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The charmonium model, formulated in detail in an earlier publication, is compared in a comprehensive
fashion with the data on the i' family. The parameters of the "naive" model, in which the system is

described as a cc pair, are determined from the observed positions of Q, Q', and the P states. The model
then yields a successful description of the spectrum of spin-triplet states above the charm threshold. It also
accounts for the ratio of the leptonic widths of Q and i'. When the cc potential is applied to the T family,
it accounts, without any readjustment of parameters, for the positions of the 2S and 3S levels and for the
leptonic widths of T and 'F' relative to that of Q. The model does not give acceptable values of the
absolute leptonic widths, a shortcoming which is ascribed to large quantum-chromodynamic corrections to
the van Royen —Weisskopf formula. The calculated F. 1 rates are about twice the values observed in the i'
family. This naive model is also extended with considerable success to mesons composed of one heavy and
one light quark. A significant extension of the model is achieved by incorporating coupling to charmed-
meson decay channels. This gives a satisfactory understanding of i'(3772) as the 1 D, cc state, mixed via

open and closed decay channels to 2'S. The model has decay amplitudes that are oscillatory functions of the

decay momentum; these oscillations are a direct consequence of the radial nodes in the cc parent states.
These amplitudes provide a qualitative understanding of the observed peculiar branching ratios into various

charmed-meson channels near the resonance at 4.03 GeV, which is assigned to 3'S. The coupling of the cc
states below the charm threshold to closed decay channels modifies the bound states and leads to reduction
of about 20% in E1 rates in comparison to those of the naive model.

I. INTRODUCTION

This paper is devoted to a comparison between
the charmonium model and the data on the d'/g

family. In view of recent and anticipated develop-
ments concerning the T family, we also pay some
heed to the extension of the model to heavier
quark-antiquark systems. In an Appendix, we
also provide a discussion of mesons composed of
one heavy quark and one light quark. A complete
description of the model, and of the associated
formalism, was given in an earlier paper, which
shall be cited as I hereafter. We emphasize that,
with but few exceptions, our discussion will be
based on our own work of recent years; for more
comprehensive accounts of this new branch of
hadronic spectroscopy, the reader is referred to
the review literature. ' '

II. THE NAIVE QQ MODEL

The naive model assumes that the P and T levels
are adequately described by the degrees of freedom
of a heavy quark Q and its antiparticle Q. It is
characterized by the parameters that appear in
the static QQ potential, and the mass mo of Q.
The fabrication of static QQ potentials has grown
apace"' since the discovery of T, but a detailed
comparison of all these models falls outside the
scope of this article. Except for some general re-
marks that apply to all these potentials, we shall
confine ourselves to the comparison of data with

the predictions of the familiar linear plus Coulomb
potential model

K
V(r) = --+—

0
(2. 1)

supplemented by the standard assumption that the
sole flavor dependence of the gross level structure
stems from the quark mass.

A. New determination of model parameters

When the model (2. 1) was first proposed, only

( and g' were known. Consequently one had to fix
the parameters from the g-P' mass difference and

the leptonic widths, subject to the general require-
ment that (v/c)' remain "small. " Today we have
a far richer body of data, and while much of it was
predicted by the model, only nostalgia would justi-
fy the original strategy for fixing the parameters
of the model. Instead, one should determine the
parameters from those phenomena that are relia-
bly measured and where ane has most confidence
in the theoretical computation. While there is
little controversy concerning the data, there is
much room for debate aboA the reliability of the
different parts of the theoretical framework. For
that reason, we start with the following summary
of our views concerning the status of the theory:

(1) The use of a Schrodinger equation with a
static potential is only justified if the resultant
motion is nonrelativistic.

(2) The raison d' etre for such a nonrelativistic
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potential model is the computation of energy levels,
and one should therefore require that the model
gives the best possible fit to the excitation spec-
trum.

(3) DesPite much effort, ' our theoretical under-
standing of relativistic corrections, and of spin-
dependent forces, is still quite limited.

(4) Theregimeof small QQ separation, where
asymptotic freedom prevails, plays little role in
the ( family, and is still of secondary importance
in the Y family; consequently, the well-known for-
mulas for QQ annihilation into leptons and hadrons
may not be reliable, and the Coulombic parameter
v in (2. 1) is only some effective strength of the
short-range potential which is not necessarily re-
lated to the running coupling constant.

We now turn to the data bearing these last re-
marks in mind. First we note that only the spin-
triplet members of the $ family are firmly estab-
lished. When we fit a model to the known levels,
we automatically incorporate the 8=1 portion of
the hyperfine interaction H„'," in the effective po-
tential V. If QED is any guide, HM" is more sin-
gular as x- 0 than the central potential, and there-
fore the short-distance part of V is the sum of
+bf and the "true" short-distance central potential
Vo. This is another reason why z does not have a
straightforward relation to the &, of quantum
chromodynamics (QCD).

Second, the 3I' splitting, while being as large as
—,' of the g'-( separation, is small enough so that
one expects the measured center of gravity of the
'I' multiplet to agree quite closely with the lowest
I' level of the effective S=1 potential, In assum-
ing this we ignore spin-independent corrections to
the nonrelativistic spectrum. These fall into two
categories: one that is independent of the interac-
tion (i.e., the p term), and others that depend on
it. The latter can only be calculated reliably
from a field-theoretic description of the system,
something that we do not possess. Nevertheless,
we have examined this question by using the naive
Breit-Hamiltonian approach, and our potential
(2. 1). After terms that behave like 1/r are ab-
sorbed by a redefinition of a, we find that the total
relativistic spin-independent correction to the
1'S-1'I' splitting is only 30 MeV. While this is a
model-sensitive result, it does lend support to
the strategy for determining the model parameters
that we shall adopt.

On the basis of the foregoing remarks, we con-
clude that it is best to use the relative positions of
g, (', and the 'P center of gravity (c.o.g. ) as two
conditions to restrict the three parameters m
and a that characterize the g family. We are then
left with one unknown combination of these param-
eters, and we choose this to be v„', the mean-

O. I 0,2 0.3 0.4

FIG. 1.' The parameters m~, K, anda as functions of
the mean-square velocity e& of g . Two energy differ-
ences are held fixed at their experimental values: E(2S)
—E(lS)=m(g') —m($), and E(lP) —E(lS)=m(c.o.g. of
X&) —m(g). For the sake of clarity, 5z is plotted.

square velocity in the 1S state. The dependence
of m„v, and a on v~' is shown in Fig. 1. The
remaining observable quantities, in particular the
~arious transition rates, can then be computed as
functions of v~'. If the model were actually capable
of giving a fit to all the data, these quantities
would all lead to the. same smal/ value of v~'.

Unfortunately, we are not in this happy situation.
This is illustrated by Fig. 2, which shows the
ground-state leptonic width I'(P- e'e ) and one of
the El rates I'(g'- y'&, ) as functions of v~'.
Both of these curves are computed from the naive
nonrelativistic rate formulas. The measured val-
ues of I'($- e'e ) and I'(P'- y'P, ) are also shown
in Fig. 2. We note that there is no value of v„'
that yields a fit to both rates: The E1 rate is
small, so to say, and requires low-velocity mo-
tions, but such low velocities give far too large
an annihilation probability.

This conundrum is, to a greater or lesser ex-
tent, common to all the models. The logarithmic
potential, "which gives a good fit to the P spec-
trum, leads to values of v„' that we find unaccept-
ably large, and also E1 rates that are uncomfort-
ably large. Models" which use a modified Cou-
lomb interaction that supposedly accounts for the
running coupling constant of QCD are, in the final
analysis, quite similar to our model (2.1) with a
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IO, from QED to QCD one finds"

I'(e'e )=)' (e'e ))) ——e,),X6

where

(2.2)

I;(e e )=, iq„(0)i' (2. 3)

0
Ql 0.2 0.3 04

VQ

FIG. 2. The E1 transition rate I'(g' y+ Pp) and the
electronic width I'(g e'e ) as functions of v&2. The
energy differences E(2S) —E(lS) and E(1P)—E(1S) are
held fixed as in Fig. 1. The measured values, together
with their errors, are indicated.

large value of ~. The "modified" linear plus Cou-
lomb model of Quigg and Rosner, "which is fixed
by the requirement m& T') —m(T') = m(tf)') —m(g), is
also quite close to our model. Consequently all
of these models suffer from the affliction depicted
in Fig. 2.

Most authors escape from the dilemma by re-
quiring their model to fit I'(P- e'e ), . and do not
consider the fact that that choice makes their mod-
el highly relativistic. As stated repeatedly, we
find this quite unsatisfactory. In our view it is
sounder to choose a sensibly small value of v&',

and to openly admit that there is some missing
link which prevents one from accounting for the
absolute values of the leptonic widths. That this
is a defensible position is supported by argu-
ments"' that cast doubt on the reliability of the
van Royen-Weisskopf formula [Eq. (2.2) of I] for
the leptonic width. Thus, Celmaster" has ob-
served that in positronium the amplitude for e'e
—y has a relativistic correction of order e', and
that when this correction is straightforwardly
modified for color (and e'/4v is replaced by o!,) a
very large suppression results. Furthermore,
there is little question that this correction has a
direct analog in QCD. What is not clear is whether
other higher-order corrections are of comparable
importance. Adopting the most naive translation

is the van Hoyen-Vfeisskopf width. The correction
factor in (2. 2) is not, as we have said, reliably
known, but it does arise from highly virtual quark
pairs, and is therefore insensitive to the particu-
lar QQ state in question. Consequently the ratios
of leptonic widths within one. QQ family should
still be well described by the model, even if the
absolute widths are not. Furthermore, if the cor-
rection factor in (2.2) varies slowly with quark
mass, the rate of T —e'e relative to g- e'e can
also be computed with reasonable confidence.

Having said all this, we must finally choose a
value of v~' so as to fix all our parameters. This
choice is, of necessity, somewhat arbitrary and
subjective. Our decision is guided by the observa-
tion that the charmed-quark mass should be close
to the lowest charmed-meson mass. (Our esti-
mates also show that the mass of the b quark is
close to that of the lightest B meson; see discus-
sion in Sec. IID.) We choose v„'=0.20; the sensi-
tivity of the final results to the precise value of
v„' will be described below. %ith the help of Ap-
pendix A of I, the model parameters corresponding

- to this v~' are then found to be

A: m, = 1.84 GeV,

a=2. 34 GeV ',
g= 0.52,

x = ~(m,a)"'= l.37.

(2.4)

The potential itself is plotted in Fig, 3. As one

sees, it is not very different from the logarithmic
potential for intermediate distances, though it is
appreciably different at larger x. Consequently
the higher levels predicted by the two potentials
differ considerably.

According to Fig. 2, v~'= 0.20 gives a value of
I'(g- e e ) which is three times the observed value
if one uses the naive rate formula (2. 3). For pop-
ular values of &, the correction factor in (2.2)
ranges from 3 to 2, and therefore the ground-state
wave function corresponding to (2.4) may well be
capable of accounting for the observed leptonic
width once the relativistic and dynamic corrections
are incorporated. In fact, if we identify a with
—, &„our choice of ~ in (2.4) gives a correction
factor which reproduces the observed leptonic
width of g [I;,(j)=4.8 keV].
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I.O
' ~"( ) '=0. 64.
P„(0)

(2. 6a)
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FIG. 3. Comparison of the linear plus Coulomb poten-
tial and the logarithmic potential. The parameters of
the former are given in Eq. (2.4), while V&,~(r)
= 0.731 GeV ~ lnr. The two potentials are arbitrarily
made to coincide at x= 0.47 fm, the mean-square radius
of the 1S state in our model.

Assuming that 1'D mixes only with 2'S, we can
compare this to

(
m(g') ' f'(('- e'e )
m(() 1(P- e'e )

0.73 + 0. 11 (SLAC-LBL),
0. 68+ 0.20 (DELCO),

where I9 is the 2S-1D mixing angle inferred" "
from $(3772). The agreement is good —consider-
ably better than with our old parameter set B,
where (2. 6a) is replaced by 0.81. We emphasize
that the ratio (2. 6a) is independent of the choice
of v„'. It depends only on the parameter A. , which
is fixed by the ratio of the mass splittings m(g )—
m(g) and m(1P) —m(y).

The El rates for (' —y'P~ are compared with
experiments in Table I. We should like to take
this opportunity to correct an error in Paper I,
namely, Eq. (A7) should have read

E, = — d—p 1+ ~u (p)[Kpj, (Kp)
u 't

2 K t 4m)
-jl(Kp)]u((p)

For the record, we should compare parameter
set A of Eg. (2.4) with our earlier set, which we
call B. The latter did not use the 'I' c.o.g. as an
input, and instead used the observed value of
I'(g- e'e ) plus 1 standard deviation. Set B

as2, 13 15

8: m, =1.65 GeV,

a= 2. 07 GeV ',
v=0. 30,
x=0. 68.

