ag. (2.5)

The equations of motion (EOM) are derived from
the Hamiltonian (2.5) by using the (1.1) Poisson
bracket. Inside the box one gets the EOM (2.6),
(2.7):

2{;‘71{}:-77"-5‘40*'7:6’[‘40:;‘]9 (2.6)
e={f*, H}
= - VX B+ g€t A+ gt B X A°, 2.7

Ape Ple

The operator 7, should vanish for all times;
hence one gets the SU(2) Gauss’s law constraints.
Inside the box one gets the constraints

To={mo, Hy= —ig[T, A)+¥ 7. (2.8)

(As {A¢, 7% =0 for i#j, the brackets [A 1r] are
well defmed and are equal to €®°1T9AY+7°,) In-
]

21 QUANTIZATION OF GAUGE THEORIES IN A FINITE VOLUME... 2355

side the box (2.6), (2.7) are the proper EOM
and (2.8) is the proper Gauss’s law constraint,
which together define a Yang-Mills gauge theory.

The contradiction between (2.8) and (1.1) is re-
solved by realization of Gauss’s law. That will
be done in Sec. III.

Contrary to the proper EOM for A 7, and the
m,=0 constraints given by (2.6), (2.7), (2.8),
which are obtained inside the box, the resulting
EOM [obtained from (2.6) and (1.1)] for m,(S)

[the parallel to the surface components of 7(S)]
and the constraints 7,(S) are different from (2.7)
and (2.8) and thus are wrong.

In the following we will discuss the situation
on two facing sides of the box, a surface we de-
noted by S,. The two faces S; are defined by
{x,=+L|St>X}. The following discussion is valid
also for the other axes of the box (surfaces S,
and S,). In these cases, instead of the third space
direction, each time one should take the normal
direction to the surface, and instead of the first
and second space directions, the analog parallel
directions to the surface should be taken.

The resulting EOM for 7 (X*) [we denote the
surface points (X, X,, L) by Xt); @=1,2] and
the constraints m,(X*) are given by

1(2,(X )= ("‘)(*)f A7 AL G5, "1(2>(X*)}Bzu) y )(i)_/ A4, T3), ey XL)B )

=(+++) (£) B,,(X2)5(0),
#eXE) = (- +) 2 18(X%)5(0) .

[The three dots in (2.9) and (2.10) represent the
correct EOM of 7%(X%) and the #3(X%)=0 con-
straint, as they appear in (2.7) and (2.8), corres-
pondingly.] It is seen that these are not the proper
EOM and constraint which we get inside the box.
Therefore, we should expect to get these wrong
equations on the surface, as the Hamiltonian in
the box (2.5) does not contain enough information
to treat properly the fields on the surface.

In order to get out from this embarrassing si-
tuation, one should enforce some kind of con-
straints on the surface fields, which will change
this situation. By such a method, some of the
dynamical degrees of freedom are removed from
the theory by these contraints in a way that the
remaining ones form a consistent theory with the
proper EOM.

In the following, we present some sets of such
constraints. Each one of the sets leads to a dif-
ferent environment in which the proper EOM are
obtained from a well-defined Hamiltonian and a
set of Poisson brackets.

In general, it seems that there are basically two
kinds of classes of such constraints. The first

(2.9)
(2.10)

r
contain constraints which enforce the vanishing
of some of the fields, whereas the second contain
constraints which enforce definite relations be-
tween the fields on the surface. In this paper we
will present some simple examples of both these
types, while more sophisticated examples will
hopefully be given in the future.

To begin with we look at six kinds of basic con-
straints which we would like to apply to the fields

_on the surface:

(@) AiXy)=0, mX:)=0,
(82) 9,A%(X%)=0, 8,13(X%)=0,

(b) ARy =4X;), miXy)=m(X7),
(8b) 8,AUX2)=8,A%XS), 8,mAXL)=0,1%X7),
(©) A3X:)=-A3XD), mKy)=-13Xy),

(8c) 8,A%X%) = — 8,A%X2),

(2.11)

3377?(322) == as‘”‘il(i;) .

Each component of the fields will be subject to
different constraints. Nevertheless, in all the
simple examples which will be given below we
demand that the fields A2(X%), A%X:), 79(XL),
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m4(X%) satisfy the same constraints at S, (for
each a index) for each one of the above six con-
straints does not hold on its own. In order to fix
it, one must require that it be a constant of the
theory; thus other constraints arise. In this way
the constraints on different components of the
fields are correlated and subsidiary constraints
arise. In the following, we examine these corre-
lations between the different constraints. First,
we take for simplicity the g =0 theory, and dis-
cuss the three U(1) theories which are obtained.
The time derivatives of 7(X%) and K(i’(f,) in U(1)
gauge theory are given by

T=V(V-A)-v%A,

-

A=T-VA,.

