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The finite-temperature Green’s-function formalism is extended to the case of relativistic rotating systems.
Free scalar, spinor, and electromagnetic Green’s functions for a rotating system are obtained. As an
application of the formalism, the neutrino parity-violating current is calculated. The result agrees with
previous calculations where different methods have been used.

I. INTRODUCTION

Methods of quantum field theory have proved
to be very fruitful in statistical physics problems.
Originally introduced in the framework of non-
relativistic many-body theory,' they were later
extended to relativistic systems and to gauge
theories.? However, these methods as they stand
are not applicable to rotating equilibrium sys-
tems. The purpose of the present paper is to fill
this gap and to extend the finite-temperature
Green’s-function formalism to relativistic ro-
tating systems. A particular application that I
have in mind is to the calculation of macroscopic
parity-violating currents. It has been recently
shown® that intrinsic parity nonconservation for
neutrinos gives rise to equilibrium neutrino and
antineutrino currents in a rotating thermal ra-
diation. The direction of these currents is para-
1lel to the angular velocity vector. It has been
argued that currents of other particles can also
occur as a result of parity-violating weak inter-
actions. The main purpose of this paper is to
develop an adequate formalism for studying such
effects.

The equilibrium current of a spinor field de-
scribed by a field operator ¥(%,¢) is given by

@*®) =Tr{ps*&,1)}. 1)
Here,
J* =1[T, ¥ | (2)

is the current density operator,
p=Cexp[—ﬁ(H—M’~§—2u‘.N,.)] (3)
i
is the statistical operator,

ct =Trexp[— B(I{—ﬁ- - z u.,.N{>]

is the normalization factor, 3=T ', T is the tem-
perature, § is the angular velocity, H and M are

the Hamiltonian and the angular momentum of the

system, respectively, and p; and N; are, res-

pectively, the chemical potential and the number
of particles of the ith particle species. The ex-
pression (3) for the statistical operator in a ro-
tating system has been derived by Landau and
Lifshitz.* However, the argument leading to Eq.
(3) is scattered over the book and is partly based
on a nonrelativistic expression for the energy.
For these reasons, I feel that a brief derivation
is in order here. It is given in Appendix A. In
the following, I assume for simplicity that the
chemical potentials of all particles are equal to
Zero.

In equilibrium the right-hand side of Eq. (1) is
independent of time and we can set £ =0. Intro-
ducing the Matsubara field operator

Y (X, 1) =exp[rH -~ M- 2)]¥(X,0) exp[- 7(H - M- )]
@
and the finite-temperature Green’s function
845X, 713 %, 7o) =Tr{pT 0, (%, 7)) X,, 1)}, (6)
we can rewrite Eq. (1) as
X)) =-Tr{y“8X, 7;X,7 +€) }euro- (6)
Here, T, is the usual ordering operator,
T e (&, 7)) 05Xy, 7o) =0 (X 1, 7)) B (X,, 7,) for 7,>7,
and
T, 9o(X,, 7)) 9p(X,, 75)
==Y (X,, T,) Vo X,, 7)) for 1,<7,,

the trace in Eq. (6) is taken with respect to spi-
nor indices, and the limit € —0 is taken symmetri-
cally for € —~+0 and € —-0.

The diagram technique for the calculation of the
Green’s function 8 can be derived in the usual
way."? Using the standard argument, Eq. (5) can
be transformed to

Sas(iu 713X, To)
=T, 9, &, 7)) Xy, 7,) UB) ) (UB) )™
=(T, d)a(iu ) as(ﬁzy 75) U(B)>o, conns (7
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where

U@p) =1 +i%—§£[3- . -J‘Bdrl- <o dr,T,

n=1

x {H;(1))+ - Hi(1,)}, (8)

(o )o=Tr{py-+-}, ( (9)
p, =exp[-BH, - M, - 8) ]/ Trexp[- BH, -M,- D) ],
(10)

the subscript “conn” means the contribution of
connected diagrams only, H, and 1_\7[0 are the free-
field Hamiltonian and angular momentum, res-
pectively,

H,=H-H,-$- (M -M,) (11)
and
H, (7 :eﬂHo‘ﬁo'n)H‘e“f(Ho-ﬁo'ﬁ) . (12)

It should be noted that in some important cases
(e.g., spinor electrodynamics) the angular mo-
mentum operator M coincides with its free-field
form M, and thus H; =H-H,.

