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We discuss a class of flavor-unification models for quarks and leptons based on the unitary groups

SU(N )5). The spontaneous breaking of SU(N) is proposed to go via SU(3), g ISU(N —3) X U(1)]I, then

through successive stages down to SU(3), )& SU(2) && U(1). Our models are anomaly-free and have the

distinctive feature of associating several left-handed neutral partners to charged leptons. Quark-lepton

assigments, weak currents, and fermion mass generation are discussed for SU(6), SU(7), and SU(8). The
embedding of the SU(6) model in E6 is also indicated. The SU(7) model is noted as the most economical
three-generation model (49 chiral fields).

I. INTRODUCTION A. Fermion multiplets

The gauge symmetry group SU(3), x U(1), ,
which governs the strong (color)" and the electro-
magnetic interactions of quarks and leptons, is
believed to be exact at all energies. On the other
hand, known weak interactions are governed' ' by
the unified electroweak gauge group SU(2) x U(1),
which is spontaneously broken down to U(1), and
is expected to be exact at energies &10' GeV.

The embedding of SU(3), x SU(2) x U(l) in the
simple group SU(5) has offered' an elegant unifi-
cation scheme for each generation of quarks and
leptons. This grand symmetry is expected to be
exact at ultrahigh energies &10" GeV. Further-
more, by insisting' that SU(5) at its symmetric
limit, must be a subgroup of a spontaneously
broken grand unification group, for several gener-
ations of quarks and leptons, flavor-unification
symmetries would be exact at energy scales even
higher than 10" GeV. Hence, between 10' and
10" GeV, a grand plateau is thus far predicted.

Our purpose in this paper is to consider a class
of SU(N) 5) symmetries which can describe
several generatians of quarks and leptons and
which will be broken down, at first stage, to
SU(3), x [SU(N —3) x U(1)]z rather than passing
through an SU(5)-symmetric stage. In this way,
we shall interpret the factor subgroup [SU(N —3)
x U(1)]~ as an extended electroweak (flavor) gauge
group which would be broken down, through
successive stages, to SU(2) x U(1). Hence, sev-
eral energy scales and new physical. effects will
replace' the plateau between 10' and 10" GeV.

The restriction of color embedding' that no re-
presentations of SU(3), containing other than 3'
(quarks), 3' (antiquarks) and 1' (leptons) should
occur leads to the choice of the totally antisym-
metric representations [m] = (Nl Nl. . .I N) (m N's)
for the fermion multiplets.

8 Electric charge operator

Consistently with the choice [m] for the fermion
multiplets and requiring that no (exotic) charges
other than -', and --', for quarks and 0 and -1 for
leptons should occur, the diagonal charge opera-
tor can have only the following extension of the
SU(5) model, ' (-'„-,', —,', -1,0, 0, . . . , 0) (N-4 zeros),
for its eigenvalue s.

In our scheme, we are mainly interested in the
left-handed fermion representation N~ and the
right-handed representations [2]s and [3]s. The
representati. on [2]R contains, according to the
above choice of the charge operator and for all
N ) 4, only one (tricolored) quark of charge —,

(plus antiquark) and (N —4) charge —,
' antiquarks.

The representation [3]~ contains (N —4) charge -',

quarks (plus antiquarks) and a single charge ——,
'

qua, rk (plus 2 (N —4)(N —5) antiquarks).

C. Absence of triangle anomalies

'The value of the triangle anomaly"" for the
representation [m] is given" by

(N —2m)(N —3)!
(N —m —1)!(m —1)!

Hence we obtain

II. GENERAL SCHEME
A(Ni) = -1,
A([2] ) = (N —4), (2)

We shall discuss in the following sections models
based on the groups SU(6), SU(7), and SU(8).
However, before doing so we list some general
features of our scheme.

A([3]„)=1/2(N —3)(N —6) .
Thus we utilize (N —4) muitiplets N~ to cancel the
anomaly of [2]z and —,'(N —3)(N —6) of them to can-
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cel that of [3]s. Note that in both cases, the num-
bers of right-handed charged leptons and charge
3 antiqu ark s m atc h those of the lef t-handed parts
in the multiplets R~ utilized.