(2.12)
(2.13)

These EOM imply that in order that the constraints
of types (a) or (b) or (c) acting on wa(—).(f,), Aa(')’(f,)
have zero time derivatives, the field A _Q(if,) would
be constrained in the same way and 7,(X%) should
be constrained by (8a), or (8b), or (3c), corre-
spondingly.

Furthermore, one finds that the time derivative
of the above constraint on ns(if,), namely, (3a),
or Lab), or (Bc)z. vanishes if the fields A ,(X%),
To(X%), and A (X%) are constrained by (9%a), or
(8%b), or (8%c) types of constraints, corresponding-
ly. Continuing in this way, one concludes that
six proper self-consistent sets of constraints on
the two sets of fields {A ,(X2), 7,(X%),4,(X%);
A (XE), 1,(X,} are

1) {aszma; 8;,”"*a},,
(2) {8,""p; 8,*" '},
(3) {85*"c; 82+l
(4) {o*m1q; 8*a}, ,
(5) {8°™+'b; 8°"b},, ,
(6) {82™*1c; 92mc], .

[Each set is constructed from two different sub-
sets (m is a non-negative integer), and when one
operator of the first subset is acting on one of the
fields A ,(X2), 7,(X%), A4X2), it should vanish.
Similarly, when one operator of the second sub-
set is acting on the fields A4(X%), 7,(X%), it should
vanish. ]

Turning back now to the wrong EOM of na(—if,),
my(X,), we see that a theory constrained by the
above (1) or (2) set of constraints will predict
the correct EOM on the surface. Each one of the
other sets of constraints is not sufficient for this
purpose. Thus the second (4) and the fifth (5) sets
together, and the third (3) and the sixth (6) to-
gether, predict the correct EOM. Hence in U(1)
gauge theory each one of the following four sets

(2.14)

TABLE 1. Definition of four SU(2) gauge theories, by
the constraints that each one of the isospins index fields
satisfies.

Field of isospin index 1 2 3
Theory I (2.15d) "~ (2.15d) (2.15c)
Theory 1L (2.15¢) (2.15¢) (2.15¢)
Theory III (2.15b) (2.15b) (2.15b)
Theory IV (2.15b)  (2.15a)  (2.15a)

of constraints which vanish on the two sets of
fields: {4 ,(R%), 7,(2),4,(R8);4,(%s), 7,2} is
sufficient to ensure that the proper EOM will be
obtained on the surface

{o2mq; 92meiq} | (2.15a)
{82m+1q; 82mg} | (2.15b)
{o™p; o™}, (2.15¢)
{omc; amcl . (2.15d)

Turning back to an SU(2) gauge theory with g#0,
we find that only four different theories can be
defined by the (2.15) kind of constraints, re-
garding EOM with g#0 [Egs. (2.6), (2.7)].

In each one of these theories the fields satisfy
the proper EOM given by (2.6), (2.7), and the
Gauss’s law constraint given by (2.8) in the whole
box. Each one of the theories is subject to a dif-
ferent set of constraints. These theories are de-
fined in Table I, where in each column the con-
straints on one of the isospin index fields are
given.

As A, should be solved from a second-order
differential equation, the ambiguity which is left
in its identification would be eliminated in each
one of these constrained theories. Hence we ex-
pect that in each one of these four theories, A,
does not suffer from any ambiguity. We will not
give a full proof of it, but will show it explicitly
in a specific gauge, namely the modified axial
gauge “8,4,=0.” This is done in Sec, IV for
each one of these four theories, where in Sec. III
we present this modified axial gauge. It should
be noted that each theory given above describes
a different physical environment in a finite volume
of dimension (2L)3. At this stage it is not clear
to us if the limiting theories (L -~ «) are physically
equivalent concerning actual problems. It should
be clear that it might not be the case and only part
of them might be correlated with experiments
(spectra, scattering amplitudes, etc.). Hence one
should find principally all the possible kinds of
constraints and then choose the proper ones ac-
cording to their physical predictions.
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III. MODIFIED AXIAL GAUGE: 0;4;=0