(2. 6)

Note that A. , the dimensionless parameter that
characterizes the strength of the Coulombic inter-
action, is twice as big with our new parameter
set A.

B. Comparison with data on spin-triplet f states

Having settled on the parameters, we can now

compare the other consequences of the model with
experiment. " Unless stated otherwise, results
quoted henceforth stem from parameter set A.

First we recall that the ratio of leptonic widths
is not expected t'o suffer from the uncertainties
discussed in connection with Eg. (2.2). We ex-
press this ratio as a ratio of squares of wave func-
tions at the origin. We find

[J'(Z+'1) —4]u~ (p)u, (p)j,(Kp)

+ uq(p)p[au, (p)/ap]j, (Kp)
mc

(2.7)

where the upper (lower) sign applies to 'S, —y'P~
('Pz —y'S, ) and K= 2ka(m, a) ' '. The difference
between the rates computed with this elaborate

TABIE I. Bates of E1 transitions of g' and X states in
naive model.

Experiment
Branching ratio

(%) 'Transitions 1'z& (keV) ' I'z& (keV)

'Y+ Xp
'Y+ Xg
'Y+ X2

Xp-V+4
Xg-V+0
X2- Y+0

50,0
45.3
28.9

141
289
398

16~9
16+8
16~9

6.8+0.6
7.1
6.9 + 0.5

Photon energies are computed from the experimental
masses of the Xz states, 3.415, 3.510, and 3.550 GeV for
J= 0, 1, and 2, respectively, which are identified with
1 Pq states.

Reference 16.
Reference 21.
%e give no error here because only relative branching

ratios are measured (see Ref. 21).
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. TABLE II. cc bound states in naive model, and their properties. Parameters used are ypg,

=1.84 GeV, g =2.34 GeV ~, and f(: =0.52.

State Mass (GeV) ee (keV) (r )~~2 (fm) Candidate

1S
1P
2S
1D
3S
2D
4S
5S

3.095
3.522
3.684
3.81
4.11
4.19
4.46
4.79

4.8

2.1

1.5

1.1
0.8

0.20
0.20
0.24
0.23
0.30
0.29
0.35
0.40

0.47
0.74
0~96
1.0
1.3
1.35
1.7
2.0

$(3095)
xo &

2(3522 + 5)
g'(3684)
P'(3772) '
$(4028)
$(4160)
$(4414)

' Input.
b Correction factor (1—4K/x) = 0.341 is included.

See Ref. 18.
See Ref. 20.

formula, and the naive one which holds in the li-
/

mit K- 0, are marginal (s7%), and are not in-
corporated in Table I. As we see from Table I,
our new parameter set does not give any impi ove-
ment over the predictions" that preceded the dis-
covery of the P states.

We shall not discuss the yy cascades as their
combined branching ratios involve two independent
theoretical factors —the hadronic widths of the P
states, and the EI rates for 'P~ —yP. We list the
E1 rates in Table I, but we have nothing to add to
the existing discussions' of P-state hadronic
widths.

Finally, we come to the spectrum above charm
threshold. Here tradition requires us to attempt
the somewhat questionable exercise of correlating
cross-section bumps with the naive level scheme,
even though the latter' ignores coupling to decay
channels. Table II gives the naive positions of the
lowest 'S and 'D states above threshold, and com-
pares this with the structures observed at SPEAR
and DORIS. There is a rather satisfying corre-
spondence between the model and observation.
Here, it should be noted, is one place where there
is a real difference between the logarithmic and
linear confinement potential. In the former the
level density is rather large than the latter, and
where we would associate $(4160) with 2'D, the
logarithmic model would identify this as 4'S. The
possibility of distinguishing between these assign-
ments will be discussed in Sec. V.

C. Spin-singlet P states

With the discovery" of $(3772) all the low-lying
spin triplets expected in the charmonium model
have been found. At the moment we have no re-
liable information about any spin-singlet state.
While there have been candidates for both 1'S
[X(2830) observed at DORIS'~] and 2'S [y(3450) and

)t'(3600) possibly seen'6'~ in g'- yyg], their prop-
erties disagreed so badly with the model that we
have long argued" that they were not the hyper-
fine partners of ( and g'. The recently announced
results from SPEAR ' confirm this —at this time
the 'S states remain undiscovered. Presumably
they lie quite close to ( and g', and are therefore
very difficult to observe. "'

The rates for allowed Ml transitions (which
were erroneously given in I, see Errata'} are
given by

= 1275
keV
GeV' (2. 8)

D. The T and still heavier QQ families

Our parameter set A has the virtue of giving a
Y'-T splitting that is close to the observed" '

The rates for hindered M1 transitions, such as('- y+ q„are sensitive to the details of the wave
functions and the actual values of the photon ener-
gy. We have numerically evaluated the matrix
element defined in (2. 24) and (2. 25) of I. The re-
sults of allowed and hindered M1 transitions are
summarized in Table III. In view of relativistic
effects, "and other uncertainties, these results
must be used with caution. But even as an order
of magnitude estimate, it is interesting to note
that the transition P'- y+ q, has a branching ratio
of W. 3/o for a mass difference of 50-100 MeV be-
tween g and q, . Since there should be very little
background in the inclusive photon spectrum for a
photon energy of -600 MeV, this transition may be
observable.
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TABLE III. Naive-model Ml transition rates of P particles. Equation (2.24) of I for the Ml
transition rate is incorrect; see Erratum (Ref. 1). A factor ~3 should have multiplied the for-
mula given there.

Transition 4m (MeV) k (Mev) (x v)'
I'„, (ke V)

Branching ratio
(%) '

0'-v+ n. '

0'-v+ n,'

n.'-v+0 '

50
g —g, =100
g —q, = 50
g —g, =100
g' —g,'= 25

50
g' —g,'= 25
g' —g,'= 50

584
625
49.6
98.4
24.9
49.6

521
499

1275
1275
1275
1275

0.56
0.88
0.15
1.23
1 97x10
0.15
2.67
1.97

0.25
0.40
0.23
1.81
8.5 x10

9 x10
0.13
0.1

~1 matrix elements for these hindered transitions are computed from Eq. (A9) of I with
the wave functions of our potential, and the assumed positions of g, and q,'.

b The strength S is defined by I'~~ = Sk, where k is the photon energy.
3

' The branching ratios are calculated by using the experimental values I'(P') =225 keV, I'(g)
=67 keV, and the theoretical estimate I'(g') =2 MeV.

&(mo) = m„(QQ) —2m+ -E„(mo), (2. 10)

where E„(mo) is the appropriate eigenvalue of the
Schrodinger equation. We previously" gave a
fairly detailed discussion of &(me), which led. to
the conclusion that &(m) should decrease for mo

values of 557 + 5 MeV (555 + 3 MeV) for any quark
mass m„ in the neighborhood of 5 GeV. This is to
be contrasted with our old set 8, which predicted
a separation of only -430 MeV. What is now clear
is that our original prediction" was less accurate
because in parameter set 8 the position of 'P
c.o.g. for the cc system was too low by 65 MeV.

Given that. we now have the correct value of the
T'-T splitting, it would seem appropriate to set
down our predictions for the other observable
properties of the T system.

First we consider the important question of how
many '8 states exist below the Okubo-Zweig-
Iizuka (OZI) threshold. The answer entails two
ingredients: (i) the mass of the lightest bu meson,
which we call ms, and (ii) the mass of T itself.
As previously noted, "m~ is known reliably:

3 m, ~
ms= mn+m~ —m + — 1 — '

~(mD* —mz&) .
4 m~)

(2.9)

Since T-" appears to lie below the OZI threshold,
m(T") provides a lower limit on ms. Using the
latest fit to the hadronic production data, which
takes into account the DORIS values of m(T) and
m(T'), one has" m(T")=10.41+0.05 GeV; with

m, = 1.84 GeV, this gives nz~ ~ 5. 11 GeV. The ab-
solute mass m„(Qq) of the T levels can only be de-
termined as a function of mQ if one knows the mQ
dependence of

values in the range of present interest (1.5-5
GeV), but increase as one reaches the Coulombic
limit. From that observation we infer a (rather
soft) upper limit on m, by setting h(m, ) = &(m,)
= -0.84 GeV. This gives m~ ~ 5.23 GeV. The val-
ue of the quark mass, m, = 5. 17 GeV, used in our
calculation is the average of the two limits. With

m~ = 5. 17 GeV we find from (2. 9)

m~=5. 26 GeV. (2. 11)

Thus our estimate indicates that T" lies below the
OZI threshold of BB production by about 100 MeV.
We therefore do not expect any further 'S bb bound
states.

The bb spectrum is given in Table IV, as well as
some properties of the various states. We find

m(T') —m(T) = 591 MeV,

m(T") —m(T) = 936 MeV,
(2. 12)

which agree reasonably well with observed values."
The states 2'D and O'S are only about 100 MeV
apart and S-D mixing may make the 2'Dvisible in
the e'e annihilation cross section below the BB
threshold. The 4'S and 3'D states are also very
close and can mix. Although they are only 150 to
200 MeV above the BB threshold, they are not
necessarily good "factories" for BB production, as
is g"(3772) for DD production. This is because the
mass difference between the vector meson B* and
the pseudoscalar B is expected to be

ms* —ms= '
(mz&* —mD) —= 50 MeV. (2. 13)

mQ

Thus not only BB, but B*B+BB*, and even B*B*,
wii. l also be produced. The 50 MeV photons which
accompany the dominant decay mode B*—By may
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TABLE IV. Naive-model b5 bound states and their properties. Parameters used are m&=5.17 GeV, a =2.34 GeV ~, and ~=0.52.

State Eigenvalue (Me V) Mass (GeV) I ee (ke V) (y ) (fm)

1$
1P
2$
1D
2P
3$
2D
3P
4S
3D
5$
6$

0
498
591
747
852
936

1040
1135
1213
1292
1455
1675

9.46
9.96

10.05
10.20
10.31
10.40
10.50
10.60
10.67
10.75
10.92
11.14

1.25

0.45

0.31

0.25

0.096
0.065
0.076
0.067
0.076
0.085
0.080

0.097

0.20
0.39
0.48
0.53
0.64
0.72
0.75

0.92

Input.
See text for how these numbers are obtained.

pose a serious problem for detection.
The leptonic widths for the Y family are also

listed in Table IV. For T (9.46) the leptonic width
is obtained by using the experimental. value of
I;,, (P) in the formula

I'... (T) 1 m(g) ' 'P~(0)

(y) 4 m(T) g, (0)

where we have assumed a charge of 3 for the b

quark and neglected the variation of the correction
factor in Eq. (2. 2). The leptonic widths for higher
states are obtained from the ratios to I"...- (T).
The theoretical values

I'...- (T)= 1.26 + 0. 16 ke V,
I'... (T')=0.46+0. 06 keV,

agree well with the observed values" "
I'...-(T) = 1.2*0.2 keV,

I;;-(T')=0.33 +0. 10 keV.

(2. iS)

The eates of E1 transitions among various 'f
spin-triplet states are given in Table V." Since
the corresponding predicted rates for the P family
are about a factor of 2 or 3 too big, one can expect
similar discrepancies to occur for the T family.
For 'S states which can be directly produced in
e'e annihilation, the transition rates are only in
the keV region. Hence it is likely that these tran-
sitions are harder to see than in the case of the
g family.