The rules of diagram technique in coordinate
space are the same as those for a nonrotating
system, the only difference being that in the free-
particle Green’s functions

saB(iu Tl;iz’ TZ) =<Tr¢e&u Tl) 58(;{2: 72) >0 ’ (13)

etc., the averaging is taken using the statistical
operator p, given by Eq. (10), rather than e®#o/
Tre®Ho,

In this paper, I shall calculate the Green’s func-
tions for free scalar, spinor, and electromag-
netic fields in coordinate and momentum repre-
sentations. As an application of the formalism,
the neutrino parity-violating current will be cal-
culated. The result agrees with Ref. 3 where
the neutrino current has been found using dif-
ferent methods. The equilibrium currents of in-
teracting fields will be discussed elsewhere.

II. FINITE-TEMPERATURE GREEN’S FUNCTIONS
IN A ROTATING SYSTEM

A. Scalar field

The field operator of a scalar field of mass u
satisfies the Klein-Gordon equation

D(iu Tl;iz, Tz) =<VT111) (iu )Y (-izs Tz))o
+1

o ’0 nwm
=Zf de dp
m B -8 n

wm

n«:m
e-T(w- ma) wwpm(il) lpz’m(iZH n
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@7{37?7577535?'5?2*“2)“""’”=°’
(14)

where (v, ¢,2) are the cylindrical coordinates and

I use the system of units in which Z=c =k =1 (& is

the Boltzmann constant). The scalar wave func-

tions with energy w, z component of momentum

p, and z component of angular momentum  are

given by

VupmX) €” iwt=g =32y -1y (@ 7)exp(ipz +im¢p —iwt),
(15)

where .

a =(w2 _pz _p_z)UzE(poz __pz) 1/2 . (16)

The functions y,,,(¥) are normalized according
to

S burn® 02 e D 5
- (20) 16,006 ~p) S0~ ), (A7)

where d®x =vdrd¢ dz.
The field operator ¥(X,¢) can be written as

' FEDD f:dwfpodp[awmzpwm(i)e"‘”
m -0

+al,, Vb, et ],

(18)

where a}, »m and a,,, are creation and annihilation
operators,
[awm,aL:’,m:]=5mm.6(p—-p')ﬁ(w—w'). (19)

s . -
Let us choose our z axis in the direction of £.
Then using the relations
7(Ho=M*T) ~T(H = M8 = -7 (w=mQ)
e Ho @ oym€ o @ opm®

5 T (20)
e Ho= Mgt omTHg= ) =t ST(w=m@)
wpm wpm b)

we can write the Matsubara operator (4) as

(X, 7 =Ej: dw f’o dp [awpme-"“"’"md)upm(i)
m =#0

+ameeﬂw-mm¢:pm(§) ] .
(21)

The finite-temperature Green’s function is given
by

) () ) |-

wm

(22)
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Here,
Rym =(eﬂ(w-m0) _1)-1 (23)

is the Bose-Einstein distribution for a rotating
system,® 7=7, —T,, the upper and lower lines in
parentheses correspond to 7,>7, and 7,<7T,, re-
spectively, and I have used the fact that

omOmmt 0@ =D )0(w —w’),
=Ry +1)0,,, 00 =p' )8(w ~w'),
(B pmBat ptm 2o =K@ Ly @ Lo pr ) =0
It is easily seen from Eq. (22) that® for —-3<7<0,
D(7 +8)=D(1) (24)

and thus the function D in the interval - 3<7<8 can
be expanded in a Fourier series as

(@l gty e Do =10

(awmag.p.m,)o

D(%,, 713Xy, Tp) =871 Z e’ D(X,,X,, v,), (25)
n

where v, =2ming"".
be found from

The function DX ,,X,,v,) can

B
D&, %, 0=} [ DR, 7; %, 0)dr
~B

8
=f e'" DX, 7;%,,0)dT. (26)
0

Substituting Eq. (22) in Eq. (26) and integrating
over T, we obtain

DEX,,%X,,v,)

5 j " dw f o dp<ww,,,;(x_l)jm(x )

m © -0
(X ) (x2)>
wpm wpm .