The main task of this paper is to get in a box
of volume (2L)® a quantized Yang-Mills field theory
defined by an Hamiltonian which is constructed
from a set of free canonical dynamical variables
with well-defined Poisson brackets. The word
“free” in the last sentence means that the set of
the dynamical variables is not subject to any kind
of constraint. In order to present a gauge theory
in this way, one has to fix 7, and Gauss’s law to
be operationally identically zero. - The common
way of doing it is by using all the local constraints
of Gauss’s law to generate a specific gauge trans-
formation. In this way one eliminates some com-
ponents of A from the theory (e.g., Ay, A;), solves
Gauss’s law for its conjugate momenta (e.g., 7,
m,), and stops treating them as canonical vari-
ables. In this way Gauss’s law becomes an iden-
tity, and is in no way in conflict with the Poisson
brackets of the remaining free dynamical vari-
ables. The field A, should be solved now from
the EOM of the vanishing A field, and T,=0 is
consistent with (1.1). (For excellent consistent
review of this procedure, see Regge et al., in
Ref. 5.) It is far from being trivial to prove that
all field configurations can be transformed in
this way to one specific gauge. Thus we take the
following approach., If Gauss’s law can be solved
for some component of 7 when its canonical con-
jugate field is determined to be zero, the result-
ing gauge is a consistent one. In such a theory
the inconsistency between (1.1) and (2.8) is re-
solved, and A, can be solved apart from the am-
biguity mentioned above. A proof that all such
formally different gauge theories are physically
equivalent is still most desirable.

In this paper we choose to work in a modified
axial gauge 9;A,=0. We choose the 8;A4,=0 gauge
instead of the usual axial gauge’ A, =0 because
Gauss’s law is not solvable for the constant part
of 7,(X), denoted by °r,(X,). Thus there is no way
to gauge A, to zero. Moreover, a theory with
A,=0 and independent constant part of 7, contains
explicit contradiction to the Poisson bracket
(1.1)—solving it by elimination of °7T3(§.,) is not
trivial as °7,(X,) interacts with the other fields.

In the 8,A4,=0 space, A, is a function of -).(a

J

- X -~ +L - ~
Ay(X) =e“’°43{ 15Xy + 57 Qs+ 2 f (0K, X2)| X, - X} | + 2T (X, - X2)dx2]+ V}e"‘oAaxs .
-L

It is seen that although Gauss’s law was solved
and becomes an operator identity, A, given by
(3.8) is not completely solved and some part of
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_only, and we will denote it by °4,. The differen-
tial equation for =, is

B3T3 = Py + ig["a’ oAa] ’
where
Py=—8,T,+ig[m,, A,]. 3.1)

Defining for each matrix operation @ =@%37° an
operator @ by

Q=e*ie043X30mie04sXs

Gauss’s law can be written as in (3.2),

8,y =D, . (3.2)
Hence

7y (%) =013 (% )+ mm By (R )
3 3\ 2L 3(1) o

+L =

o Feronsin &, x)
-L
X (3'"0"3"5*6(963 - x2)dx},
(3.3)

"3(3’() - e-(:°A3x3;r3 (i)e¢ie°Aax3

-~ - L -
(Qli(l)(xa):fL X3p5(X 45 Xé)dx;;)

[see the definition of the operators °Q, *@ in
(4.1)]. At this stage °4, and °7, are the only in-
dependent degrees of freedom which were left
from A,, m,;, and the only nonvanishing equal-time
Poisson brackets for °n ¢ are

{PAsR), = 00X -T0). (3.9)

After solving Gauss’s law, we now solve A, by
the EOM of A,:

my=Ag+ 0,4, —ig[A,, %A,]. (8.5)
Thus

g =/i3+e“’°“‘3x3(83A0)e“"°‘43x3 . (3.6)
Hence

To=T+08,A, 3.7

where T is a constant matrix. The solution for
A, is :

(3.8)

r
it 7, V, remain as independent operators.

It should be noticed that the physical reason for
this situation is that the number of constraints
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given by m,=0 is greater than the number of the
constraints needed to fix 7, in time, namely, the
Gauss’s law m,=0. This is seen most easily by
counting the number of degrees of freedom which
are frozen by these two different laws, on a fin-
ite lattice.