M1 rates between hyperfine partners should be
even smaller than in charmonium, and therefore-
very difficult to detect; the same holds true for the
hindered M1 transitions 2'S, —1'S, and 3'8, -1'S,.
The strength of allowed MI transitions is reduced
by a factor [2(m, /m~)]'= 0.03 from that of (2. 8)

for charmonium.
The total widths of the bb bound states below the

BB threshold can be estimated. According to
widespread belief based on QCD, the direct decays
into light hadrons are mediated by three- or two-
gluon annihilation. " However, our earlier discus-
sion on the van Royen-%eisskopf formula for the
electronic width suggests that QCD radiative cor-

TABLE V. Naive-model El transition rates of bb
states. The b quark is assumed to have an electric
charge of -+3

~

Transition P (Me V) E;y S;~

3 Sg ~2 PJ 84

3 Sg 1Pg 430

2 Sg ~1pg 93

2pg ~2 Sg a 259

2PJ 1 Si
3 3

1Pg 1 Sg 486

2 Po 1Dg

2 Pg 1Dg3 3

2pg 1D2

2P2 1Dg

2 P2 1D2

2 p2 1D3

1 Dg,. 1 Pg~

104

104

104

104

104

246

2.60 1

0.11 1

-1.65 1

0.50 (2J + 1)

0.12(2J +1)

0.27(2J +1)

1 63 1 17

0.25 1 13

0 91 1 36

-1.77 2

—X.77

-1.77

-1.77 50

1~ 77 50

—1.77

1.89

2.8

0.7

3 &10

0.4

2.3

6.67$;y(2Jj+1)

Ejf is the reduced E1 matrix element def ined in I.
S;~ is a statistical factor defined in I, and tabulated in

Ref. 15.
To obtain rate for a given J; and J~, use S;f Sf listed

for 2 P~,. 1 D~&.
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rections to these naive formulas may be important.
In QED, it is indeed known' that the radiative cor-
rections to the three-photon decay rate of ortho-
positronium has a very large coefficient multiply-
ing o./v:

This shows the obvious danger of using simple
gluonic annihilation formulas for estimating var-
ious rates. To minimize the theoretical uncertain-
ty we rewrite the three-gluon annihilation rates in
terms of ratios:

In (2. 21) we have used the analogs of (2. 19) and
(2.20), and Rb,q=2. 5. This value of n, (g), which
is associated with our choice of K=0.52, is close
to the value of &, deduced from analyses of lepton
production, "but it is about a factor of 2 larger
than that determined from the naive formulas for
I'„(g) and I'„((). Part of the discrepancy may be
due to unusually large higher-order radiative cor-
rections to these results. The running coupling
constant n, (T) is computed from the renormaliza-
tion group equation

(2. 18)

For the same reason, the rate for the inclusive
decay

7"-real y+ light hadrons

is expressed in terms of the ratio'

The rate for decay via a virtual photon is given by

(2. 23)

with &=4, the number of flavors. Finally, had-
ronic transitions are estimated by the multipole
expansion of QCD. '2 For example,

(2.24)

Results of these estimates are summarized in
Table VI, and culminate in a width

I'„,(T)=21 keV.

This is below the present experimental limit"

I'„,(T) &25 keV (95/o C.L.) .

where the first term, proportional to Rb,~, is the
decay into light hadrons due to the second-order
electromagnetic interaction, and the second term
accounts for decay into e, p, , and 7 pairs.

For our estimate we adopt the following values
for the P family:

So far we have assumed the same potential for
both the g and T families. To indicate the sensi-
tivity of the results to the choice of parameters
we have also performed a calculation by letting I(.

vary according to (2.23) which, for v(g)=0. 52,
gives

«(T) = 0.33 . (2. 2V)

=44 keV,

o.,(q) = —,
' ~ = 0.39 .

(2. 21)

(2.22)
Keeping m, and a as before, but changing n, to
~~(T) in (2. 2), we find that

TABLE VI. Estimated decay rates of bb states (keV). For the method of estimating various
rates, see discussion in text.

Gluon
annihilation apc. b

ym

Photon
transition

Hadronic
transition

Total
w'idth

&(9.46)
Y'{10.01}
&"(10.40)

u ~,(9.91)
u , ,(9.91)
1Pg ()(9.91)

12
4.3
3.0

220
~93
660

8.7
3,2
2.2

0.3
0.1
0.1

~0
2.5
5.6

36
36
36

=7.8
21

=18
~11

' 260
130
700

I -&- is., the decay rate via a virtual photon by the second-order electromagnetic interac-
tion, including lepton pairs and hadrons. Vfe have used (2.20) with A~~=4 at R™10GeV.

I'&« is the rate for the inclusive decay into a single photon plus light hadrons.
Bate of El tran~sitions taken from Table V.
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I'...-(T) = 0.9 keV,

I ... (T') = 0.46 keV,

which are not far off the data [cf. Eq. (2. 16)].
But the spectrum is markedly modified. For ex-
ample,

m(T') —m(T) = 454 MeV (a. 29)

instead of 592 MeV for y = 0.52. This value (2. 29)
is very close to the value -430 MeV that follows
from the parameter set B given by (2. 5). Equation
(2. 29) suggests that a value of ~ fixed at 0.52 is
favored by the (meager) data presently available
about the Y family. This is another indication that
I(,

" is not simply related to the running coupling con-
stant in QCD.

To conclude this section, we have plotted in
Fig. 4 the low-lying spectrum of heavier QQ
systems predicted by our potential with the pa.-
rameter set A (g = 0.52 fixed) as a function of the
quark mass m.

W(GeV)

4s

40--

2D

ID

2S DD

F F

FF

F F

DD"

35-- (cq, cq)

30--
IS

CC

FIG. 5. The spectra of the pc system, and of the
lowest-lying charmed-meson decay channels.

III. OUTLINE OF THE COUPLED-CHANNEL MODEL

2.0
5s

D

4s
I.5-

4)
C9

cp

LLI

4J I,O-
O
l~
I-
OX
LJIJ

3S

D

2S

05 p

l5

FIG. 4. Excitation energies for qQ bound states as
functions of the heavy quark mass m+. The model and
its parameters are given in Eqs. (2.1) and (2.4).

When the total energy N~ exceeds the charm
threshold, at 3.726 GeV, cc states can undergo
OZI-allowed decays into charmed mesons. At
that point the naive model has broken down. There
is nothing novel about this; indeed, what is novel
in the "new" spectroscopy is that there are QQ
states that are essentially bound, and where decay
is not a prominent feature. In the quark model

work on the "old" spectroscopy surprisingly little
attention" was devoted to decay phenomena even
though they are pervasive there. Encouraged by
the greater simplicity of heavy-quark phenomena,
we have attempted to incorporate OZI-allowed de-
cay phenomena into the model. The mathematical
details of how this is done were already described
in Sec. III of I, and will not be repeated. Never-
theless, for the benefit of more casual readers
we shall outline the ideas that underlie this for-
malism here.

The problem we face is most aptly summarized
by Fig. 5, which shows the observed, resonances
that we ascribe to cc states, and the spectra of
the known quasi-two-body charmed meson states
in the vicinity of the charm threshold. This is a
classic problem of quantum mechanics: a discrete
set of states in one portion of the Hilbert space
suspended in a continuum of states belonging to
another subspace.

A. Extension of the model to incorporate OZI-allowed decays

To make contact with reality we must introduce
an interaction that allows communcation between
the ce and (cq, cq) states of Fig. 5. A realistic
description of such interactions, rooted in the
foundations of QCD, is not yet in sight. In view of
this we have generalized the naive cc model in the
simplest way imaginable. That is, we write the
interaction of the naive model in second quantized
form:
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V

a trivial factor C is

(cc~ U~EF*;p)

decay

FIG. 6. Some interactions contained in Eq. (3.j.).

where V is the potential that appears in the Schro-
dinger equation of the naive cc model, and p, (r)
—= —,'g (r)A, g(r) is the octet of color densities, with

g being the quark field operator. In the cc sub-
space, (3.1) reduces to the model of Sec. II. But
when g i.s decomposed into creation and destruction
operators, a variety of other terms appear.
Among these are the processes depicted in Fig. 6.
Here we see cc and cs interactions that lead to the
bound states ( and F, respectively, but we also
see a pair-creation term c- css, and this con-
nects the two- and four-quark subspaces of Fig. 5.
This last amplitude in Fig. 6, and the one for the
inverse process, are responsible for the OZI-
allowed decays, and are fully incorporated in the
calculations to be described. [The interaction
(3. 1) also has terms not shown in Fig. 6 (see Fig.
5 of I), but which are ignored on a variety of
grounds; see Sec. IIID of I.]

We can now use H, to evaluate an OZI-allowed
decay amplitude, say the matrix element

{cc,n' 'L~
~

U
~
cs, &; cs, P; p),

I

where the bra is a cc state with the indicated
quantum numbers, and the ket contains a charmed-
strange meson pair with spin-parities n and P,
and relative momentum 2 p. The operator U is re-
lated to (3. 1) by U= P„H,Pc, where P„and Pc are
projection operators onto the cc and cq, cq sub-
spaces. Such a matrix element for I'I'* decay is
illustrated in Fig. 7. Its actual form, apart from

FIG. 7. The amplitude for g „(cc) I"I ~. Observe
that it can be viewed as a combination of the elementary
amplitudes that appear in Fig. 6, with the "binding" ex-
changes incorporated into the wave functions, here
designated by circles. The complete amplitude is a
sum of two terms, the one shown, and another where
V attaches to the c line.

d xd z Xso xmas
S

4f (x)4z+(x y)—4,(y)e '"' '
~

d V(x
x

(3.2)

where u = m, /(m, + m, ). Here P„ is the cc wave
function, and the &f&'s are the wave functions of the
decay products; all three functions pertain to the
same potential V. Equation (3.2) results after a
nonrelativistic reduction, and X' and X are there-
fore Pauli spinors. The pseudoscalar o x appears
because a static potential creates a pair in the 'S
state. In our numerical calculations we have, for
simplicity, ignored all effects of the Coulomb
term of the potential both in (3.1) and in the wave
functions, and approximated the wave functions of
the ground-state charmed mesons by Gaussians.

Obviously (3.2) represents a very simplistic ap-
proximation to a hadronic decay amplitude. Never-
theless, it incorporates the crucial feature that the
parent and its decay products are all extended
systems. For example, the fact that QQ states
are much smaller than Qq states when mo» m,
is taken into account. This is an aspect of the new
spectroscopy that seems Co be unprecedented in
physics; we are not accustomed to systems that
decay into objects considerably larger than them-
selves.

As we saw in I (see Figs. 9 and 10), the decay
amplitudes (3.2) are oscillatory functions of ~p~:
There is a close correlation between the number
of radial nodes in g„(y) and the number of zeros of
(3.2).

B. Dynamics of coupling between cc states and charmed mesons

Equation (3.2) provides Born amplitudes for
OZI-allowed decays. If the associated rates were
small (i.e., widths negligible compared to the cc
level spacing) we could use Fermi's "golden rule, "
and that would be the end of the matter. But above
the charm threshold these rates are large, and one
must treat the decay more seriously.

Our first task is to find a suitable object from
which to compute the quantities that interest us.
To motivate the definition of this object, we recall
the Green's function associated with a conventional
Schrodinger problem with. Hamiltonian IIo:

G(r, r', z) -=(r
~
(z —H, ) '~ r') (3.3)

(3.4)
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where g„and (~ are eigenfunctions in the discrete
and continuous spectra, respectively, and z is a
complex variable. If we wish to know the proba-
bility of finding a particle at the origin and having
an energy E in the continuous spectrum, we can
determine it from (3.4) via

~ y, (0) ~' = -(I/v)lmG(O, O;E+ i~) . (3.5)

Thus if our cc pair were interacting through a
potential that does not confine, (3.5) would provide
the way for computing e'e —c|.- above the threshold
for free quark production.

The true situation- is actually not totally unre-
lated to this unrealistic model. The coupling to
the (cq, cq) states does allow c and c to escape to
infinity, provided each of them is accompanied by
another quark, and this escape mechanism can be
represented by an effective interaction Hamiltonian
that acts only in the cc sector. One might jump to
the conclusion that this is an idiotic approximation,
t)ut the opposite is true: In any problem with N
degrees of freedom one can always confine one' s
attention to a subset of n && degrees of freedom by
constructing an effective interaction Q that will
describe the evolution of this subset exactly. Na-
turally ~4 is, in general, a very complicated oper-
ator —in particular, it will not be Hermitian if
"decay" can occur.

Assume that we already know this ~~ for our ce
subspace; it will, as we have said, implicitly con-
tain all information about the coupling between the
cc states and others that have more quarks. With
this ~~ we construct the "true" Green's function
g(r, r', z) in the cc subspace using the universal
definition (3.3) by simply replacing Ho by Ho+ Q.
The contribution to cr(e'e —hadrons) stemming
from cc creation is then computed in the usual
manner by combining (3.5) with the van Royen-
Weisskopf formula. As we showed in Appendix C
of I, this calculation yields the following formula
for the cross section due to charmed final states,
divided by o(e'e —p, 'g ):

b, R= -(32m/W )Imp (0, 0; W+is) . (3.6)

The isolated poles of g also give us the new posi-
tion of the bound states, i.e., the shifts due to cou-
pling to closed decay channels, and their residues
the components of the bound-state eigenvectors in
the cc sector. This makes it clear that when one
incorporates decay, one must "renormalize" the
parameters of the naive model (quark masses, pa-
rameters in V) so that the final spectrum of bound
states and thresholds is as in Fig. 5.

Thus a knowledge of the effective cc interaction
due to open and closed decay channels is all that
is needed to compute the quantities of interest to
us. In I (see Sec. IIIE) we showed that the ampli-

tudes depicted in Fig. 7 lead to the following ex-
pression for 4:

(3.7)

Here the matrix elements are just the expressions
(3.2), i.e., v. is a channel index (e.g. , DD~),
(E„p,) are the four-momenta of the decay pro-
ducts, and ~n) and ~m) are any pair of cc states
sharing the same conserved quantum numbers
(e.g. , I'D, and 2'S). Observe that I'c is indeed a
complex matrix once W exceeds the DD threshold.