U, tw —m§

27)

In most physical situations, <7 and one can
be interested in calculating the first few terms in
the expansions of physical quantities in powers
of B2 =(#Q/kT). Expanding (v,-w +m&) ' and
(v, +w —mQ) "' in powers of ©, we obtain

PO © dw @ iQ 3
D(X,,%,, v, =-—f —\*A
( 192 n) M V"—wg <Vn'-(.0 a(l)l)
® dw < iQ 9\,
+f Vﬂ+w2 <V’l+w 8¢I)A*,

“ k=0
(28)

where

A= "0 T ) W (X) - (29)
- $0 m

The quantity A can be calculated directly from Eq.
(29) using the cylindrical wave functions (17). This
is done in Appendix B. The result is

A =(4mR) 'sinp R , (30)
where
R=|%, -%,| =lr 2+r,2 - 2v,7,cos(p, - $,)
+(z, —2,)%]2.

Another representation for the Green’s func-
tion D can be obtained if we note that Eq. (28) can
be rewritten in the form

D(X,,%,,v,) = Z (k1)" (

=exp(

Here, D, is the scalar Green’s function for a non-
rotating system which is given by the well-known
expression®

9 ] -
P T)kDo(quz, V)

9V,
9 - =
90, >D (X1, Xy 1) -

(31)

DL, % 5, ) = - @) [ dop o ¥ G-

X(v2-p*-p?)t.  (32)
Noticing that
Q08/0¢, =03(X, X V), (33)

we obtain finally
]
av,

XDy(%,,X,,v,). (34)

DX ,%,,v,) =exp[— i (%, XV,)

B. Spinor field

The spinor field equation in cylindrical co-
ordinates is®

where® °
= (8 1 8 a)
v’ .
<81f racp 9z ) (36)
and
r,=4% ° (37)
0 o,

For neutrinos p =0, and Eq. (35) is supplemented
by the condition!

(1+y%) ¥ (%,¢) =0. : (38)

The primes in Egs. (35), (36), and (38) indicate
that the corresponding quantities are taken in
cylindrical coordinates. Unprimed quantities
correspond to Cartesian coordinates.
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The spinor field operator can be written as
£ ?, 3
¥’ (%, 1) =E f dwf Odp[awm,,zpwmh R)eiwt
mh "k - %0

+bvwbmh xwpmh(i)e b ‘] ’

(39)

where % stands for helicity, a,,,, and b, satisfy
the usual anticommutation relations, ¥,,,, (X) and
Xupma(X) are the particle and antiparticle wave
functions, respectively,

Xwpmn =72wzpmh' (40)

The specific form of §,,, is unimportant for the
following discussion. We shall only use the fact
that the ¢ dependence of §,,,, is given by the
factor exp(émo).

Following the lines of the previous subsection,
we obtain

S'(X,,71;%,,T,) =3'1E exp(-¢,7)8'(X,,%,,¢4),
7

—
-~

(41)
where g, =im(2! +’1)B‘1,

T _ [T 4w NN/ 8\,
S(Xuxz,gt)"—]; §a'w§o(§t“" ¢>A
1

1

9
[T _de (0 8\,
fu z.+w§(£,+wa¢>3’

(42)
%o -\ T >
A =Z f apyp g)pmh(xl) w:ﬁpmh(xz) s
m k¥ =pg
(43)
% -
BaB = E f odp Xz‘:pmh(ﬁl)i gpmh(iz) .
mhk Y=pg
Equation (42) can be rewritten in the form
5/ %y, 1) =ep(- 10 0 28, a0 1)
] 9L, 3¢,
(44)

where S] is the free spinor Green’s function for a
nonrotating system in cylindrical coordinates,
which can be obtained from the Cartesian Green’s
function

i3 Gyt YL =T D+
§2—pz—puz
(45)

- - 1
So® .1, X5, 8,)=- @ne jd3pe

by means of a coordinate transformation.

If the local coordinate system at some point
is rotated by angle ¢ around the z axis, thén all
the vector quantities at that point transform ac-
cording to

V' =&V, (46)

where the transformation matrix @ is given by

1 0 0 O
0 cos¢ sing O

a= (47)
0 -sing cos¢ O
0 0 0 1
The corresponding spinor transformation is
¥ =U¥, ¥ =¥y, (48)
where
U(¢) =exp(3ipZ,) (49)
and
5 =[‘7 0]. (50)
035
For the y matrices,
oy =q@UyUT =y, (51)

In cylindrical coordinates, the local coordinate
axes at point (, ¢,z) are rotated by angle ¢ with
respect to Cartesian ones, and thus the cylindri-
cal and Cartesian spinor Green’s functions are
related by

SoX 1, X5, 8,)=U(4,)So(X 1, X5, £)UT(9,) - (52)