The ambiguity which is left in A reflects itself
in many ways. For example, the Poisson bracket
{A,, m,} does not vanish, although 7° is zero. This
specific problem can be resolved by constraining
the so-called “physical states.” Nevertheless,
the unphysical states manifest themselves in other
ways. One of the most important ones seems to
be the unphysical singularities which appear in
the field propagator in some gauges. The inter-
pretation of this situation is far from clear. All
kinds of speculation about confinement,* etc,
which rely on it, stand on shaky ground as the
role of unphysical states in such an ambiguous
theory is not understood yet.

Hence it seems to us that in order to get a con-
sistent theory, one should try to get rid of the
constraints on the states, and A, should be solved
completely, even if that means specifying the
environment in which the theory is defined.

Turning back to our expression (3.8) for A, we
see that A is already quite solved. The remaining
degrees of freedom T and V represent the freedom
of A, on the two surfaces X,=+L. Hence it seems
that one has to look for other kinds of constraints
besides Gauss’s law, which should hold on the
surface and fix A, completely. In our opinion the
starting point of this search should be whether
or not the proper EOM can be obtained on the
surface. It seems to us that the four theories
which were defined in Sec. II are good examples
of how to solve this problem as they define A,
completely and predict the proper EOM.

IV. FOUR SU(2) GAUGE THEORIES IN -
THE 9;43 =0 GAUGE

In this section we realize Gauss’s law by gaug-

ing the field A4(X) to 8;4,=0 and solving 7, and

A, in the four theories defined in Sec. III. As it
appears, we can use the constraints on the surface
in each theory in order to rotate A3(—)Za) to be
Ag(ia)é'ﬁ 513&“). To simplify the notation we
will define the two operators °Q(3’(a), *Q(i) for
each local operator Q(i) in the following way:

QRX)=*X)+QX,),

(4.1)
QR )= fw &..X.)d
Q o= 5T 'LQ arX3)%X3,

+L .
=’f *Q(X o, X5)dX; =0
-L

In the same manner we define the two operators
*0/*Q(X), °°/*Q(X) for the operators °/*Q(X):

o/ *Q(i) = *,0/*Q(§)+ 0,0/ *Q(X,, X,),
(4.2)

y 0/ %

1 +L - ,
"0Qu, X)=gr [ e axy,

L
=>f dx, *v"/*Q(X):O.
~L

A. Theory I

Beginning with the theory I, defined by the con-
straints [Eqgs. (2.15a)—(2.15d)] in the 8,4,=0
gauge, we first solve Gauss’s law for m,. In this
theory °A3(§a) does not vanish in the third iso-
spin direction only the other two components
0A;“(_)'(m) and their conjugate momenta are elim-
inated by the surface constraints. The field 7,
is given by (4.3), (4.4):

- - 1 -
772<X) = Oﬁg(xrx) + 2_1: Qg(l)(xa)
+ [ p3EYex, - Xp)axs, (@.3)

”;('i): f eigzs(xg-xg) psg(il)e-igz3(x§-x3)

X €(X, - X)X (QE=37'Q"+1r°Q7),
(4.4)
where @3,, are defined by (4.5):

QR = [ PR, X,)X0dx, 4.5)
Atthis stage one has to take care that the condition
Ty(X g5t L) =73(X o~ L) be satisfied. That implies
the constraint

pS(X,, %,)dx, =0 . : 4.8)
The other two constraints 74X, + L) = — 12(X, ~L)
are satisfied identically.
In order to realize the constraint (4.6) we gauge
°A3(X,) t0 5,°43=0, and then solve (4.6) for its
conjugate momenta °r3(X,) in (4.7):

- 1
o1y (Xq) = °'°ng+2—LQ§'2(1)

+f°p§,2(x1, x})€(x, — x4)dx}, 4.7)
%, (X )= - [ (03 [1%, 45 1+ (18 AR, X, )3

= — (°13+ [n¥, A%+ (g, AS]) . (4.8)
The operator @ ,.,, is defined by (4.9):

Qg,z(z)(xn)=f opa,z(xu xz)x; dx, . (4.9)
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The field %A} is given now by %A} and satisfies
8,’A3=0. (4.10)

Continuing this procedure, we have to employ
the conditions °n3(X,, X,=L)="13(X,, X, =~ L),
which results in the condition

f opg,z(xv %,)d%,=0. (4.11)

The realization of (4.11) is achieved by gauging
away the operator 8,%°A3(X,) [Eq. (4.13)] and
solving for its conjugate momenta (4.12):

00 s(x )= 000 ZL Qs 2(1)

+ f ©py 5, 1(x)E(x, — x7)dx],
(4.12)

o'opg,z,l(x1)= - f °([ngAf]- (72, A8)(x,, x,)dx,

Qg,Z.l(x) == oopg.z.l(xl)x dx,, 9,"°A}(x,)=0.