D. Spontaneous symmetry breaking

'The first stage of symmetry breaking is en-
visaged to be SU(N) - SU(3), x [SU(N —3) x U(1)]z.
This breaking is achieved via a Higgs multiplet in
the adjoint representation (N' —1). It is clear that
the energy scale involved at this stage is &10"
GeV, since we must take care of proton decay,
just as in the SU(5) model. ' The remaining (N —4)
stages,

SU(N —3) x U(1) = SU(N -4) x U(1)

= SU(2) x U(1)

= U(1)...
would all proceed utilizing complex Higgs multi-
plets in the fundamental N representation. From
the electric charges of the fundamental repre-
sentation, (-,'; —,', —,', -1, 0, . . . , 0), we know that there
are just enough neutral components which can
trigger the above (N —4) breaking stages respec-
tively. 'The energy scales involved are expected
between 10" and 10' GeV. 'Their actual orders of
magnitude should be determined from various
quark-flavor- and lepton-flavor-changing pro-
cesses which are highly suppressed relative to
ordinary weak processes.

E. Fermion masses

As long as the only surviving symmetry is
SU(3), x U(1), , we do not think that there is as
yet a fundamental principle which allows a grand
unified model of predicting fermion mass relation-
ships. 'There is nothing fundamental about con-
straining the choice of the fermion-mass-gener-
ating Higgs fields. In our scheme, all the re-
presentations which have neutral and color-singlet
components and occur in the products of the fer-
mion representations, N x N, [2] x [2] (or [3]x [3)),
and [2] xN (or [3]x N), can serve to generate fer-
mion masses via Yukawa couplings. All fermions
occurring with both chiralities may be given arbi-
trary masses.

F. Neutral leptons

From the above proposed assignments, it is
clear that our [SU(N —3) x U(1)]& flavor subgroup
associates several left-handed neutral partners
to charged leptons. Most of these may acquire
mass by conspiring with right-handed neutrals
and/or antiparticles, presumably included among
the neutrals in the same representation. The
number of the remaining massless neutrinos can

be arranged so that no conflict arises with the
cosmological bounds. "

G. Weak currents and transitions

Within the (low-energy) weak phenomenology
governed by the standard SU(2) x U(1), our models
contain right-handed (V+A) charged-current
transitions such as x' —l-, v- —v, and q(-', ) —q(—,').
Here l- is a charged lepton (e-, p-, 7-), o- and x'
are heavy leptons, and the q's are heavy quarks.
The rest of the SU(2) x U(1) sector is conventional.

Beyond SU(2) x U(1), we note that since flavor
unification will take place in our scheme via right-
handed multiplets, then lepton-flavor-changing
transitions are expected to involve right-handed
(V+A) currents, while flavor-changing transitions
of charge --', quarks are (V -A), since the anti-
quarks occur in the multiplet. However, since
the charge 3 quarks occur together with their
antiparticles in the multiplet, then both (V-A)
and (V+A) currents are involved in their flavor-
changing transitions.

The masses of the vector bosons mediating
flavor-changing transitions, or rather the energy
scales involved in the intermediate symmetry-
breaking stages between 10" and 10' GeV, could
in principle be determined from flavor-changing
decays of heavy leptons and hadrons. In this
respect, the present experimental situation is
rather poor. As far as the leptonic sector is con-
cerned, the decay y. —e+ y (and consequently
p, - eee) occurs through the one-loop Feinberg
graphs, "where the mediating particles are a
vector boson, say X, and a massive neutral fer-
mion, say fo. The branching ratio R = 7 (p. - eZ)/
T(p - evv) is of the order of 10 ~(Mv/M„)4. Note
that 10- for Mx =M~ was the expected branching
ratio" when v, and v„, were thought to be the same
particle, and p, —ey would have proceeded via the
mediation of v and 8'. The present" experimental
limit on R is &10 ". Hence, Mr& (10'-10')M~ or
M~ & 10'-10' GeV.