From Egs. (44) and (52) we find that the spinor
Green function for a rotating system in Cartesian
coordinates is given by

s(iniz, §,) =U*(¢J

Lo 0@ % . %
xexp(- iQ 3T, a_dTl>U(¢1)S°(X1’ X..80)-
(53)

Using the well-known theorem that if the com-
mutator of operators A and B commutes with both
A and B, then

ehAeB =gBplgla B]

and we obtain

- - - 9 - = 9
S(X,,%,,¢,) =exp[— Q- (X, XV)) E+%9- % 8—{,,_]
XSo(X 15Xy, &) - (54)
Replacing 3/3¢, by —8/8¢, in Eq. (44), we find
another representation for the spinor Green’s
function: :
- - -4 - = 8
SX,,X%,,L,) =exp [m (X, XV,) E]
1

-
-

XSO(§1,§2,§,)exp(%.Q-f f—) (55)
1

Here the arrow over 3/9¢, indicates that this dif-
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ferential operator acts to the left. In the case of
neutrinos, one has to set p =0 and multiply Egs.
(54) and (55) by (1 +y3) on the right.

C. Electromagnetic field

As we know, the quantization of the electromag-
netic field is complicated by the presence of un-
physical states in some gauges. It is not obvious
that we can do statistical mechanics in any gauge,
since that would result in nonzero equilibrium
numbers of particles in unphysical states. For
this reason, in deriving the expression for the
photon Green’s function, I shall assume that the
Coulomb-gauge is used in which only physical
states are present. Then it will be shown (Appen-
dix C) that the theory is invariant with respect to
gauge transformations.

Quite similarly to the cases of scalar and spinor
fields, it can be shown that

9 9 > >
¢1>D(’)uv(xl’ X29 Vn) ’

DLv(iuiz,vnhexp(—iﬂ 5 5

(56)
where v, =2minB™', D, is the photon Green’s func-
tion in cylindrical coordinates, and D/,, is the
corresponding function for a nonrotating system.
The cylindrical and Cartesian photon Green’s

functions are related by
Dtltvzaulzd)l)Dhua;v((pz) ’ (57)

where a,,(¢) is given by Eq. (47). The matrix
&(¢) can be represented as'?

() =exp(Mo), (58)
. where
0 0 00O
112= 0 010 (59)
0 -100
0 0 0O

or M,,=€,,,,. From Egs. (56)—(59) we get

A - R A IR
DX, %,,v,) =exp[-— iQF, XV,) o, -zQMaV ]

n

XDy(X,, Xy, V) - (60)
J

D(ﬁl,ﬁz,vn)=(27r)‘Gfd3x1fd3xzfd3pexp(—i§1 ‘X, +iD, X, +iD X, —iﬁ-iz)exp[ﬁ-(il xP)
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‘ A'So far we assdmed that in Eqs. (56) and (60),

D, is taken in the Coulomb gauge. It is shown in
Appendix C that the physical results of the theory
do not change if D,, is replaced by

Douu =Douu+V(1)MA(1)ov+V(z)v’A(2)ou ’ (61)
where
V==V ==tV Yy =8/8xu » Ve =5/9xz¢

and A_(I)OM(EUEZ! v,) and A ;). (X,,%,, v,) are ar-
bitrary functions of X,, X,, and v,. In other
words, the theory is gauge invariant and one can
use an arbitrary gauge for D,,. In particular,
one can choose the Feynman gauge in which

Doy, (X1, %y, v,) =—8u,Do(%,, %5, 1) , (62)

where Dy(X,,%,,v,) is given by Eq. (32) and g,,,
=diag(1, -1, -1, -1).
III. GREEN’S FUNCTIONS IN MOMENTUM SPACE

For a nonrotating system, the Green’s functions
depend only on the difference X, ~X,. For example
[see Eq. (32)],

Dy(X,,%,,v,) =Do(§1"§2, V). (63)

Rotating systems are not translationally invariant
and, as a result, D(X,,%,, v,) depends on both X,
and X,. The scalar Green’s function in momentum
space D(D,,D,, v,) can be defined as

D(ﬁl: 52, Vn)

=(27T)'3fd3x1 fd3x2e'i51""1ei’2°22D(i1,Ez, V).
(64)
The inverse transformation is

DX ,,%,,v,)