(4.13)

To ensure the last constraint >°r}(X,=L)
=%%3%(X,=— L), one has to realize also the global
condition (4.14) which is the last one in this
theory,

e"‘Z3L[%Léf‘(§a) _ %QA?l)(ia)*' Vf(-).(a)]e*“z3L= -

V'X,)= - %@f” tan(gA,L) - :L§*X,),

VA(X,)= Q0 tan(gd L) - 3LQ*(X,) ( §oy= [ erteRunapl(®,, xy)e oA dx3>-

We solve now for A, The differential equation
which defines it is
m=A3+9,A3. (4.19)

Before solving the above equation we would like to
use the surface constraint. We integrate (4.19)
over X, from —L to + L and employ the condition
A3X,, + L)=A3X,, - L) to get the more definitive
equation (4.20) for A,

(%) - °m3(X) = 8, A3(X). (4.20)
The solution to (4.20) is given by (4.21); it defines
*A %
a3@=1 [ ot (170 58l - F ~2L)ax

X,
+33Q%, - (4.21)

This representation of *A3(X) by (4.21) satisfies
the above conditions on the surface. The freedom
which is left in A}, namely °A3(X,), should be

Q=0 [ 0002, () dx, . (4.19)

Thus, this is a global constraint, and it should
not have explicit effects on the dynamics of the
theory. Thus we leave it as a constraint on the
states which should have zero global electric
charge in the third isospin direction. After
realizing Gauss’s law and all the local boundary
constraints, we are going to solve for the A, op-
erator. We begin with the two isospin components
1,2. As AJ vanishes identically, the differential
equation for A§ is

m¥X)=0,A5 +ig[AS,4,]. (4.15)

The solution for A is given by

ASGR) = expl-igAmy) (4 [ 080 Xl - 5 laxy

+ VE.(S’(Q)) exp(+ ighX;) .
(4.16)

As we claim, Gauss’ 's law leaves in Ag, the un-
defined operator V“(X ), which should be fixed
now by the surface constramtA“(X +L)

= —A“(Xa, ~L). This constraint is given now by
(4.17) and has the solution (4.18):

e AL G )+ 395, + VEX,)]e o4k (4.17)

(4.18)

I
solved through the EOM of °AJ and °°A}.
The gauging of °A] [(4.10)] implies

or3=043+ 8,043 + ig°[A%,AT]. (4.22)
We integrate (4.22) over X, from —L to L and
using the boundary constraint °A3(X,,+ L)
=%43(X;, - L) to get the more definitive differential
equation for °A3:

01T3 0,0 3_a A3+1g* O[AO,A ] (4.23)

With the solution for *:°A3,
L x3
woaz=t f 0300, 1) (1% - -5 - 25 )ax
X
+ﬁ Qg,z(x)

—zgf 45,451 (Xl,Xé){e(X X))+ ]dX’

(4.24)
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The remaining freedom of A3 at this stage is
%9 A3 which should be solved from the EOM of
0043,

Applying the boundary condition °°A3(X,= L)
=0043(X, =— L) we get

O'Oﬂ'f()ﬂ) 0,0,0 3 30 0A3 +ig*'°'°[A§,A1g] .
(4.25)

The solution for *'°A7 is then given by
0= 2 3,2,1\41 1 4 5 =57 )
X
+§2Q§,2,1(1)
%,0,0 o o
_igf [AE,AE](x )(€(X X’)“"—‘L)dX’

(4.26)
The complete solution for A} is given by
AR) =*A3(X) + * AR ) + MO PA(X,) + M.

As we claim, the realization of Gauss’s law plus
the surface constraints determines A, completely,
and in a consistent way. We left one global con-
straint as a symmetry of the theory, without real-
ization and thus A, contains one global undefined
operator M® and the physical states are subject to
the constraints Q%=0. We will discuss this global
symmetry in a future paper. Nevertheless, we do
not expect it to influence the dynamics of the the-
ory.