Besides p, - eZ, other leptonic decays such as
x'-l-+ e'+ v,' and p. -e+ v, + v,' are expected as
well.

On the other hand, flavor-changing hadronic
decays"'" which have experimental limits are
K'- ep. and K'- w' e-p'. 1hese have branching
limits &2 x 10-'% and &5 x 10 '%, respectively.
These limits correspond to energy scales, again
of the order of 10'-10' GeV.

H. The weak mixing angle

From the electric-charge and weak-isospin
eigenvalues of the fundamental representation, it
is clear that the canonical value of the SU(2) x U(1)
mixing angle is essentially the same as in the
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SU(5) model, ' sin'8, = Tr(T, ')/Tr(Q') = —', . The re-
normalized value, " in the SU(5) model is sin'8
=0.2, which is slightly lower than the present'
experimental value of = 0.23. Since our scheme
of breaking the grand unified symmetry SU(N& 5)
wilI. introduce several mass scales associated
with the breaking stages between 10" and 10' GeV,
the value of the angle is expected' to receive fur-
ther renormalization effects. 'This delicate pro-
blem deserves a careful treatment.

III. THE SU{6)MODEL

A. Lepton-quark assignments

The fermions in this model are represented in
two left-handed 6~ and one right-handed 15~ (or
[2]„). The SU(3), x SU(3)z content of these repre-
sentations is

6~ = (3, 1)~+ (1,3)~,

15R = (3, 1)„+(3, 3)~+ (1, 3)~ .

Hence we propose the assignments

(5)

(3, 1)~ = d~
L

(1, 3)~ = (e-,

(i = 1, 2, 3 is a color index),
(6)

vei v, )I, i

, (3, 1),'=I,',
(1, 3)I. = (V v~ vI, )1

(»14 =~s,

15„(3,3)„=(~*', d*; l «)„,

~

(1, 3)s = (x, p-; e )R .

(7)

(8)

Q ~c~ d ~sq 5 ~Q
(9)

Here o- is a new lepton and a' is a. new quark of
charge 3.

It is interesting to note that the above fermion
representations of SU(6) can be combined into a
single representation 27~ of the exceptional group
E,. Hence, one may embed our SU(6) in E, and
demand the initial breaking pattern, E,- (&10"
GeV) - SU(2) x SU(6) —etc. This initial breaking
stage can be achieved by giving a nonvanishing
vacuum value to the SU(2) as well as the SU(6)
singlet component of a Higgs multiplet in the re-
presentation 650 of E,. In the SU(2) x SU(6) de-
composition of E6, we have

The semicolon serves to partition the doublets and
the singlets with respect to the SU(2) sector.

The strange and the charm quarks as well as the
& lepton may be included in another generation
via the replacements

27 = (1, 15) + (2, 6), (10)
650= (1, 1)+ (1, 35)+ (2, 20)+ (1, 189)

+ (2, 70)+ (2, 70)+(3, 35) .
Grand unification in E, has been considered""

before. All previous treatments emphasize the
initial breaking, E, —SU(3)~ x SU(3)~ x SU(3), and

assign different multiplets to the electron and the
muon, M, = 27 and M„=27'. The distinctive fea-
ture of our present scheme is the assignment of
the electron and the muon to the same multiplet,
hence unifying these leptonic flavors. Moreover,
we emphasize the association of two neutrals to
these charged leptons within an extended electro-
weak (flavor) group SU(3) x U(l). Note that SU(3)
x U(1) has been considered before (see Ref. 20 and
references therein). In these works, a new charg-
ed lepton I has been introduced in the fundament-
al triplet, rather than a neutral. That sort of
assignment would not fit in the present SU(6)
model.