=(2W)-3Jd3p lfdspzeisl‘ile-i;Z.;ZD( [ 525 Va) «

- . > > . - = 9 -
=(2m) 3fd'“‘xlexp[le'(pz—pl)]emp[xl'(pz><Q) g,—}—]Do(pz,v,,)
n

; e =D R ~
=(2m) 3exp[zV‘,1 “(py X 8) 3_17] stxlexp[z % - (B, -5 1Dy (B, v,)

.= -> 2] > - -
=exP[1 Q- (V,, X p.) a_y-]é(pl = Dz) Do( Bz, V) -

(65)
Substituting Eqs. (34) and (32) in Eq. (64), we
obtain
e] -
aU"]Do(p, Vn)
(66)
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Here, V,, =8/8, and

Do(—f)) Vn)::-(vnz _pZ_MZ)-l . (67)
Noticing that

(6’1 X v’2)6(.51 - 52) =0
and

-

P

2] - = -
Y Do(p, Vn) =- V,,V’DO(P, Vn):

we can write Eq. (66) as
D(B,, By, v) =expl-iv, @+ (V,, XV )]
X 6(-51 - -ﬁz)Do(-ﬁz; Vn) . (68)

Quite similarly, we obtain the momentum-space
representations for the spinor and electromagnetic
Green’s functions:

> > - >, 9 - = 9
S(pl,pz,g,)=exp[19‘(V’1><p2)5-21—+—§-Q-28—§1]

x6(§1—§2)30(§27§1)! (69)

N> > - - =~ - 8 . A 9
D(p,, |2%) Vn) —exp[zﬁ- (Vﬂ sz) -8_1/; QM BV"]

X 8(By — B,) Do( By, ) - (70)

Another representation for the spinor Green’s
function can be found from Eq. (55):

. . e e B
S(pupg,é,)=exp[—zﬂ-(vpzxpl)gg_]
7

Xé(ﬁl ‘52)50(.[51,§,)6Xp(‘é‘§' ) L).

3,
(71)
Here,
So(B,8) == (v°; 7P +r)E&,7 -p* —p3)™t, (72)
Douy(B, v) =80, (vt =%, (13)

and I use the Feynman gauge for D,,,.

IV. NEUTRINO PARITY-VIOLATING CURRENT

The formalism developed in the previous sec-
tions can now be applied to calculate the equili-
brium neutrino current in a rotating thermal ra-
diation. The physical mechanism of this effect
is easily understood if we recall that neutrinos
have negative helicity, i.e., their spin is always
antiparallel to the direction of their motion. In a
rotating system neutrinos are partially polarized
in the direction of the angular velocity ﬁ, and thus
their average velocity is antiparallel to @. Anti-
neutrinos have positive helicity and their current
is parallel to the angular velocity vector.

According to Eq. (6),

(FJ®))=-Tr{yS"X,0; %, )}, , (74)

where S”(X,,T,; X,,7,) is the neutrino Green’s
function. For simplicity, I shall calculate the cur-
rent on the rotation axis (X=0). Since

S(V)(iu Tis iz; T,) =B-1(2‘”)-323Xp[‘§1(71 - Tz)]fd3p1fd3 2 €xp(E D, - §1 ;'iﬁz : i2)8(”)(51’ P2s ), (75)

we can rewrite Eq. (74) as

(F)=-pr@ny> 3 o1 [ %, [ %, T (7S (B Bas £ e 16)

Substituting S(P,,D,, ;) from Eq. (70), it is easily seen that terms with (V,l X p,) do not contribute to

{J(0)) and thus

(J(0))=-pB"1(2m)"3 Zl:exp(eg,) Tr{?exp(% Q- 5%{-) I d3pS&(P, g,)}

where

SEUB, ) =-30%, =7D) (&,>=p?) (L +v5).

)

€—»>o0 ?

(78)

Expanding exp(éﬁ o/ 8¢,;) in powers of £ and keeping only the linear term, we obtain, after calculating

the trace,

(3 =g @n > T e % +7) @ -7

(79)
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Using a standard device®? the sum in Eq. (79) can
be transformed into an integral

(3(0) =180 [ dolfyw) /(- )]
(¢}

X fdsp(wz +p?)(w? ~p%)7%,  (80)
wheré . \
Ffolw) =(ef® +1)"1 (81)

and the contour C runs around the imaginary axis
in the counterclockwise direction. The integral
over w is easily evaluated and we get

(3(0)) =80 [ aspr i)

=2 fopdp=-58T. (82)
(V]

This is in agreement with Ref. 3 where the neu-
trino current has been calculated using different
methods.