(4.27)

B. Theory I

In theory II which is constrained by the set
(2.15¢) all the components of °A,(X,) do not vanish.
We use these surface constraints to generate an
additional X, independent rotation which rotates
°4,(X,) to the third axis. Thus A,X,) =4, and the
solution for 7, is given by

- 1
&)= "13(%a) + 5T @0

+ f P3(X o, X5)e (x5 = x5)dXE. (4.28)

The condition 74X, + L) =m,X
jpg(;{w Xs) dx;=0

It is the same condition as (4.6) in the first theory
and we solve it in the same manner with Egs.
(4.7), (4.10), and (4 12)-(4. 14) The conjugate 7§
are given by

o+ — L) implies that

(4.29)

15 @ =355 (n5 ¢ [ PR, e lry— xdrt)e-i R

(4.30)
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The constraint 73X, + L) = 75X, — L) determines
Oni= 2Q3 cot(gAiL),
oni= —1Q2cot( gASL).

(4.31)

Solving A,, we begin with A§, which is defined
by the EOM of Af:

my =0.A5 +iglAg, Al (4.32)
The solution to (4.32) is given by
A5 =e s} [ P,y w1y = il
+ 73 ®e) X+ V (igt)>e+“zs"3 . (433

The surface condition implies that AZ(X,, — L)
—A“(Xa,+L) i.e.,

RS (5 LGS -
=t AL GLQS + 3Q5q, = my L+ Ve AL
(4.34)

This equation defines V* uniquely, with the solu-
tion given by

Vi(X,) =—3[L+cot’(gAL)] Qs
+3@3(,) cotlgAL),

V3(X,) = - 3[L+cot®(gA3L)] {2
-4Q}() cot(gA3L).

The operator A3 is, again solved in the same
manner as in the theory I and is thus given by
(4.21), (4.24), (4.26), and (4.27).

=\ + A L
2Q3(1)+ 1r3L+ Vv )e is

(4.35)

C. Theory III

Theory I is defined by the set of conditions
[Eq. (2.15b)], It is the only one which belongs also
to the A;=0 gauge theory. We will not discuss here
whether the A,=0 gauge theory implies as a rule
the whole set of constraints (2.15b) or whether
some other set of constraints will do. Neverthe-
less, the following solution, the set (2.15b), is rel-
evant also to the conventional axial gauge theory.
The solution for 7, in theory II is given by

138 = [ 0 (Res Xe(X 2. (4.36)

The constraint 7,(X,, + L) =0 implies the constraint
%4(&,) =0. (4.37)

In order to realize the constraint (4.37), we gauge
%A ('i ) to be zero [takmg into account the bound-
ary condition at Xa (X,,+L)] and solve for nz(X ):

°4,=0, (4.38)

a8 = [ %, e (- X (4.39)
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As m,(X;,+ L)=0, we get the new constraint

0,0

P3,2=0. (4.40)

This constraint, with the conditions °°A, (X, = L)
=004 (X, =~ L) and %7, (X, = L) =7, (X, == L), are
realized by gauging away °’°A1(X ) and solving for
(4.41) and (4.42):

%04, =0, | (4.41)
oom ()= [ 0%, (e G ). (4.42)

The above constraint 7, (X, = L) =", (X, =— L)

implies also the global condition
QE=0_ooop32 1 . (4.43)

As for the other theories we are not going to
realize these three global constraints and leave
them as harmless constraints on the states, which
should not influence the dynamics of the theory.
The equation and solution for *4,, after the reali-
zation of the Gauss’s law constraints, is given by

T3=05*A,, (4.44)
4.44

L /

*A, ‘“_[P(iwxs)qxs x3) = 3 ;2)dxs-

The realization of (4.37) implies Eq. (4.45) for
*:OAO:

omy = 8% °A +ig°[*A,, *4,]. (4.45)
Thus the solution for *:°4,(X) is given by

*0A (% V=L 0 ’ n_L x ’
A(xa)—z Pa,z(xuxz) lxz_le‘ “3L d

—igf o[*A,, *A, N(x,, x5) (e (o, = x5) + )dx2 .

(4.46)

The remaining freedom of A,, namely °°4,, should
be solved from the vanishing EOM of %°4; given
by (4.47), with the solution to °°A  given by (4.48):

0407, (x,) =8,°°A, +ig"°[A,, A, ], (4.47)
0,0 : ’2
°'°Ao(x1)=§f Ps,z.l(x{)<|x1—x{| —% _%)dx{

_igf (0'0[*440: *All(x{)
+ 0.0[*, OAO’ *'OA]_]

X(x{)[fy (% — %)) + ]) dx!+M .
(4.48)

The global operator M should be solved in accor-
dance with the constraint (4.43); we leave it here
as a harmless free operator.