We quickly list the approximations made in ar-
riving at (3.7): Only valence quarks are retained—
matrix elements of U that produce sea quarks are
discarded; the fact that the decay products may
themselves be unstable (i.e., D*—Dn) is ignored,
as are OZI-forbidden decays; final-state interac-
tions are neglected; all expressions are reduced
to their nonrelativistic limit. Of these the last is
probably the most serious. While the c quarks
move fairly slowly, and make a nonrelativistic
description of the cc bound states a reasonable
first approximation, there is no justification for
treating the light quarks in this way. These cal-
culations are therefore based on the hope that a
more realistic calculation would have qualitatively
similar decay amplitudes.

The Green's function g constructed with this E'?

describes the propagation of a cc pair in a manner
that incorporates all real or virtual decays into
noninteracting charmed-meson pairs, and may
therefore be depicted by Fig. 8; g contains all
diagrams of this type.

So far we have only discussed the approximations
inherent to the very scheme that culminates in the
formulas for the decay amplitudes and the effective
interaction ~&. This is the straightforward part
of the story. Unfortunately it is not practical to
evaluate ~~ for a complete set of decay channels

~
r) as well as cc states ~n). The calculations done

thus far actually involve two important truncations.
The first of these is that ~e only keep the first few
cc bound states ~n), and thereby reduce 0 to a
finite matrix. This approximation is easily con-
trolled by straightforwardly adding further states
and examining the stability of the final result. The

FIG. 8. The propagation of a cc pair in the presence
of open and closed decay channels as described in the
Green's function 8.



214 EICHTEN, GOTTFRIED, KINOSHITA, LANE, AND YAN 21

second truncation is far more drastic: Only
ground-state charmed mesons are retained, i.e.,
the channels shown in Fig. 5. It is therefore ob-
vious that the present calculations are only mean-
ingful below 8's 4. 3 GeV, where production of p-
wave charmed mesons is expected to become sig-
nificant. (This expectations appears to be borne
out by SPEAR results" indicating that by W=4. 415
GeV there may be copious production of objects
having a mass of -2.44 GeV and decaying into D*n.)

The restriction to such a small set of decay
channels represents a very severe handicap. On
the practical side, it means that our calculations,
though very laborious and complex, do not reach
many of the interesting structures observed in R.
Furthermore, the computed positions of reso-
nances stemming from primordial cc bound states
that lie near the truncation point are merely arti-
facts of the approximation. The austere simplicity
of the original scheme, where all parameters are
contained in the one universal interaction (3.1),
is therefore marred. In particular, one must
lower the positions of resonances near the brink
(in practice, of 3'&) by hand to mock-up the depres-
sion that would ensue if final states containing ex-
cited D's and F's were included in ~~. On the more
theoretical side, the truncation leaves unanswered
the serious question of whether Cl exists [i.e.,
whether (3.7) needs a subtraction].

Despite this long list of shortcomings, one
should not lose sight of the fact that this extension
of the model to the above-threshold region repre-
sents a significant first step beyond the naive
quark model.

(all in GeV) and

le=0. 517, (& = -'«).

(b) We solve the eigenvalue problem

net~(~ e„)6„„-n (z)~=0,

(4. Ib)

(4.2)

where t'„are eigenvalues of the naive model of
Sec. II, and find the eigenvalues of the coupled
system. For Rex & W„where 8', =2m& is the
charm threshold, the zeros of (4. 2) lie on the real
axis and locate the bound-state energies. The ad-
ditive constant in the potential is adjusted so that
the first zero of (4.2) coincides with the mass of

The distance between the lowest two eigen-
values corresponds to m(g') —m(P). The residue
of g at the lowest eigenvalue is related to the lep-
tonic width I'... of (. In general these values do
not agree with the observed values which are

m(g') —m(() = 0.589 GeV, (4. 3)

I"."'" (I ——=4. 8 keV. (4 4)

The correction factor (1 —4v/~) was discussed in
detail in Sec. IIA.

(c) We choose new values of m, and a and repeat
the steps (a) and (b) until the calculated values of
m(P') —m(() and I",":,'-'",agree with (4. 3) and (4.4).

(d) We enlarge the size of the truncated 0 ma-
trix to include more cc states and repeat the steps
(a)—(c). (The region below -4. 3 GeV becomes
fairly stable when four S states and two D states
are included. )

Proceeding in the manner described above, we
have arrived at

IV. THE INFLUENCE OF CLOSED DECAY CHANNELS

ON cV BOUND STATES

A. Determination of model parameters

m, = 1.84 GeV,

a=2. 12 GeV
(4. 5)

Our calculation of the charmonium system based
on the coupled-channel method developed in I, and
outlined in Sec. III, proceeds as follows.

(a) We assume initial values for m, and a, cal-
culate the decay amplitudes (3.2), and the elements
of the matrix 0 by use of (3.7). Following the dis-
cussion of Sec. III, we only include production of
DD, D*B, D*D*, FE, E*F, E*F* in calc.ulating
Q„, and truncate the matrix Q by restrict-
ing the number of 'S and 'D states of the cc system
to be included. The following parameters are
fixed throughout our calcuulation~'.

rn„= m„= 0.335, m, = 0.450,

m(D ) = 1.863, m(D~') =2.006,

m(D') = 1.868, m(D*') = 2. 008,

m(E) =2.040, m(F*)= 2. 140,

as our preferred choice. On comparing with the
naive values of (2.4), we see that m, is not
changed significantly.

8. Energy spectrum, eigenstates, and radiative transition rates

Despite the fact that our basic interaction is spin
independent, the hyperfine splittings between D*
and D, and F* and E, induce spin-dependent forces
in our coupled-channel calculation. In particular,
it will cause S-D mixing and splitting of the P
states.

The "bare" masses of the n'S, and n'D, states
corresponding to these values of m, and a, the
mass shift due to coupling to decay channels, and
the "renormalized" masses are listed in Table VII.
That the mass shift of 2'S, is much larger than that
of 1'8, is a reflection of the closeness of the g'
state to the DD threshold. The rather small
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TABLE VII. Mass shifts in the coupled-channel cal-
culation of charmonium states; see the text for the pa-
rameters used.

State
Bare mass

(Me V)

Mass shift
(Me V)

Renormalized
mass (MeV)

1 Si
2 Si
3 Si
43s
13P
1P
1Pp
13D

2 Di

3143
3802
4280
4687
3615
3615
3615
3935
4372

-48
-118
-55
—62
-92
-98
-96

-180
-142

3095
3684
4225
4625
3523
3517
3519 '

3755
4230

shifts of 3S and 4S are presumably due to the
omission of additional thresholds involving orbital
and radi. al excitations of charmed mesons. Also
the masses of 3S and 2D are difficult to determine
because of large interference effects in this re-
gion.

The wave functions for the "physical" ( and g'
are now linear combinations of various bare
states. For example, the structure of g' is of the
form

S(cc)) + +5.1"'D (cc))
n ~

+ &~DD;p-wave) + P~D*D*;f wave)+-
(4. 6)

where a, is the largest coefficient. Although the
states in the second line have the spatial structure
of bound states of charmed mesons, these are not
"molecular" states" because g' lies below the
threshold. The amount of mixing in g and P' from

other S and D states is listed in Table VIII. The
effect of mixing with virtual charmed-meson states
is also listed in the column entitled Z«,-&. The
departure from unity, 1 -Z

&,-„, is the probability
of finding the state in the charmed-meson sector.

As a consequence of mixing, the ratio of the
wave functions for g' and ( at the origin squared
is changed to 0. 67 from that given by (2. 6). The
resulting leptonic width of g' is in complete agree-
ment with experiment (see Table VIII).

Using the parameters (4. 5) determined above,
one can also find the positions of the P states by
a similar calculation. The bare masses, mass
shifts, and renormalized masses for 1P states
are shown in Table VII. The center of gravity of
the 1P states is 3.521 GeV to be compared with
the observed value 3.522 GeV.

The splitting of these levels due to the coupled-
channel effect (induced splitting) is only a few
MeV, and is far too small to account for the ob-
served splitting. Clearly the major part of the
1& state splitting must come from the sizeable
spin-orbit force which is expected to be present
in any system bound together by vector-meson ex-
change.

The amount of mixing of other P states in 1'PJ
is also listed in Table VIII.

Given the wave functions listed in Table VIH,
we can evaluate the F-1 matrix elements, including
the effects of coupling to virtual decay channels,
using Eqs. (2.21), (3.53), and (3.55) of I and other
formulas given in Appendices D, E, and F of I.
%e find that, although the DD*+D*D thresholds
are more distant from g', their effects are as
important as the DD threshold because statistical-
ly they are much stronger thresholds. Calculated
results for the El transitions g'- yy~ and y~ —yP
are shown in Tables IX and X, respectively.

TABLE VIII. Modification of cc states due to decay. The probability amplitude for a phys-
ical particle (p, p', or XJ) to be in a charmonium state is given by the number under that
state. Z(;, ~

gives the norm of the physical particle in the cc sector. I"«(P) is held fixed at
4.8 keV.

Particle +(cc) I;, {keV)

0.982
-0.090

0.040 -0.010 0.003 -2 && 10 -7 x 10 0.966
0.883 0.046 -0.015 -0.031 0.006 0.791

4.8
2.3

Particle 1P 2P +(cc)

X2

Xi
Xp

0.938
0.933
0.937

.-0.063
-0.060
-0.055

-0.014
-0.014
-0.013

0.885
0.874
0.881

For this and the remaining tables the bare masses of 1 PJ states have been shifted so that
the renormalized masses are 3.415, 3.510, and 3.555 GeV for the J=O, 1, and 2 states, re-
spectively. These shifts are -107, -8, and 36 MeV, .respectively, for J=O, 1, and 2 13PJ
states.
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TABLE IX. E1 transitions P' —XJ +p by coupled-chan-
nel calculation. ~'

J=- 0

linking the cc sector and charm sector, respec-
tively. The precise definitions of these quantities
are contained in Appendices E and F of I. Using
(4. 6) and a similar expansion for the )(~ states,

z(2$)z(lPz) l(2sID I&P) I'

Jsp
JSD

Rate (keV)
Bate/naive rate d

1.245
0.297

-0.044
l.537

-0.014
0.180
1.703

43.2
0.86

1.283
0.256

-0.017
1.572

-0.014
—0.091

1.494
34.4
0.76

1.298
0.264

—0.048
1.571

-0.027
0.019
1.617

23.7
0.82

I)( ) = g c„I n'P (cc))+yIDD)+, (4. 10)

we have for the transition g'- y+ )(~

z(2s)z(1P~) I(2slD
I
1P) I'+~sp+ &s~+ "'

(4. 11)

'See footnote a in Table VIII.
The notation in this table is explained in Sec. IV.
Dependence on the photon momentum is included in the

calculation of matrix elements. Hence the results are
slightly different for states of different J.

These are the ratios of the rates to those in Table I.

z(1p, )= c,
(4. 12)

(2sIDI 1P)=j'+j +j (j =j'„,„,«c.), (4. 13)
I

1 @~
——- e &k

I E)g I
(2cly+ 1) (4.7)

To explain the notations used in these tables, we
outline briefly our calculational procedure. For
our numerical calculation we write the E1 transi-
tion rate as

n, n'~&, 2, 3
m~m'=1, 2~ 3

0 Qn. Cmcm. n osfn 1 no~ml

(n=n'=2, m=m'=1, excluded), (4. 14)

J~D= Q Q a„*b„, Z(1P~)D„o~~D„*.n,~+ c c.
n~1, 2, 3 n'~&, 2

where k is the photon momentum. In terms of the
expansion coefficients of a charmonium state

I
&JM) in the cc sector, C

nL, rt'L' jnL, n'L' +jnL n'L' jnL, n'L'

(4. 15)

(4. 16)

P~
I

o.ZM) = Q a„'~~
I (;nLdM),

nL

~«can be expressed in the form

(4.8)

f tt) + -C X
e~y —~ anian'I, '4nt. ,n'g' In', n'I, ' +jng, ~l, ') n'

nI, n' L'

(4. 9)

TABLE X. E1 transitions gz g+p by coupled-channel.
calculation. '

J=O

Here jnL, n'L' ~ jnL, n'L'& and jnL, n'I' are the transi-
tion electric dipole matrix elements in the cc
sector, the charm sector, and due to pair creation

4» arise8 from mixing of 2$ and 1I' with other
8 and P states while J» is due to 8-D mixing. In
our numerical calculation only jnL „, L, is kept in
~sp and ~sL)~ j and j being much smaller. Other
terms not explicitly included in (4. 11) are very
small and neglected.