Using Eq. (77) one can calculate contributions
to (J(0)) proportional to the higher powers of .
It is shown in Appendix D that the resulting series
can be summed to give a simple closed expression.
The result is

(F(0)) =—8(T?2/12 +22/487%) , (83)

again in agreement with Ref. 3.

A word of caution should be said concerning the
interpretation of Eq. (83). As was mentioned
earlier,® a rotating system cannot be infinite, its
maximum size in the plane of rotation being
R, =R"'. The energy spectrum of particles in a
finite system is different from that in infinite
space. A considerable deviation occurs for the
low-lying energy states with energies ¢ <R,
From Eq. (82) we see that the contribution of this
part of the spectrum to (J(0)) is of order QR-2.

If T>R"!, this contribution is much smaller than
the first term in Eq. (83), but it is always greater
than or comparable to the second term.

The conclusion is that for 7>R™!, Eq. (82) gives
a good approximation while for 7 <SR! the boun-
dary effects are important and Eq. (83) is inac-
curate. In particular, one cannot argue from Eq.
(83) that'®*4(J(0))#0 at T =0.
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APPENDIX A

In this appendix, I shall derive Eq. (3) for the
statistical operator in a rotating system. Let us

consider an equilibrium system divided into
several weakly interacting subsystems. The in-
teraction between subsystems is important in
establishing thermal equilibrium but can be ne-
glected otherwise. In this case, the subsystems
are statistically independent and thus the statis-
tical operator for two subsystems is equal to the
product of statistical operators for the individual
subsystems®: p,. =p.p, or

Inp,, =1np, +1np, . (A1)
From the equation for the statistical operator

ap/at =i[H,p], (A2)
it follows that in equilibrium

[#,p]=0. (A3)

Equations (A1) and (A3) imply that Inp is an ad-
ditive integral of motion. The only additive in-
tegrals of motion for a mechanical system are the
energy H, momentum i5, and angular momentum
M. To these we have to add the particle numbers
N; (or the conserved charges @, if interactions
with transformations between different particles
are allowed). Therefore, Inp has to be equal to

a linear combination of these quantities:

Inp =a +BH+§-T\7[+5-i5+Z>\,.Ni, (A4)
i

where the constants a, B, 7, 3, and A; have the
same values for all subsystems.
The entropy of a subsystem is given by

=—(Inp) =~ Tr(p Inp) (85)
and thus
dS=-BdE -7 dM -8+ dB - ) \,dN, , (A6)
i

where E=(H) and M, P, and N; stand for the
statistical averages of the corresponding opera-
tors. Comparing this equation with

dE=TdS +V -dP +%-dM+ Y p,dN, (AT)
i

where V is the center-of-mass velocity, § is the

‘angular velocity, and p; are the chemical po-

tentials, we find
B=-T", $=8/T, 6=V/T, \=u,/T. (AS8)

In the rest frame of the system V =0 and we come
to Eq. (3). The normalization constant C is de-
termined from the condition Trp =1.

APPENDIX B

In this appendix we shall calculate

A =J‘ Podpz zl)wﬂm(il) P pm(Xs) - (B1)
apy T
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Substituting the wave functions from Eq. (17), we
obtain

o)

A =(8m2)" fdpe"‘z

Mzwo

Iml@? )W m(ar,)et™ , (B2)
where z =z, —2z,, ¢ =¢, — p,. The sum in Eq. (B2)
equals'® J (ap), where p =(r,2 +7,% - 27,7, cosrb)”2
Now Eq. (B2) can be written as
»
= ()" [ "ap J,(ap) cos(pz). (B3)
o

Defining a new variable by p/p, =cos6, we obtain

/2
A =p(4m?) “f db sinbJ(p,p sinb) cos(p,z cosh).
0

(B4)
The integral over 6 equals'®
(/2o R)Y2T, 15(PoR) (B5)
where R =(p? +22) /2, Thus,
A =(4mR)'sinp R. (B6)
APPENDIX C

In this appendix we shall discuss the gauge
transformations of the electromagnetic Green’s
function. The gauge invariance is closely related
to the charge conservation law which, in cylin-
drical coordinates, can be written as

8d%/at+V'-J" =0, (c1)