D. Theory IV

The set of constraints of theory IV implies that
A;=0. We will use the surface constraint and ro-
tate Aa(}?a) to be in the third isospin direction only,
where °4;=4,, ("A;=°A%2=0). Thus one should ex-
press 7%(x) completely by the independent vari-
ables of this theory. The solution for 73 is given
by (4.49):

m®) =rilxa) + (1/2D)Q}(R,)
+ f D3 s 2D (xg= ). (4.49)

The boundary constraint at X,=+ L on 8,73, (4.50),
is satisfied as an identity of the theory, as
m(x3=+ L) =A%(xy=% L)=0:

>0
85m3 | yymar = 05(0am3 + 0,13+ [FGAG Dl i =0, (4.50)
The solution for 73(X) is given by

ﬂf(,’{) =e"333x3(°1r?(§a)+ f ﬁg(xa, xh)e (x5 = xg))

X et iehyrs, (4.51)

The conditions on m3(X) is 8,m3(X,, X;=+ L) =0,
which yields the conditions (4.52) in the second
isospin direction;

(€A [A, °n5 x Q5 Rk L)le**#s5)® =0, (4.52)
Equation (4.52) defines °rj in
°mi(Xa) = Q*(x,) cot(gA3L), (4.53)
°m3(Re) = @%(X, ) tan(gASL).
In this way the conjugate momenta to A§ are com-
pletely defined. The condition 7;'(X,,+ L) =0 im-
plies Eq. (4.54) in the first isospin direction:
fertets® Ong + Q7)o ar |0 =0, (4.54)

Substitute the expression (4.53) for °7¢ into (4.54)
and Eq. (4.54) is satisfied automatically.

Going on to solve A,, we begin with A,® which
should satisfy

m=A3+0,A2. (4.55)

Thus AJ should be a solution of (4.56) with T yet
to be defined:

m=T3+8,A5. (4.56)
The solution to (4.56) is given by
A3=1 [ o3 1) Xo - Xslelry

Om3X,+ T3xs+ V3, (4.57)

The boundary condition on Aj in the X;=+ L sur-
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faces is given by (4.58). It defines the operators
T and V which are given by (4.59):

AgRy,x L) =3 f P3(x oy XY (LF x5)dx,

+ T3L+V
=0, (4.58)
Thus

1
wo [ o2 g -,

(4.59)
V&) =3 [ 63 (v, 2Dz,
As A5 =0, the solution for AY is given by
A5@=e 755} [ 52 e Dl = il
+%1%x,+ V“) WLZEN (4.60)

The condition A2(X ,, X,=+ L) =0 defines V® in
(4.62) through (4.61):
A2+ L) =[eF¥ AL (LLO% 5 1§
o\ 2 2% (1)
+ ofrfL + V-"-‘)etigz;;L](?)

=0, _ (4.61)
VEE,) = - 5 LQ"+ (- °r2L+ 3Q%,)) cot(gAL)
V2(®,) = - $LQ°+ (- °miL+3Q},)) tan(g AIL).

The condition on Ay on the X;=+ L boundaries is
given by

0=0,A5

(4.62)

=+ {[A,;, GLRF Q%+ 7gL+V)|}® .  (4.63)

This equation is satisfied automatically with V¢
given by (4.62).

V. QUANTIZATION OF THE FOUR SU(2) GAUGE THEORIES

In this section we pass from the classical theory
to the quantum theory. In the quantized theory we
define all the dependent operators to have the same
expressions as were given in Sec. IV and new com-
utation relations (CR) to replace the Poisson
brackets. Thus we skip the order ambiguity in
this transition.

The new CR between the independent fields and
their conjugate momenta should take into account
the boundaries constraints which were defined
above. Thus the new CR are not the usual canoni-
cal ones. In order to present them in a closed
form we define in Egs. (5.1)—(5.4) some distribu-
tional functions, in the finite space volume - L
Sx;,y;S+L(E=1,2,3):

VE-9)= 2 0%yl =200y -y,)
X 6(x,—y,) @E#j+k=i), (5.1)
6. &-9)=06°&-9)+ V(&X-Y) (5.2)

[the definition of 62(X, — V) and 8i(x — y) are done
in an analogous way],

ol( V) =— [6(x5+yi-2L)+6(xi+yi+2L)]

+6(X -y,). (5.3)

The distribution function 6 4 ;(X;,y;) is defined by
giving all its derivatives in the 1nterva1 -L
< X;,y;< L (mis a non-negative integer):

axi(yi) (X )i ) aX,(y )mé(X =Y )
[( l)m-l] x; (y'
X8(L-y;+x1). (5.4)