For the transitions )(~ —(+ y analogous quantities
can be defined by equations similar to (4.9)-(4.16)
with the roles of 18 and 28 interchanged.

From the tables we note that the charmed-meson
sector makes a significant contribution to E1 tran-
sitions while the contribution of the pair term j
is rather small. The final results for the E1 rates
are significantly reduced from the corresponding
rates in the naive model. However, they are still
larger than the data by about a factor of 2. Ex-

.C

z(1P,)z(is) I&»ID lis) I'
JSP
JSD

Rate (ke V)
Rate/naive rate

1.000
0.108

-0.026
0.992
0.076
0.001
1.069

130
0.92

0.979
0.112

-0.018
0.966
0.068

-0.0004
1.033

257
0.89

0.966
0.112

-0.019
0.953
0.063
0.0001
1.017

350
0.88

Naive model Conpled channel Experiment
Transition (ke V) (ke V) (ke V)

O' -Xp+7
0' -x)+7
0'-x2+V

50
45
29

43.2
34
23.7

16+9
16~8
16+9

TABLE XI. Comparison of radiative transitions by
naive-model and coupled-channel calculation and experi-
ments.

' See footnotes a, b, c, and d in Zable IX.
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perimental values, naive-model values, and the
coupled-channel results are compared in Table XI.

V. e+e ANNIHILATION ABOVE THE CHARM THRESHOLD

Our calculation of the charmed component &R
of R is based on two assumptions: (1) Production
of charm is mediated by those chamonium states
which couple to the photon; (2) the basic produc-
tion process is quasi-two-body, i.e., of the form
e'e —D,D, (and E,E,) where D, is a cu or cd
meson. " The first assumption is just vector-
meson dominance, taking into account the mixing
of J =1 cc states through their coupling to
decay channels. Obviously, we can expect this ap-
proximation to be useful only in the "resonance
region, " WS4. 3 GeV. " Quasi-two-body production
is well motivated by past experience in hadronic
processes. When valid it has the important con-
sequence that at a fixed energy 8'the distribution

of invariant mass recoiling against D's or F's is
a useful tool in unraveling the charmed-meson
spectrum.

A. Qualitative discussion of exclusive-channel ratios
in e+e annihilation

To understand the structure of our computed
&R, and to gain insight into the actual data, it is
helpful to discuss in some detail our formula for
&R. (This discussion expands somewhat on re-
marks made in Secs. III F and IIIG of I.) The
formula for &R is a sum over exclusive-channel
ratios,

hR(W) = Q R)(W),

where i runs over the two-body channels. The ex-
plicit form for the production of strangeness-zero
charmed mesons is

r
1 32 2

P(EiEof
2 m, n

I

R3

3

Z 0 o(P)(~*o, o 4 I„'o(P,)f„'.o(P~)~ 0, 0

434

-v 2/3

+9*,,„. 2v 2/3 I„',(p, )&„',,(p, )S„, ,+c.c.

.-v 2/3.

+ ~*0,~

3

E].5 i

I„',(p, )1„'.,(p, )+ p

12
E. 5i

9. .. o 0 .(o)

for i=
1: DD

I' 3: D*D*
(5.2)

Here, P, is the momentum of either meson in the
ith channel, E„E2 the energy of Dy D2p and E,y+E2

An analogous but simpler formula holds for
F-meson production. We turn now to a detailed
discussion of (5.2).

The constant f„' was given in Eq. (3.42) of I'o:
-2

'm. +m.

(5. 3)

As discussed in I, the first factor, the light-quark
mass m„arises from the production mechanism
of the light qq pair in the transition P„~(cc)—D,(cq)
+D,(cq); it is a consequence of the nonrelativistic

I

approximation to the Hamiltonian H, in Eq. (3.1).
The reduced mass comes from cq and cq bound-
state wave functions. Together, these factors im-
ply a substantial suppression of F production rela-
tive to D. Neglecting other less important depen-
dences on m„we expect (for large enough W) that

4

o (e'e -F'+. . .) -! v(e 'e -D'+. ..)
im.

! |.('.--D +... )
1 m„'t .

2 ms)

+ c(e'e —D'+. . .)].
(5.4)
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With m„= 0.33 GeV, m, = 0.45 GeV, inclusive F
production is 20-30% of either inclusive D' or
D' production at most energies between F threshold
and W-6-7 GeV (where one might reasonably ex-
pect asymptotic behavior to set in). Deviations
from this rule may arise from momentum depen-
dence of the "form factors' I„'~(P} (see below).

The sum in R, runs over the radial quantum num-
bers of the 1 charmonium states. In the non-
relativistic approximation their coupling to the
photon is controlled by the wave function tt/„~(0)
at zero cc separation, so only 'Sy states contribute.
Thus, („,(0}projects out only those parts of the
resolvent g which link m'S, to n S, (g„o „0), and
m'S, to n'D, (g„,„,). The vector-meson reso
nances appear as poles in/ at W„=M„—iI'„/2
States which are mostly n'S, show up most strongly
in g 0 „„with pn = g, n + 1. Those which ar'e D~ainly
yg'D, appear strongest in g, „„which does not con-
tribute top, . Inthis model, therefore, Q Disappears
as a resonance in e' e annihilation only through its
mixing with anearby 'S, state, i.e.; as a pole in 8, „,
with m = g+ 1. The mechanism for S-D mixing will be
discussed shortly.

The relative production rates of the different
channels are controlled by the amplitudes I„'~.
Because of their falloff with p, and the structure
of the matrix g, only a few terms in (5.2} are im-
portant at the peak of a resonance. The bilinear
forms in (5.2) involving the I„'~ are essentially
the absorptive part of the matrix 0, defined in
Eqs. (3.22) and (3.23) of I. For example,

(5.5)

and

(5. 6)

Statistical factors (such as -,', —,, -', ) weighting the
relative contributions of the three channels are
just the C coefficients defined in Eq. (D19) of I.
This is the origin of the infamous 1:4:7 ratio ' '
for e'e —DD:DD*+D*D:D*D*. However, this
ratio rule is correct only if MD ——I&* so that p&
=pD* at all W. Then I„'~(p) has the same value
for all three channels, and the S-D mixing matrix
eleinents g„o „,(W) connecting 'S, and 'D, states
vanish identically. Of course, mL) & mD+ and the
relevant I„'~(p) have such dramatic momentum de-

pendence in the region of interest that rules based
on statistical factors alone are practically use-
less.

In our model, the assumed mass difference be-
tween D and D* is the only source of spin depen-
dence, and this has two very important conse-
quences. First, it is responsible for the S-D
mixing just noted. As a corollary, S-D mixing
is strongest in our model when a 'D, pole sits in
the midst of a set of spin-split thresholds (e.g.,
at W = 3.8 GeV), and weakest when it is far from
such thresholds so that P, is approximately the
same for all channels i sharing the same pairs of
principal and orbital quantum numbers. We expect
that there must also be spin-dependent terms in the
cc, potential which induce S-D mixing. This point
will be discussed in more detail later.

The second effect of the D*-D mass difference
is to introduce a very marked energy dependence
into the relative production rates of the various
exclusive channels, beyond what one expects from
the statistical and phase-space factors alone.
This comes from the momentum dependence of
I„'~ which, up to factors independent of meson
momentum, is the amplitude for g„~ (mass W) to de-
cay in the lth partial wave to a pair of ground-state
(0 or 1 ) mesons, D,D, or F,P„having momentum

p, = I [W
' —(M, + M,)'][W' —(M~ —M2) ]j /'/2 W.

The I„'I are shown in Figs. 9 and 10 for three 'S,
and two 'D, states. The most striking features
of these figures are the nodes, increasing in num-
ber with the radial quantum number, and the fairly
rapid falloff at higher momenta. Both reflect the
nodes and the finite extent of the cc radial wave
function R„~ and —insofar as they are observable —,
support the notion of bound quark constituents. In-
deed, the presence of zeros in I„'~ has an enor-
mous influence on the relative abundance of each
exclusive channel in the 4-GeV region, since any
cc resonance above the D*D*threshold is certainly
a radial excitation, and the momentum p, of any
open channel lies just in the region where the form
factors are most rapidly varying. Although the
precise location of these zeros may be fairly
model dependent, their presence certainly is not;
very similar behavior has been found in simpler
model calculations of g„~-D,D2. '

At high momentum, I„'~(p) falls off as p ' '~'.
Deduced from Eq. (3.37) of I, this power law cer-
tainly depends on our specific production mecha-
nism and on the use of nonrelativistic radial wave
functions R„,(x) which vanish as r~ at short dis-
tances. Our model may be least reliable here,
and we are not very confident that either the ef-
fective cutoff momentum (-1.5 GeV) or the par-
ticular power law is correct. Nevertheless,
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FIG. 9. P-wave decay amplitudes for pp 9 states.
The quantity plotted is I„'I(p), defined in Eq. (3.37) of I
where n and L are the principal quantum number and or-
bital angular momentum of the cc state, and L the orbi-
tal angular momentum of the decay products whose rela-
tive momentum is p. The dashed lines apply to the de-
cays cc cu+Vu (or cd+cd), the solid lines to cc-cs
+ps., the former is therefore used for decays to non-
strange charmed mesons {e.g. , D*D*), the latter for
decays involving E and/or E*. The quark masses are
m„,z,= 0.335 GeV, nz, = 0.450 GeV, and m~ =1.84 GeV,
while u =2.12 GeV . Notice that these curves differ
slightly from those in Fig. 3 of I, as a result of the
change in parameters described in Sec. II.

whatever the correct model, it will surely have
decay amplitudes that fall rapidly for large mo-
menta. Hence, any single channel can be expected
to have an appreciable production cross section
only within a few hundred MeV of its threshold.
As W is increased, higher-mass charmed-meson
states (orbital and radial excitations of D and D*)
take over from the ground states until, finally, the
resonance -mediated, two-body production picture
is best replaced by a continuum or parton descrip-
tion.

The dependence of the I„'~ on the light-quark mass
m„ though complicated, is not dramatic, as we
see from Pigs. 9 and 10. A shift of the nodes is
the most important consequence of a change in m, .

This lengthy discussion may thus be summarized
as follows: The charm production signal should be
strongest at the peak of charmonium resonances.
At each resonance only a few of the terms in Eq.
(5.2) for the exclusive-channel ratio are impor-
tant, and the relative abundances of each channel
will be largely controlled by the appropriate form
factor 1„'~(p,).

These unprecedented features of meson produc-
tion in e'e annihilation will show up even more
strongly in the OZI-rule-allowed decays of T reso-
nances (although with a much smaller cross sec-
tion}. There, the first resonances above threshold
will probably be 2'D, (with one radial node), and
4'S, (with three nodes). Furthermore, the mo-

FIG. 10. P- and E-wave nonstrange decay amplitudes
for cc 3D& states. Parameters are as in Fig. 9. Notice
that these curves differ slightly from those in Fig. 4 of
I, as a result of the change in parameters.

mentum of mesons containing one heavy, and one
light quark increases more rapidly with W (near
threshold) than it does in charm production, so
there is an excellent chance of seeing rapid varia-
tions in exclusive-channel ratios. On the negative
side, the splitting between hyperfine partners of
the new mesons (i.e., between the 0 and l bq
states) is expected to be of order 50 MeV, so that
a reasonably large S-D mixing is less likely un-
less, by a great stroke of luck, 2'D, lies in the
midst of these thresholds.

B. Computed and measured cross sections

The exclusive-channel ratios R, and their sum
&R have been computed using parameters deter-
mined by the "renormalization" procedure ' out-
lined in Sec. IVA. The omission of higher thresh-
olds (especially those involving charmed I' states)
leaves the 3S and 4S resonances at too high a mass
for any meaningful comparison with data. There-
fore, we have artificially lowered the bare masses
of these states, as well as 2'D„and raised the
1'D„ in a crude attempt to simulate the effect of
these neglected open and closed channels. The
shifts we have used are

&~D ——+50 MeV,

3s = -80 MeV,

&~g) ——-75 MeV,

&~s ——-230 MeV.

The results are shown in Figs. 11-13. In Fig.
14 we also show the sum of the contributions from
charm production, and from the heavy-lepton pair,
Ti.

The published experimental data for R from the
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FIG. 11. The charm contribution to R in the 1 3D re-
gion (3.7 & W'& 3.8 GeV) as computed with the coupled-
channel model. Only DD channels contribute in this
energy region. Contributions from B5~and D'D are
indicated separately.