Here, as before, primed quantities correspond

to cylindrical coordinates and V' =(8/67,7~'8/8¢,
9/8z). Since 8J/at=i[H,J %], we can rewrite
(C1) as

ilH,J]+V" - F =0. (c2)
The Matsubara current operator is
j“’(i, T) = T (H-M3Q )J“’('i, o)e-r(ﬁ-usn) . (C3)

Differentiating it with respect to 7 and using
[H,M,]=0, we find

8j”/aT=[H,j %] -Q[M,,j*]
=[H,j%]-iQ0j%/0¢. (c4)

The continuity equation for j*’ can now be obtained
from Egs. (C2)-(C4):

-,

(io/91 - na/a¢)]°'+v'] =0 (C5)
or

V" =0, (C6)
where

V. =i3/8T - Q8/8¢, =7, )

Noticing that in all diagrams D} (X, 7,;%,, 7,) is

multiplied on both sides by j*’ and j*’ and inte-
grated over d3x ,dr, d®x,dr, and that in all 7 and
¢ integrations the integrands are periodic func-
tions of 7 and ¢, we conclude that the results of
all calculations will not change if we replace D,
by

ﬁ(w(-’zn 713X, T5) =Dy, (X, 713X ,5, 1)
"'6'(1):: Ay Ry, 715%,, )
+622)VA22)M(§1’ T3%,5,7,),
(C8)

where Ay, and A{,,, are arbitrary (periodic in ¢
and 7) functions. A similar transformation can be
written for D), (x,,%,, V,):

N _ - -

D (X,,X;,v,) =D,,(%,, %, v,)
had - -
+VQ1),,,,A’(1),,(XI,X2,V")
nd > -
+V/(2)VA,(2)M(X1’XZ!VH)’ (CQ)

where now
T 0= — v, —Q0/86,, Vi, =V
(o= = Wy— ®15 w (1 »

- —.,
"V(2>

¥ (C10)
Vieyo =tVq— Q08/86,, Vi

Noticing that
w,+Q — 8 =1V, eX] 2
exP( v, aq> ( n T 5%, P\ oo, a¢>1)
(c11)

we see that the corresponding transformation for
Dl

oMy

D(I)H-V =Dt,)uv +V’(1)MA’21)OV +Vi2)VA"(2)DM ’ (012)
with
v21)0=_'1:Vm Véz)o =iVn (C13)

and

Aou(xuxzy Vg) = eXp("'Q L(iuiz,”n)-

dVy 8¢>
(Cc14)
In Cartesian coordinates,
D o4y =Douy *Viru A tryow + Vv A aron 5 (C15)
where

Van==Veo=—Wn Vau =8/08%,;, Vg =0/8%,.

APPENDIX D

In this appendix I shall find an exact expression
for the neutrino parity-violating current on the
rotation axis. It is clear from the symmetry of
the problem that (J(0)) is parallel (or antiparallel)
to §, and thus it is sufficient to calculate & - (J(0)).
Furthermore, it is easily seen that the term pro-
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portional to 7+ P in S’ (B, ¢,) vanishes upon integration over P and that terms independent of y*
drop out after taking the trace. Omitting all these terms we get

830 =- (267 2m)* 2 exvlet) [asTe(@- Sexo(s- So/ae e (62 49, (01)

o>, 5

where I have used that & =y’ yy°.

Since &+ % =QF, and T, =diag(l, -1,1, -1), we easily find
Tr{G- 2 exp(: - Ta/0¢,)} =20lexp(3Q08/5¢,) — exp(~30208/8¢,)]. (D2)

Using the relation
exp(ad/dx)f(x) =f(x +a),

we can now rewrite Eq. (D1) as

(D3)

Q- (J(0)) =-qp-*(2m)2 Zz: exp(ez,)f ap{(&, +Q/2)(&, +Q/2) - p*I"* - (¢, - @/2)[(¢, - /27 -p*]"1}. (D4)

Using the same device as in Sec. IV to replace the
sum over ! by an integral, we find

- (Jo))

=a(@em) [ "app?Li(p +2/2) ~fop-/2)]

0
=— (2mB3)"! sinh&f (coshx +cosh&)™'x%dx ,
0

(D5)

{
where £=8/2. The integral in Eq. (D5) can be
evaluated,’ '

J‘Q(coshx +cosh&)~1x 2dx = £(n? + £?) /3 sinh£
o

(D6)
and we obtain

(F(0))=-Q(T?/12 + Q2 /487%) , (D7)

in agreement with Ref. 3.
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