B. Weak currents

Without adding to the general discussion of the
point given in Sec. IIE, we one. y indicate the possi-
ble fermion-mass-generating Higgs multiplets.
From the SU(6) products

6 x 6 = (15)„+(21)~,
6x 15=84+ 6,
15 x 15 = 105„+(105+15)~,

we learn that the representations 84, 105s as well
as 21, 6, and 15 may serve our purpose via their
neutral and color-singlet components. In the
SU(3), x SU(3)& decompositions, we obtain

TABI E I. Flavor-changing transitions in the SU{6)
model.

Current {V-A) (V+A)

Charged t —V'

u b
X e
A.

Neutral V)~V)
d b

s a

Beyond the SU(2) transitions discussed in Sec.
II G, Table I classifies the flavor-changing transi-
tions. Note that all our assignments are subject
to mixing angles among massive particles of equal
charge.

C. Fermion mass generation
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21 = (6, 1}+(3, 3) + (1, 6),
I

84 = 2 (3, 3) + (8, 3) + (6, 1)+ (3, 8)

+ (1, 6) + (1, 3) + (3, 1),
105, = (6, 1)+ (6, 6) + (3, 3) + (8, 3)

+ (3, 8)+ (i, 6).

(12)

27 x 27 = (2V+ 351)~ + (351)„,
and the SU(2) x SU(6) decompositions of E„Eq.
(10), and

(13)

In the embedding E, model, we can use 27 and
351~ as fermion-mass-generating Higgs multiplets.
This can be seen by noting the product,

covered r lepton" must have a (V+A} weak cur-
rent. In that case, it could well be identified with
e of our model. 'The analysis of the experimental
7' data seems" " to indicate a (V-A) structure.
However, taking into account the possibility of a
massive associated neutrino, the determination
of a (V-A) structure from the present data may
be less concl.usive. In our model, the right-hand-
ed neutral v, may conspire with one of the primed
neutrals in Eqs. (16) and (17) associated with e
and p,

- to produce a massive particle.
Beyond SU(2) x U(l), flavor-changing transitions

are summarized in Table II.

351~ = (1, 105~)+ (2, 84)+ (3, 21)+ (1, 15). (14)

Hence, the SU(6) mass-generating Higgs multi-
plets 6, 21, 15, 84, and 105~ are contained in the

E, representations 27 and 351'.

IV. THE SU(7) MODEL

A. Lepton~uark assignments

C. Fermion mass generation

From the SU(7) products

7 x 7 = (21)„+(28)~,
7 x 35 = 224+ 21,

35 x 35= (490+ 140)~+ (588+ 7)„,
and the SU(3), x SU(4)~ decompositions

(19)

V~ = (3, 1)~+ (1,4)~,

35~ = (1, 1)R+ (3, 4)„+(3, 6)„+(1,4)„.
Hence we propose the assignments

(3, l)~ =d~,
I

(1,4)~ = (e-, v„v,', v,")~,

(i5)

(16)

(3~ 1)1. = sc ~

I
~~ ~~ ~~}1,

(17)

The fermions are represented in two left-handed
V~ and one right-handed 35„(or [3]~). The SU(3),
x SU(4)z decompositions are

(20)

28= (6, 1)+ (3, 4)+ (1, 10),

21 = (3, 1}+{3,4) + (1,6),
140= {3,6) + (8, 4) + (6, 1)+ (3, 4)+ (3, 15)

+ (1, 20) + (1,4}+(3, 1),
224= (3, 4)+ (8, 6)+ (6, 4)+ (3, 4)+ (1,4)+ (3, 15)

+ (3, 20) + (1, 10)+ (3, 1)+ (1, 6),
490 = (6, 20) + (8, 20) + (6, 10)+ (3, 20) + (3, 15)

+ (1, 10)+ (3, 6)+ (3, 4)+ (1, 4)+ (1, 1),
we learn that the representations 21, .28, 140,
224, and 490 may serve as fermion-mass-gener-
ating Higgs multiplets via their neutral and color-
singlet components.

34((3 64=

(b, , f,;c,, u, )„, . .

0 E$

1/M
-Q] d]

Q] C]

(18)
TABLE II. Flavor-changing transitions in the SU(7)

model.

-c ~

(1,4)„=(v„o:-;p, -, e-)~.