I,O

0.5

(c)

SLAC-LBL, DELCO, ' DASP, and PLUTO '
collaborations are shown in Fig. 15. In visually
comparing the various curves, one should recall
that these groups make different corrections to
the data, and claim somewhat different systematic
errors (see Refs. 44-47). Furthermore, all data
contain an uncharmed component amounting to
2-2. 5 units of R, and above 8'= 3.564 GeV, a
component from the 7 lepton. " Given that there
are differences among the various sets of data, .

and that our model breaks down rather badly
above 8' = 4. 3 Gev, we shall not attempt a detailed
and quantitative comparison of the model calcula-
tion with data points. Rather, we wil1. explain the

0

0.3

QRF
F+F +F F~+
F%+ F�-
+F+ (d)

0.2

01

4.0 4.1 4.2

W (GBV)

43 4.4 4.5

FIG. 12. The charm contribution to R from exclusive
channels in the region 3.8& %&4.5 GeV. These curves
are computed from the coupled-channel model.

—dR
DD

0
3.7 3.8 40 4. 1

.W (GBV)

4.2 4.3 4.5

FIG. 13. The charm contribution to R in the region 3.7& V & 4.5 GeV as computed in the coupled-channel model. Con-
tributions from F~F2 channels are included but not indicated separately since they are too small; they are shown in Fig.
12.
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FIG. 14. Contribution to R from charm and the heavy
lepton v in the energy region 3.7& 8'&4.3 GeV. The
charm contribution is computed in the coupled-channel
model, and the contribution from v is computed as-
suming it is a spin-~ pointlike particle of unit charge
and mass 1.782 GeV. 3.0-
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features of our curve, compare predicted widths
and exclusive-channel ratios with available data,
and give our interpretation of the main structures
in the experimental curves.
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C. $(3772)

In the region just above the charm threshold,
where the only open channel is DD, the charm
production cross section is only significant at the
resonance $(3772). This resonance has been seen
at SPEAR by both the SLAC-LBL" and DELCO"
collaborations. The measured parameters from
SLAC-LBL" are

M= 3VV2 + 6 MeV,

I =28+5 MeV,

I;.=0.37~0.09 keV,

& R(peak) = 2. .18 + 0.34,

while those of the DELCO group ' are

M=SVVO+6 MeV,

I'=24+5 MeV,

I"„=0.18+0.06 keV.

(5.8)

(5.8}

Observe that the two groups disagree on the lep-
tonic width (or equivalently, on the height of the
resonance in an R plot) by a factor of -2.

In our model g(3772) is the 1'D, charmonium
level, seen in Fig. 11 just above charm threshold.
Its leptonic width stems from mixing with the 2'S,
=—$(3684), as already described in Sec. IV.

3,0—

d&PLUTO

Q . s. i 1 I s .' i I i ' I 1 I

3.5 I..Q 4.5 . 5.0
W (GeV}

FIG. 15. Results of R {including e'e r'7 ) from
four experiments: (a) SLAC-LBL (Ref. 44), (b) DASP
{Ref. 46), (c) DELCO (Ref. 45), (d) PLUTO (Ref. 47).
The curves represent a hand-drawn line through the
PLUTO data. The band in Fig. 15(d) indicates
the systematic errors of the PLUTO measurement.
The plots shown were compiled by G. Feldman.

Before the discovery of the I' states, or of
charmed mesons, our coupled-channel calcula-
tions" gave a 'D, state in the vicinity of 3775 MeV,
with a total width of about 30 MeV. When the D-
meson masses became known, the calculations'
were redone, ' and gave results that correctly
predicted the mass and total width of $(3772).

The present calculation adopts a different pro-
cedure for determining the parameters in our
model as described in Secs. II and III. It then
turns out that 1'D, lies at 3755 MeV (see Table
VII)—i.e., not as close to $(3772) as our original
prediction. This illustrates a contention we have
always made: The coupled-channel model cannot
predict the position of resonances accurately, but



222 EICHTEN, GOTTFRIED, KINOSHITA, LANE, AND YAN

once the position is given, the other resonance pa-
rameters are predictable. In the present case
this is especially obvious: We are near a thresh-
old where very small changes in the position of a
resonance lead to large variations of the predicted
widths. We therefore shift the "bare" mass of the
'D, level of the potential model upward "by hand"

by 50 MeV so that the pole in the coupled-channel
calculation lies at 3772 MeV. The properties of
$(3772) that then emerge from this calculation are

L'„, =30 MeV,

1"„=70 eV,

~R(peak} =0.S.
(5. 10)

(2'S~ V '"' ~1'D) =1.9 MeV,

(2'S
i

V","
i
i'D& = -4.9 Mev.

(5.11)

Equation (5. 11) predicts the following mixing
angles and electronic widths:

Coulomb: 8=1.2, I'„=1.0 eV,

linear: 8= 3.2', I"„=6. 5 eV.
(S. 1.2a)

These should be compared with the coupled-chan-
nel results:

coupled channel: 8= -10', I"„=70 eV.

(5. 12b)

The relative signs of the mixing angles are deter-
mined from the behavior of R when a tensor force
in the potential is incorportated into the coupled-
channel ca1.culations.

The leptonic width of g(3772) is also sensitive

The total width agrees very well with the data,
but the leptonic width is too small [by a factor of
-2. 5 or 5 depending on the experiment —cf. (5.8)
and (5.9)]. Furthermore, this theoretical value of
I"„,agrees w'ith our earlier calculations' '" and
demonstrates once again that the hadronic width
is not sensitive to the details of the model if the
position of the 'D, level is kept fixed at 3772 MeV.
The 'D, -'S, interference, which is responsible for
leptonic decay, is rather more sensitive to details,
as one might expect, and the I'„ in (5.10) is a fac-
tor of 2 smaller than found in our previous calcula-
tion.

The electronic width is also sensitive to 'S-'D
mixing due to a tensor force in the cc potential
itself, even though this mixing is much smaller
than that due to virtual and real decay. To see
this, we briefly consider this effect under the as-
sumption that our confining potential (2. 1) arises
from the exchange of a Lorentz vector. It then
leads to a tensor force in the Breit Hamiltonian
having the matrix elements":

to relativistic corrections to the 'D wave function. '
If I'0, is the leptonic width due to S-D mixing alone,
this relativistic correction has the form

(s. is)

where M(p) is the radial wave function defined in I.
For our parameters this more than doubles the
theoretical rate to -160 eV, which is then in better
agreement with the data than the values quoted
above. What is not really clear is whether other
relativistic corrections are of comparable im-
portance.

The tensor force due to a Coulomb potential de-
, creases the S-D mixing of the coupled-channel
calculation by a very small amount; that due to a
linear potential increases the S-D mixing substan-
tially. According to (5. 18) the electronic width
1„in the latter case would be 0.23 keV, which is
only 1.5 standard deviations below the SLAC-LBL
result. It is therefore conceivable that the dis-
crepancy between our calculation of I"„and the
data may be removed by a tensor force in the cc
potential. On the other hand, our results for the
hadronic width are far less sensitive to such a
tensor force.

Although it is now well known, we repeat' that
the g" peak is by far the best place to study prop-
erties of D' and D' because there is no clutter
from extra pions and photons from D* and higher
charmed-meson decays. In studying F's and the
new mesons associated with T, a similar reso-
nance —decaying exclusively to the ground-state
pseudoscalars —should be sought out. In the case
of F', the only hope is at the peak of the apparent
resonance at 4. 16 GeV (see below).

If the D' and D' cross sections at g" can be mea-
sured with sufficient precision, it may be possible.
to observe the effects of the 'D, form factor
I,', (PD). On the basis of isospin conservation and
phase space alone, one expects

(s. 14)a(e'e —D'D ) p~,

However, our model predicts (see Fig. 11) that at
the resonance peak

(s. is)0(e'e -D'D
a small, but hopefully measurable effect.

&R dips to zero near 3.8 GeV in Pig. 11 because
charm production in our model is vector-meson
dominated and there is no resonance here. This,
too, agrees well with the SPEAR results, especial-
ly when one allows for a small amount of v produc-
tion in the data (&R, = 0.5).
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O. Exclusive-channel ratios above 8'= 3.8 GeV

In our calculation there is some weak structure
in the 3.9-4.0 GeV region. It does not arise
from a cc resonance, but from the opening of the
DD*+D*D channel and a decrease in the DD chan-
nel due to a nearby zero in the 3S decay amplitude.
This can be tested by measuring the ratios of DD
to DD* exclusive channels in the 3.9-4. 1 GeV re-
gion, where a dip approaching zero should occur.

The measurements of R show quite pronounced
structures in the 3.9-4.0 GeV region (see Fig.
15), but there are obvious disagreements between
experiments. Consequently we cannot say whether
our model agrees with these data or not. As there
is a very important point at stake here, we shall
return to this energy region in Sec. VE below.

Another manifestation of vector-meson domi-
nance is seen by comparing D*D and D~D* produc-
tion near 14'= 4 GeV. In our model, most charm
production from about 3.9 to 4. 15 GeV proceeds
through the 3'S, level, seen in Figs. 12 and 13 as
the prominent peak at 4.05 GeV. With a threshold
fairly far from the 3S pole, the D*D channel turns
on with a very gradual P' rise, and does not be-
come appreciable until the pole is reached. The
D*D* channel starts just below the 3S pole, and
the limited phase space for decay into this channel
makes the 38 fairly narrow. Thus, &R increases
rapidly as the pole is approached, as does D*D*
production. Finally, DD production nearly van-
ishes at 4. 025 GeV (in this calculation) because
I,o(P) has a zero at P~= 750 MeV.

These peculiarities of charm production are
consistent with the data of the SLAC-LBL group
taken at the peak of the resonance at 4.028 GeV,
which we interpret as the (mostly) 3'S, charmon-
ium state. In particular, they find"

+D QD ~ ~D Do+D D+ '+D Do

=1.00+0. 10:0.85+0.09:0.10+0.06. (5.16)

The corresponding ratios for charged-D produc-
1 I

tion are not known yet. On the basis of the naive
7:4:1 rule, one would estimate the ratios in Eq.
(5. 16) to be

3 . 3 . 3
ppDCQg)WQ. '4PD+QDQ: 1PDoDo ——1.0: 17.4:11.1 .

Even allowing for a naive monotonic momentum
cutoff, say exp[-(p/500 MeV)'], the relative ratios
are 1.0:5.6:1.2, still in gross disagreement with
experiment. This fact has led several authors"
to interpret $(4028) as a "D*D*molecule, " an al-
most bound state of these two charmed mesons.
There is no need for this ad hoc hypothesis; these
unexpected ratios can be accounted for by the zero
in I,'o(p~o~o). At the peak of the 3'S, resonance in
Fig. 13, we find from Fig. 12

BD+QD+o'. BD+QDQ+DQD+o. RDQDQ= 1.0:1.35:0.005

(5. 18)

BD*+D~:RD++D-+D+D~: RD+D- ——1.0:2. 69:0.'004 .

The last numbers in (5. 18) and (5.19) are not to
be taken too seriously because R» varies rapidly
when pD is close to zero of I„'~. What is certain
is that RDD is small here. The node has resulted
in an enormous suppression of DD compared to
D*D* even though the latter is just 14 MeV above
its threshold. Thus the oscillatory form factor
gives at least a quabtative explanation~ '~ ~ of
the ratios (5.16). These oscillations are a direct
consequence of the radial nodes in the 3S cc wave
function. The existence of the node in the decay
amplitude is therefore an issue of rather funda-
mental importance, and should be settled as unam-
biguously as possible by further measurements.

From the D* branching ratios calculated in. the
Appendix, and defining B;,=B(D*'—D'm'), etc.,
we predict"

c(e'e D + any)/c'(e'e D'+ arly) = [Roo&o+ (1 + B,o+ B„)R~+o~o+(Bp+ B„)R~wo5+o

+ B (Rg)++D + Rg)++))+ )]

X [RD+D+ (1 + B'o+ B~)Rn+'o + (B~o + B„')Rps+pw]

=2.84 (5.20)

at W= 4. 028 GeV. [In Eq. (5.20), RAN*II

2(RD+D+DD+) '1
Our assignment of $(4028) to the 3S state can be

tested experimentally. The decay amplitudes de-
pend on the orbital angular momentum I. of the
initial state and thus distinguish an S state from a
D state. In particular, at the same momentum

l
the ratio of decay rates for DD to DD*+D*D is
given by

—,
' for L=O (S state),rate for DD

rate for DD*+DD~

(5.21)
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TABLE XII. Methods of distinguishing different interpretations of 4.16-GeV structure. The
definition of BD is given by Eq. (5.21) in the text.