The independent fields and their nonvanishing
equal-time CR in the four theories are given below
(neglecting the undefined global operators). The-
ories I and II are presented by the fields

PA3(X,), *A3(X), °°Ad(x,), *AdX),
*1043%(%,), ©00A% A%, (a,B=1,2),

and their conjugate momenta. The nonvanishing,
equal-time CR in these theories are given by

A&, 1) =57 B Ea =T 5 (5.5)
[*A%G), *n{)] = [5:1 G-7)

o 0 G - )]aa,ﬂ, (5.6)

oAz, on] { ) om0,

1 3 (5.7)
prosa, ool (LY,

(A3, * omGa)] = 5 04 FamTa)

(21,)6 (5, -y), (5.8)

[A3®), 78 @)= 63,5 02X ), Theoryl,
(5.9a)
Theory II.

(5.9b)
Theory III. The independent fields are *A?,
*:04¢ and their conjugate momenta. Their non-
vanishing equal-time CR are given by

[A3®), 7% F)]=0%:%. 65X -7),
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\

[*A3 (%), *12(§)] = 6“”’60,1(361’3’1)63,2(’52’3’z)éa.s(xsyy 9>
(5.10)

[*A';(i), *"Z (§)]= 6a'b[6 a,1(x1,y1)50,2(x2:y2)66,3(9‘3;3’ 3)

- (2—1l-)63.1(x1,y1)60.2(x2,y2)] ,
(5.11)

[*'OAg&a)a K Oqrk (§o¢)] = 5a'b[(2_1L'>50,1(x1,y1)6a,z(xz,yz)

- (E%)zﬁo,l(xl,y 1)] .

(5.12)

Theory IV. The independent fields are °A}, A3,
and their conjugate momenta. Their nonvanishing
equal-time CR are given by

- - 1
[°A§(Xa), °"§(ya)] =ﬁ60,1(x1’y1) 50.2(x2’y 2) )
(5.13)

[A2(R), 72(7)]= 00, (x1, ¥1)80,2 (%25 ¥2) 80, 5(¥s,¥ 3) 5
(5.14)

[Aﬁ(i), 71367)]= 50,1(x1sy1)56,2(x2;y2) 60,3(373’3’ 3) ’
(5.15)

[Ai&), Wi(;)] = 50.1("1,3}1)63,2(752,3’2) 53,3(x3;y3) s
(5.16)

[Aé(i), ";(;)] = 5@,1(9(1,3)1)50,2(952,3)2) 63,3(x3.,y 3.
(5.17)

The Hamiltonian of these theories is given by (2.5),
and should be expressed by the free dynamical
variables only. The EOM are obtained then by
computing the CR [H, A%] and [H, 7¢] by using the
CR given above for the independent variables.

The correct EOM [Egs. (2.6)-and (2.7)] are thus
obtained by a straightforward, although tedious,
calculation in all the four theories and in the whole
box.

VL DISCUsSION AND SPECULATION

It is clear that further work is needed. One
should look at other kinds of constraints which

can predict the correct EOM on the surface, and
remove the A, ambiguity. Thus one conclusion
seems to be very likely; not all kinds of solution
for these EOM exist in one theory. As an example
in some theories one cannot introduce one quark
states, and has to consider quark-antiquark states,
or two quark states only. In other theories the in-
stanton is an illegitimate solution and one has to
consider instanton-anti-instanton solutions, etc.
That should reflect itself in computing vacuum-to-
vacuum tunneling amplitudes, etc. It is interesting
to notice that by the boundary conditions the SU(2)
symmetry is broken in theories I and IV. We
learn that in pure non-Abelian gauge theories it is
impossible to take antiperiodical boundary condi-
tions in all the isospin directions., Also, it seems
that in these theories only the MIT bag can be pre-
dicted (theory III) where the outside magnetic
permeabilities y* are taken to be infinity. It is
interesting to learn also that the analogous tech-
nique taking all the dielectric constants €® to be
infinities is forbidden in these theories.

It is clear that much work has to be done in or-
der to learn these theories. Among other prob-
lems one has to find out the propagation of wave
packets in these boxes; to find how their behavior
depends on L, and if some phase transition occurs
in which one theory is changed to another. The
theory in an open space should be a limit of the
theories, where L—, Therefore, it might be that
before reaching this limit some critical value of
L occurs which can help in understanding the con-
finement phenomena and other features of strong
interactions.
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