B. Vfeak currents

-b; 0
Current

Charged ~ V~q V~

f~d, g, b

u, c b

(V +A)

V

(g, c, t} y
(d, s, b)

Note that within the SU(2) x U(1) sector, the
third charged lepton v- and its associated neutral
v„as well as the third-generation quarks t,. and

b„h eavright-handed (V+A) charged currents.
'This makes us wonder whether the recently dis-

Neutral

V V S c t
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V. THE SU(8}MODEL

A. Lepton-quark assignments

The fermions are represented in five lef t-handed
8~ and one right-handed 56+ (or [3]z), which make
a total of 96 chiral fields. The SU(3), && SU(5)~ de-
compositions are

to those indicated in the previous SU(6) and SU(7)
models and discussed in Sec. IIG.

C. Fermion mass generation

From the SU(8) products

8 x 8 = (28)„+(36), ,

8g = (3, 1),+ (1, 5), ,

56s = (1, 1)„+(3, 5)„+(3, 10)e+ (1, 10)R .
(21)

8 x //=420+ 28,

56 && 56= (11'76+420)s+ (1512+28)„,

Hence we give the assignments

(3, 1)~ =d~,

(1, 5)~ = (e-, v, : I«$VpV ~V ]g

(22)

(1, 1) =~;

(3, 5)„=(y', ~'; t', c', u')„

0

Four additional 8~ are assigned to p, , 7-, o, and
co charged leptons and their associated neutrals,
as well as s', b', %', and n' charge —,

' antiquarks,
re spec tively:

and the SU(3), && SU(5)~ decompositions

28 = (3, 1)+ (3, 5) + (1, 10),

36 = (6, 1)+ (3, 5) + (1, 15),

420 = (3, 10)+ (8, 10)+ (6, 5) + (1, 5) + (3, 24) + (3, 45)

+ (1,40) + (3, 1)+ (1, 10)+ (3, 5), (25)

1176= (1, 1)+ (6, 15)+ (6, 50) + (1, 10)+ (1, 50)

+ (3, 5)+ (3, 1O)+ (3, 75)+ (3, 45)+ (8, 4O),

we learn that the representations 28, 36, 420,
and 1176 may serve as fermion-mass-generating
Higgs multiplets.

(3, 10)~=
1 —'M n?'

n'
(23)

(1, 10)~=~ -v„
1 -y- Q e- p,

9. Weak currents

We have in this SU(8) model five sequential
charged leptons (e, u, , 7, o, and e) each with four
associated left-handed neutrals. %hereas e, p. ,
and w have only left-handed (V —A) SU(2) weak
currents, o- and &o- have both (V-A) and (V+A)
SU(2) weak currents. There is a sixth charged
lepton y which has only a (V+A) SU(2) weak
current. Besides the sequential. quark doublets,
(u' d'), (c' e') and (f', 5') which have (V —4)
currents, there are a doublet (x', y') and two
charge -3 singlets m' and n' with (V+4) currents.

The right-handed neutrals ~', v„, v„and v„
may conspire with four l.eft-handed primed neu-
trals to produce massive particles.

Kith respect to the flavor-changing transitions
beyond SU(2) x U(l), they are qualitatively similar

VI. CONCLUSIONS

The SU(5) mode16 of grand unification, which
applies to one generation of quarks and leptons
(15 chiral fields), is a special case of the class
of SU(W~ 5) models discussed in this paper. It
corresponds to the case when the number of l.eft-
handed neutral partners to charged leptons is just
one (the neutrino). The existence of several neu-
tral partners to charged leptons in the framework
of an extended electroweak (flavor) gauge group
is the possibility proposed by our model. s for N & 5.
Consequently, the principles of quark-lepton sym-
metry and grand unification lead to the extension
of the quark sector and the grand unified group.

An essential element of our approach is that
flavor unification should come earlier on the ener-
gy sca.le than grand unification. This leads to the
desirable expectations of several physical effects
between 10' and 10" GeV, rather than a grand
plateau.