Observables 2D state

Possible interpretation of 4.16-GeV structure
Threshold

4$ state structure

Behavior of BD in the
4.1 to 4.2 GeV region

Increases
sharply by
factor -3-4

Slowly
varying

Slowly
varying

Minimum in R between
4.03 and 4.16 GeV

Cannot
vanish

May
vanish

May
vanish

Opening of a new
threshold

Not
necessary

Not
necessary

Must be a major
fraction of charmed
states at 4.16 GeV

This test is complicated by the difference in D
and D* masses which leads to different momenta
for the two decays at the same total energy. The
4.028 state however fits well as the 3S state when
the momentum difference is taken into account.
Then the expected value is BD g —' for an S state

10
and B~ - —, for a D state, while the measured
ratio' ' ' at 4.028 GeV is BD ~ —'.

10
As explained previously, beyond -4. 3 GeV our

model calculation breaks down. The small struc-
ture in our computed R at 4. 16 GeV is due to the
2'D, charmonium level, mixed with 3'S,. The po-
tential model discussed in Sec. II also places the
2D at 4. 19 GeV. Therefore, we interpret the ap-
parent resonance seen in Fig. 15 near 4. 16 GeV
as the 2D state. In the coup1, ed-channel calcula-
tion, we find very little mixing with the 3S state
because there are no important nearby thresholds;
in particular, F production is only about 1/~ of D
production in this region.

There are two other possible interpretations of
the 4. 16-GeV structure: (i) as the 4S state favored
by the logarithmic potent-ial model; (ii) as a
threshold structure similar to that at 3.95 GeV.
When better data become available, these can be
distinguished by the considerations given in Table
XII.

Finally, we briefly consider the structure ob-
served in the 4.4-GeV region. The dip at 4.28
GeV seen in Fig. 15 suggests that the 4.4-GeV
object is a new S-state resonance that is not
strongly coupled to the resonances in the 3.9—4. 2
GeV region. We also emphasize that many new
thresholds open in this region, in particular those
for P-wave charmed mesons. For the latter we
use the notation D(Pz ~), where j is the total angu-
lar momentum of the light quark. Thus D*D(P)
+D*D(P) and D(P)D+D(P)D are expected to be
important. Of these D(P», ~)D+D(P~~2, )D might

TABLE XIII. New open channels in e+e annihilation in
the 4.2 to 4.5 GeV region. The notation D(P, z) denotes a
P-state charmed meson of spin J, and j is the total
angular momentum of the light quark. These masses are
for the neutral mesons.

Channel
ThreshoM Statistical

Mass (GeV) behavior factor

DD(Pt/2, o)

DD(Pg)2 1)

D +D(P)y2, p)

D*D(Pg(2 1)

DD(P3y2 2)

DD(P3)P ))

D +D(P3)2,)

D*D(P3(2 2)

4.22

4.23

4.36

4.37

4.37

4.36

4.51

4.52

Forbidden

8 wave

S wave

$ wave

D wave

D wave

D wave

D wave

3

2

3

3

2
3

3

3

be especially prominent because of its large statis-
tical weight and available phase space. D(P, &»)
decays strongly into D*m, and is therefore expected
to have a normal hadronic width. At 8'=4.415
GeV there is such an enhancement observed' in the
recoil spectrum of D0 at a mass of 2.45 GeV
[roughly the expected mass of the D(P, &») state
shown in Fig. 18].

In the Appendix we have estimated the masses
of the excited charmed mesons. The results are
shown in Figs. 17 an/ 18. We find that the first
charmed & states are approximately 250 MeV be-
low the first radial excitations of the S-wave
charmed mesons. Thus, DD(P) and D*D(P) are
the new low-lying thresholds that occur in the
4.2-4. 5 GeV region. Properties of these new
channels are listed in Table XIII.
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E. Is there an unaccounted-for resonance between P(3772)
and P(4030)?

As already remarked in Sec. VD, all measure-
ments in the 3.9-4.0 GeV region indicate the ex-
istence of an enhancement in R. Unfortunately
the experiments do not agree on the location of
this structure, nor on its shape. Our model gives
considerable variations of R in this region for rea-
sons explained in Sec. VD. Should this not suf-
fice, small ad hoc modifications in the decay am
plitudes can be shown to give quite pronounced
structures in R in this region (see Fig. 12 of Ref.
2). But, if there is really a well-defined reso-
nance between 1'D, and 3'S, [i.e., between P(3772)
and g(4030)], our model simply cannot account for
it. On the other hand, there is a plausible candi-
date for a narrow state in this region: the lowest-
lying vibration of the gauge field binding the cc
pail .

A careful measurement of R in the interval
3.9-4. 0 GeV is therefore of great importance. It
is probably the most favorable place to find clear-
cut evidence for gluon excitations, because the
next excited states, which are expected to lie
near 4.4 GeV in the model of Giles and Tye,"fall
in a region where our understanding of the cc
states, and of their decay, is already quite poor,
and an unambiguous interpretation of the data may
be very difficult to achieve.

If the sectors discussed in this paper and' those
where gluons are excitated are not strongly cou-
pled, our predictions for the exclusive branching
ratios should be valid except, of course, in the
immediate vicinity of resonances associated with
excitations of the gauge field.

VI. SUMMARY AND CONCLUSIONS

In this paper we have presented a detailed com-
parison of the naive and coupled-channel models
formulated in I with the available data, and made
a number of predictions. These may be sum-
marized as follows.

A. Naive QQ model

(1) The linear plus Coulomb potential model gives
a good account of the observed spectrum in both
the P and T families. To achieve this one must use
the observed 'I' cc levels as an input, instead of
the leptonic width I; of P and/or g'.

(2) This suggests that the van Royen-Weisskopf
formula for 1", is unreliable, as indicated indepen-
dently by a simple transcription to QCD of radia-
tive corrections in QED. These corrections are
approximately state independent, and one therefore
expects the model to account for ~atios of leptonic

widths. We indeed find that I, for g', T, and T'
are all given correctly by the model in terms of
I"(y- e'e ).

(3) E1 rates predicted by the cc model for ('
—'P are systematically too large by a factor of 2.
We do not consider this a serious discrepancy as E1
rates are very sensitive to wave-function details.
Predictions for a large number of E1 transitions
in the Y spectrum are given; presumably they too
are only reliable to within a factor of 2.

(4) Now that X(2820) seems to have disappeared
from the scene, and there are indications that
X(3450) will follow suit, the only serious blemishes
on the face of the charmonium model appear to
have been removed. Naturally it is still very im-
portant to find the hyperfine partners of g and P'.
But we must now presume that the hyperfine split-
tings are as small as theory has always indicated,
and this makes the observation of the M1 transi-
tions that will disclose the '8 states difficult. "'

(5) The naive model is also remarkably success-
ful when applied to Qq mesons, where Q is a quark
much heavier than q. As shown in the Appendix,
the low-lying states of these "heavy-light" sys-
tems are well described by a semiempirical mass
formula with relatively few parameters.

B. Coupled-channel model

Incorporation of coupling to charmed-meson
decay channels by a very simple extension of
the naive cc model leads to a qualitative under-
standing of many of the phenomena observed above
the charm threshold, and confirms that the naive
model provides an adequate description of below-
threshold phenomena.

(1) Below charm threshold, mixing between cc
states and the charmed-meson sector is rather
small, and leads to modest (-20%) reductions in
the E1 rates predicted by the naive model. The
leptonic width of P' that emerges from the coupled-
channel calculation is in complete agreement with
experiment.

(2) The model gives a quite complete understand-
ing of g(3772) as the, 'D, cc state mixed with 2'S
by both open and closed decay channels.

(3) The decay amplitudes for cc- cq+qc are
oscillatory functions of momentum, with a node
structure that is determined by the radial nodes in
the cc wave function. This provides a qualitative
understanding of the peculiar branching ratios into
various charmed-meson channels observed at
4.03 GeV. The prediction of a zero in v(e'e —DD)
near 4.0 GeV should be tested experimentally be-
cause it would, for the first time, confirm in de-
tail the structure of a quark-antiquark radial wave
function.

(4) More reliable measurements of It between
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g(3772) and $(4030) are needed. Our model pre-
dicts modest variations of R in this region because
of a variety of threshold and decay effects, but the
present data hint at the existence of a much more
marked structure. The discovery of a sharp reso-
nance in this region would have considerable sig-
nificance, for it would reveal degrees of freedom
that cannot be described by the charmonium model
as it stands. The latter has no room for a level
between I'D, and 3'S, i.e., between P(3772) and
q(4030).

The spectroscopy of the & family will afford new
and more stringent tests of the model presented
here. We hope that this new spectroscopy will
provide better clues concerning the relationship
of the phenomenological model to QCD itself.

Note addedinProof.
(1) The charmonium ground state q, appears

finally to have been found by the Crystal Ball
Collaboration at SPEAR (C. Peck, invited pa-
per, Montreal Meeting of the APS Division of Parti-
cles and Fields, 1979 (unpublished). Its essential
properties are m(q, ) = 2.977 + 0.003 GeV and I'(g-yq, )
= I'(('- yq, ) = 0.7 keV; as yet there is no quoted
error for these rates. According to our Eq. (2.8),
I'(g- yq, ) = 2.0 keV. For hindered ~1 transitions,
r„y varies approximately like k'; from Table II
we then find that I'(g'- yg, ) = 1.0 keV. It is puzzling
that the theory agrees so well with the preliminary
data for the hindered transition, which is very
sensitive to wave-function details, whereas it dis-
agrees significantly with the model-insensitive
allowed transition. Since the experimental rates.
quoted above assume the total widths of the p, to
be smaller than the photon-energy resolution, one
possible solution to this disagreement is that the
widths of the g, are considerably larger than anti-
cipated. For example, if the total widths of the g,
are found to be 15-20 MeV, the resulting experi-
mental rate I'(g- yq, ) is roughly tripled while the
rate I'(g -p'p, ) remains essentially unchanged.

(2) A third narrow Y resonance has been dis-
covered at the Cornell storage ring CESR by the
CLEO and Columbia-Stony Brook collaborations
(B.D. McDaniel, private communication). Called
Y", it is presumably 3'S(bb). Its observed excita-
tion energy is m(T") -m(Y)=891 MeV. As we saw
in Sec. IID, when the same potential is used for
the bb and cc systems, the 28-18 bb separation of
591 MeV is some 5% larger than the observed val-
ue of m(T') m(T). One can "fine tune" our model
to give the observed 28-18 spacing by introducing
a small flavor dependence into the Coulombic term
of the potential. This is achieved by reducing z to
0.48 from 0.52, while keeping mb and a at their
previous values of 5.1V GeV and 2.34 GeV ', re-
spectively. [Note that a reduction of ~ is what one

would expect from asymptotic freedom, though as
we saw in Eq. (2.27), a naive estimate leads to a
much larger reduction. ] With this slightly modi-
fied model, one finds that m(T') -m(Y) = 898 MeV,
in excellent agreement with the CESR observation;
the 48 level, at 10.63 GeV, is expected to be above
the OZI threshold. In view of the forthcoming
measurements at CESR, we list below the modi-
fied excitation energies and leptonic widths of the
Y family; these replace Table IV in the text.
(Quantities bearing an asterisk are inputs. )

State &„(MeV) I'„(keV)
18 0Q 1.24*
1P 463
28 560*
1D 705
2P 811
38 898 0.34
2D 995
48 1170 0.28
3D 1245
58 1410

After fine tuning, many other models' "give
very similar predictions for the 38 and 48 posi-
tions. For a, new and successful model that uses
a Coulombic term incorporating the running cou-
pling constant, see J. L. Richardson, Phys. Lett.
82B, 272 (1979).

0.48
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APPENDIX: PROPERTIES OF CHARMED MESONS

The nonrelativistic treatment developed for the
cc bound states in Paper I, and in Sec. II of this
paper, cannot be expected to work well for mesons
cq w'hose lighter constituent q should be treated
relativistically. To develop an adequate dynamical
theory of charmed mesons, on the other hand, is
certainly beyond the scope of this article. Instead,
the intent of this Appendix is to obtain rough esti-
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1. Mass spectrum

The following charmed-meson masses are pre-
sently -known experimentally":

m (D ) = 1.8633 + 0.0003 Ge V,
m (D') = 1.8684 + 0.0004 Ge V,
m(D~ )=2.0062+0. 0025 GeV,
m(D*') = 2.0086+ 0.0005 GeV

= m (D') + 0. 1453 + 0.0005 GeV .

(Al)

If one is to apply the coupled-channel model to the

( system, one must know the quasi-two-body
charmed-meson thresholds, and thus the masses
of the excited states of the cq system.

The reduced mass of the cq system is only -0.3

Gev which points to the danger of applying the non-
relativistic potential model of Sec. II. Further-
more, the experimental hyperfine splitting of the
D and D* evident in (Al) demonstrates that spin-
dependent corrections to the nonrelativistic spec-
trum may be substantial. As we have seen in

mates of the mass spectrum and decay properties
of the charmed-meson system needed in the text.
The experimental data on charmed mesons are em-
ployed wherever possible; those properties which
are not available experimentally at present are
estimated by relying heavily on the analogy with
the E-meson family.