The SU(6) model applies to (nearly) two genera-
tions of quarks and leptons (27 chiral fields), in
which the el.ectron, the muon, and neutrinos are
unified with the u, d, and b quarks. This SU(6)
model can be embedded in E,. Our approach gives
to a. certain extent a new scheme for grand unifi-
cation within E,.

The SU(7) model which unifies 49 chiral fields
would have been an extremely attractive three-
generation model. The crucial point is whether
the third-generation leptons (w, v, ) and quarks
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(f, 5) have (V+A) weak SU(2) currents rather than

(V -A).
The SU(8) model manages to describe three

generations of sequential quarks and leptons, plus
several others of (V+A) currents within 96 chiral
fields. .

There is a seemingly unpleasant feature of our
scheme, which is the usage of several multiplets
in the fundamental representation N~, rather than
avoiding the occurrence of this representation
more than once. 'There is actually no fundamental
reason for constraining the occurrence of any
particular representation more than once. Per-
haps flavor symmetries should not act on these
recurring left-handed representations, but rather
on the right-handed fields occurring in [2]„or
[3j„, as indicated in our models. Moreover, per-
haps further consolidation of these models should
take place in the framework of larger symmetries
at energies &10" GeV. The E, symmetry is such
an example with respect to our SU(6) model. For
the other models, we do not know the consolidating
symmetries. Perhaps space-time symmetries
and gravitational interactions must enter the game
in an ultimate consolidation at energies of the
order of the Planck mass.

Finally, it is worth remarking that if the 7

generation turns out to be (V+A), our SU(V) model,
being the most economical three-generation model,
should receive greatest support.

Notes added in Proof The foll.owing remarks
supplement the considerations of this paper and
will be discussed in detail in a forthcoming article:

(1) Following standard renormalization-group
calculations, "we have found that the breaking
heirarchy suggested in the paper is too simplistic
to satisfy the observed values of the weak and the
strong coupling constants as well as the weak mix-
ing angle. Hence we have considered the general-
ized pattern

SU(N) = SU(X,), x SU(Y,)~ x U(l),

pearance of the associated U(1) factors. This gen-
eralized breaking hierarchy utilizes the same set
of Higgs multiplets suggested i&i the paper. Let-
ting the ratio of two successive intermediate mass
scales be 10~' and with (N —4)X'"=Z, ,~X, , we find
from the observed values &, (M~) = 0.15, o'(M~)
=+», and sin2&(M~) =0.23, the condition
Q", , (X,. —Y,.) =1.37(N - 4). This condition serves
to select the most favorable hierarchy of all the
available ones. For instance SU(7) has four pos-
sible breaking patterns with, . (X,. —Y,)=0., 2, 4,
and 6. The selected pattern is, by virtue of
1.3'? x3 =4.11

SU(7) — SU(4), x SU(3) x U(1)"

= SU(4), x SU(2) x U(1)'

= SU(3), x SU(2) x U(1),

which has Z,.(X, —1',.) = 4. Further refinement of
this technique attributes the remaining difference
to deviations from X'" of separate average values
associated with intermediate color and flavor
breakings.

(2) Perfect accord with the observed values of
o'., (M~), n(M~), and sin'8(M~) would dictate the
grand unification mass ~x- 10' ~~ i~dependently
of N&5. This value is greater by a factor of more
than 10 relative to the SU(5) value. However,
taking care not to get in conflict with the stringent
experimental limit on proton decay, we can dem-
onstrate possibilities of suppressing this decay
from low-order transitions. These possibilities
depend on allowing the leptoquarks to transform
doublets and singlets from different conventional
ge ne rations.

(3) We note also the interesting anomaly-free
models

63=35+21+'f in SU(V)

92=56+28+8 in SU(8).

= SU(3), x SU(2) x U(1),

where each intermediate stage is characterized by
a pair of numbers (X„Y,) ~ (X„Y,.) ~ (3, 2), X, + Y,
=N, and in each breaking ste'p either X,. or Y,. de-
creases by one unit, with the breaking and the ap-
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