Sec. II, however, the description of fine and hyper-
fine structure is not very satisfactory even for the
much more nonrelativistic cc system. For these
reasons it is difficult to obtain the excitation spec-
trum of cq systems by dynamical calculations. In-
stead, we shall make a crude estimate by exploit-
ing the similarity between cu and su as heavy-
quark-light-quark systems.

According to nonrelativistic quantum mechanics,
the energy of a two-body system depends on the
particle mass only through the reduced mass com-
bination u = mm, /(m+ m, ) = m, —(m, /mc)
+O(m, '/mo'), where mc, m, are the masses of
the heavy (Q) and light quarks (q), respectively.
Since p, becomes independent of m as mz —~,
the dynamics of a Qq system is completely deter-
mined in this limit by the li.ght constituent. The
corrections due to finite mz are partly given by
the second term of p. , which represents the recoil
correction of the heavy quark. Hyperfine interac-
tions (spin-spin) and tensor forces also vary with
mq as 1/mo. The spin-orbit interaction has a

. piece independent of mz which survives in the
limit m- ~.

Taking these interactions into account, and as-
suming quark mass independence of the effective
potential (see Sec. II), one may write down a gen-
eral form for the mass spectrum of Qq systems':

m(n; &; & ', mo ')=m, +[a,(n, l)+L 'S,a~0, (n, f)]
2

+ '
[Sg 'S,F ~(n, f)+ Z'„e', (n, l)+ L (S, +So)e~~(n, l)+e, (n, &)]+O(m ~/m ') (A2)

where

T,2 =(n JIj i[so ' r) (Sa r) - -', So Se] In JIj & ~ (A3)

Equation (A2) is simply an expansion of the meson
mass in powers of I/mc with the following defini-
tion of the terms involved: m, is the mass of the
lowest state in the spectrum when I/mc correc-
tions are ignored; e, is the basic excitation energy
in the limit I/mc —0 and e~~ gives the spin-orbit
splitting of multiplets in the same limit; the
terms e» and ~~ represent the leading spin-spin
and tensor force corrections; finally 6y and t gg
denote the I/mo corrections to the order zero
terms; i.e., the recoil correction and the I/mo
part of the spin-orbit force.

In Eq. (A2) it is explicit that the multiplet split-
ting in the limit mq —~ depends only on j = L+8„
the total angular momentum of the light quark. The
proper classification of Qg multiplet splittings is in
terms of j, rather than S(S=So + 8,), as in the
case of QQ systems. Thus, the two J'= I I' states
of the cq system should be specified by j= —,', —,

'
and not by 8= 0, 1. %'e therefore use the notation

t«, ~ for Qq states
There have been numerous discussions of the

terms of (A2) in the context of specific models. "
However, for our applications only the general
form of these terms will be needed.

In order to estimate the cq excitation spectrum
by (A2), we will assume that the su (K-meson)
system can also be treated as a Qq system. This
is difficult to justify since m, is only W. 5 GeV;
nevertheless there is some indication that this is
not such a bad approximation. In particular, the
relation

[m(D*) —m(D)] = (m, /m, )[m(K*) —m(K)], (A4)

which follows from (A2), is reasonably well satis-
fied by the observed "hyperfine" splittings between
E,K* and D, D*.

Presumably, formula (A2) applies reasonably
well to the cq system itself. Once the cq spec-
trum is known experimentally, Eq. (A2) should
provide a reliable guide to the spectroscopy of
mesons containing a b quark, or still heavier
quark s.
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%e now turn to the actual estimation of the mass
spectrum of cq systems. Figure 16 shows the ob-
served mass spectrum of the su (or sd) system.
There is a substantial experimental uncertainty in
the identification of the P-state levels. " But let
us accept the level assignments of Fig. 16, and
estimate the various terms in (A2). Then the
center of gravity (c.o.g. ) of the 1S and 1P states
are 0.79 GeV and -1.35 GeV, respectively. This
observed 1P-1Sdifference of 0.56 GeV is in re-
markably good agreement with the nonrelativistic
model of See. II, which yields 0.53 GeV. There
is equally good agreement between the observed
(1.0 GeV) and model (0.95 GeV) values of the
1D-1S separation. [In this case we use the reduced
mass p, =0.19 GeV, and the parameter set A of
Eg. (2.4).] We shall therefore use the potential
model values of e,(n, I) of the cq system (in par-
ticular, to give the c.o.g. of the radial excitation).
The resulting spectrum is shown in Fig. 17.

Next we estimate the splitting of levels due to
spin-dependent forces. The distance between the
c.o.g. of P3/2 and Pgi2 states in the K-meson

spectrum of Fig. 16 leads to

i~(l, 1)=0. 10 GeV . (A5)

The mass spectrum of the cq system calculated
from (A2), (A5), and (A6) is shown in Fig. 18.
In particular, our estimate of the lightest charmed
P-state masses are

Since we have not enough information to evaluate
etc. , separately, we shall simply assume

that the splitting of K*(1420) and Q„and that of
v and Q„are due to forces proportional to m, /mz.
Then the P,&»-P, ], , and P, i, ,-P, i, , splitting
of the cu system are obtained by reducing the K-
meson splittings by m, /m, -—,'.

Finally we determine m, . For the lowest states
D' and D*' in the n7 spectrum, Eq. (A2) gives

m(Do) = mo 4(m„/—m—,)&E,
m(D*') = mo+ —' (m„/m, )&E,

where &E is positive. Thus

m, = [Sm(D"')+m(D')]/4= 1.910 GeV. (A6)

X
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1.6-
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I2 X '(1.65O)
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KN (1.780) 1-OI7S
L" (1770) 1--0.1~
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I 0.25

P& p
Pg'I

pi p

K"(14m) Im. IOO

Q, (1400) I-O.)90
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1,0-
8(
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FIG. 16. Experimental strange-meson spectrum. Masses are given by the numbers in GeV in the brackets. I' is
the width in GeV. The spectroscopic notation is nL& z where j is the total angular momentum of the light quark: j
=S, +L.
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FIG. 17. Theoretical radial and orbital excitation spectrum of charmed mesons. Notation is the same as in Fig. 16.

M(1P,(, 0)=2.354 GeV,

M(1P,(, ,) =2.364 GeV,

M(1P3&, ,) =2. 503 GeV,

M(lP~(, ~) = 2. 511 GeV .

(Av)

r(D*'- D + ~o)(, 0,, ——0.42+0. 12I' D*'- D'+ m'j
(A9a}

precise values of D and D* masses. Using just
isospin, phase space, and the observed charmed-
meson masses given in (Al), we find

The lowest masses of I' mesons can be esti-
mated using the naive quark model:

m (E*)= m (D*)+ m(P) —m(K*) = 2. 135 GeV,

m (E)= m (F*)—[m(D*) —m (D)]= l.994 GeV .
(Ae)

They agree with the observed" values 2. 14+ 0.06
GeV and 2.03+0.06 GeV.

and

r(D*'- D'+ v')
r(D yo DO y go)

' -0.50 ' (A9b)

These errors reflect the sensitivity to Q values.
The decay D* —D'n' is forbidden or very nearly

forbidden kinematically; with the errors quoted in
(Al)

2. Radiative and hadronic transitions among charmed mesons

r(D*'- D'+ n-)
r(D*'- D'+ ~') 6 0.064. (A9c)

For the discussion of inclusive production of D'
and D' in Sec. V we need the branching ratios of
D*'- D'+ (vo, y), D+o- D'+ v-, D*'- D'+(v', y),
and D*'- D + m'. Here we estimate the radiative
and hadronic transitions of low-lying charmed
me sons.

The extremely small Q values for the decays
D*-Dn make these rates very sensitive to the

Therefore the only decay of D* competing with
D"'- D + m' is the radiative transition D*'- D
+ y. Experimentally we have"

B(D*o Doy) =1 B(D*o Dono} 0 45+0 15.
(Alo)

The radiative decay of D*' into D y has not yet
been definitely observed. To obtain some feeling
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FIG. 18. Theoretical mass spectrum of charmed mesons including multiplet splittings. Notation is the same as in
Fig. 16. The masses of D* and Do are the experimental values.

TABLE XIV. Decays of charmed mesons. Relative rates are very sensitive to phase space.
Errors in p3, due to uncertainty in charmed-meson masses, are not included.

Mode

g) @0 g)Ly
Dgo ~DO~0

D ++ D+p
Dg+~D+~0
D g+ ~DO~+

F ++ F+g

p (MeV)

137.8
45.3

135.3
36.6
38.9
97.6

Predicted ~

rate (keV)

35.2
43.4
2.4

22.2
53.4
0.32

Predicted
branching ratio

(%)

47.0
53.0
3.1

28.5
68.5

100

Exper imental
branching ratio

(Vo)

45 ~15
55+15

' The rate for D* Do+p is calculated from Eq. (All). The rate for D* D ~ is calculated
from Eq. (A12).

The new inputs to these rates are

m + PoI (D*'-D'V) l~(D+' -D'V} =
c '-(2m') ' P+

which is a weak consequence of Eq. (A11), phase space, and isospin invariance for D* D~.' The rate for F*+ F++p is obtained from
1 (2 ) 1 2 Pp 3

~(F*'-F'+V)II (D*' -D'+V) =
m, '-(2m~} '
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4 e, e,I'(D*- Dy) =- & ' + ' k~,
3 2m 2m

(All)

for its magnitude, one may resort to the standard
quark-model calculation of M1 decay rates:

B[D'(P~ i 2 i)-D* v "]= B[DO(Pi i 2, )-D*'n' ]
= 2B[D'(P„, ,) —D* vo]

= 2B[D'(P,/, ,) —D*'1r']

3

I (M* —Mv) = „C'i (M~Z„Z)'i2& i', (A12)

where M, M* are pseudoscalar and vector (Qu)
masses, C is an isospin Clebsch-Gordan coef-
ficient, and A is an amplitude depending only on

m„ in the limit mo —~. [Note that the decay am-
plitudes calculated in the text are of the general
form (A12)]. Thus, taking A from the K*-Kv,
we find

(A13)

The D*-Dm rates obtained in this manner are
also listed in Table XIV. The ratio of the calcu-
lated rates for D*'-D'+m' and D*'-D'+ y is in

good agreement with (A10).
Our estimate of the lightest charmed P-state

masses is given by (A7). They will predominantly
decay into two-body final states. Since there is
no phase-space inhibition, their branching ratios
can be estimated from isospin consideration alone

B[D'(Ping 0) —D n'] = B[D (Pii~ 0) —D'n' ]
= 2B[D (P„,,)—D'vo]

= 2B[D'(P„, ,) D'v']—

where m, =m~=0. 335 GeV, and m, =1.84 GeV.
The same formula applies to F*-Fy, with m,
=m, =0.45 GeV.

The D* branching ratios determined from (Al)
and (A9) —(All) are listed in Table XIV. The small
ratio of D*' to D*' radiative decay rates is con-
sistent with experiment. " The rate for F*'-F'y
is also listed in Table XIV.

It is also interesting to compare these branching
ratios with what one would get under the assump-
tion that the su system can be treated as a heavy-
light system. We would expect that I'(M*- Mw)

has the form

m(B) = 5.26 GeV,
m(B*) —m(B) = 50 MeV.

(Ale)
(A17)

According to the naive quark model the masses
for the bs mesons are

m(B,*) = m(B*)+m(E*) —m(D*) = 5.45 GeV,

~(B,*)-~(B,) =m(B*) -m(B) =50 MeV.

(A18)

(A19)

Because of the small mass difference (A17), the
radiative transition B~-B+y wi11 be the only
detectable decay mode for B* mesons. The widths
calculated from (All) are

I (B~ =B-+y)=1.7 keV,

I'(B*o—Bo + y) = 0.5 ke V, (A20)

3 ~

D(P, i») has the same decay modes as D(P, i»),
while D(P3i») decays to both Dn' and D*v. Ac-
cording to our mass estimates, Eq. (A7), the de-
cay into Dp is kinematically forbidden for both
D(P, i, ,) and D(P»»). Estimating that B[D(P,i»)—D*v] = 3B[D(P,i») —Dv], and neglecting the Dp
mode, we get

B[D'(P„, ,) —D*'v'] = 3B[D'(P,i,) —D'v'] =
(A15)

The total widths of the charmed I' states may
also be crudely estimated based on analogy with
the measured widths of the strang'e P states (see
Fig. 17). They have typical hadronic widths of
order 50-100 MeV.

Finally, we list some of our predictions for bq
mesons. In Sec. II we already gave the masses
for the bu or 5d mesons:

3 j (A14) I"(B,*-B,+ y) =0.2 keV .
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