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Possible exotic mesons in the charmonium region
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%'e consider the possibility that a number of PC = + + mesons might appear in the charmonium region

below Q'(3.69 GeV). They are states made up of admixtures of ceg (g = gluon), ccqq (q = u, d), and the

charmonium 'P~ states. Masses, decay widths, and mixing matrix elements are studied with the help of the

model of Horn and Mandula for ccg states and the results of Jaffe, and De Rujula and Jaffe, for ccqq
states. The presence of a cc pair suggests narrow hadronic widths if the mass is below the breakup

thresholds of the ccqq states. Their branching ratios 'for y transitions. and 2y annihilations appear to be

fairly smail. They may have rather large spin-spin splittings. It is plausible that the lowest-mass states

contain mostly ccg configurations. Although they share part of the charmonium 'P~ y-cascade strengths, it

is likely that they are more readily produced in the hadronic decays of vector mesons in e +e annihilations.

~e also discuss the possible appearance of similar states in the Y region and among light mesons, %'e

suggest in particular that strange mesons in suitable decay modes might well provide the most ready

experimental access to such gluon and four-quark states.

I. INTRODUCTION

The spectroscopy of new heavy mesons is inter-
esting partly because so many states can be un-
derstood qualitatively as simple two-body bound
states of quark-antiquark (QQ) pairs of heavy
quarks. ' For example, Fig. 1 shows the mesons
in the charmonium region at and below P' (3.69
GeV) which were known or suspected before the
summer of 1979.' ' Five of these have been under-
stood as charmonium states of a pair cc of charmed
quarks: g(3.10) and P'(3.69) a,re the lowest two

S, (PC =--) states and g(3.41), y(3.51), and

g(3.55) are the P», (PC =++) states. Thus they
give experimental support for the naive quark
model of hadron structure, and they provide win-
dows through which the dynamics of QQ interac-
tions might be glimpsed.

The remaining three mesons, namely X(2.83),
)((3.45 or 3.33), and y(3.59 or 3.18), might have
been seen in the y decay of g'(3.69). Their sus-
pected properties do not match those of any
charmonium state. ' They are very interesting
objects if they exist, because they might provide
us with another window on quark dynamics.

The existence of these mesons has not been es-
tablished. Preliminary results from two new ex-
periments6 at SPEAR suggest that the situation
might be even more uncertain than before. In the
crystal-ball experiment, a faint signal is seen in
g'-yX with a branching ratio (BR) of 0.1-0.5%.
However, the mass of this X is 2.98 + 0.02 GeV;
the old X(2.83) is not seen. The cascade y decays
g'-~-yyg through )((3.45) or y(3.59) are not
seen', the upper limits of these cascade BR's are
0.044% and 0.06%, respectively. Another prelim-
inary report of the crystal-ball experiment gave

an upper limit for the y-cascade BR B (g X(2.83)y-yyy) of only 0.0027%. In the Mark II collabora-
tion, preliminary results on the cascade y decay
of g' have been reported. The resulting high-
mass yg invariant-mass distribution shows clear
peaks associated with X(3.50) and g(3.55), but no
clear peaking is seen at X(3.455) with BR(0.12%
or X(3.415) with BR=0.08y0.08%. It is obvious
that one should reserve judgment concerning the
existence of these mesons until the final results
become available.

What are the theoretical expectations concern-
ing mesons in the charmonium region/ I.et us
first recall the familiar observations' concerning
charmonium states. The y-cascade BR's via
y(3.59) or y(3.45) are too small for them to be
seen if they are the charmonium 2 'S, (q,') or 'D,
states, while the BR for g(3.10) -y'S, (q,) is so
large that the missing q, should have been seen if
its mass is not too close to that of g. This well-
known situation is illustrated in Table I i.n which
the calculated M1 widths or BR's are compared with

the present experimental situation. Two different
cc potentials, the spin-independent potential A
from Ref. 9 and the spin-dependent potential C
from Appendix A of this paper, are used to illus-
trate the model dependence of the y cascade BR
through q,'. The BR at the predicted mass of
3.57 GeV (from Appendix A) for q,

' is 0.01% for
potential C. This appears to be just beyond the
reach of the latest experiments.

We now turn to other mesons which might ap-
pear in the charmonium region and might be ac-
cessible from g'(3.69). It is useful to classify
them according to whether they are or are not
dominated by structures containing a cc pair.
they are, it is natural that they should appear in
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the charmonium region. Since they are not char-
monium states, there should be one or more addi-
tional constituents in these structures. Rela-'
tively low masses result if both the ce and the re-
maining structures are separately negative-
parity objects, i.e., pseudoscalars or vectors
(color singlet or octet) with an S-wave relative
spatial motion. Hence these mesons are likely
to have Pc =++, and are mixed into the E~
charmonium states. The presence of a cc pair
also means that their annihilation widths are
relatively small. Examples of these models are
the ccg (g= gluon) states of Horn and Mandula, '0

and the S-wave ccqq states (where q =u or d
quark) of Jaffe and De Rujula. ""

It is also possible that mesons with no signifi-
cant (.-c content will also appear in the charmon-
ium region. Examples are the gluon bound

FIG. 1. Experimental situation concerning mesons in
the charmonium region below p'(3.69) before the sum-
mer of 1979. Single arrows denote single-y transitions;
double arrows denote yy annihgations. Solid lines de-
note single transitions, while broken lines denote cas-
cades for which the quoted percentages are products of
branching ratios. All branching ratios are quoted as
percentages. The experimental data are from Ref. 2
[for g'- yPPz)y, g'- y(3. 45)y, |I'-Xy, and P-Xyt,
Ref. 3 (for g'-yy gyp), Bef. 4 for tfor g'-(X or y)y

gyes and g Xy gyes], and Bef. 5 (all others).

states (bound states of two or more gluons) and
the multiquark states (qq)~ of light quarks. The
absence of significant cc content means that they
do not necessarily make their first appearance
in the charmonium region, so that their quantum
numbers are less restricted. They are likely to
be coupled relatively strongly to light-meson con-
tinua and to have relatively large hadronic widths.

Thus, mesons in the charmonium region with
relatively narrow widths are likely to be states
with Pc =++ and significant cc contents, i.e.,
states which can be mixed readily with the char-
monium 'P~ mesons. The possible roles of these
mesons have been discussed in the literature. '

In this paper, we would like to add to this discus-
sion in a number of ways. In Sec. II, the masses
of ccg states are estimated and their decay pro-
perties are discussed. Their mixing strengths
into charmonium P~ states are estimated. In
Sec. III, the role of ccqq states is discussed.
The mixing between cog and ccqq states is con-
sidered in Sec. IV.

Section V contains a brief summary and con-
cluding remarks. In particular, some of the limi-
tations of the present qualitative discussion are
pointed out. The possibility that similar struc-
tures might have been seen for lighter mesons is
discussed. It is also pointed out that these me-
sons are perhaps more readily detectable in the
hadronic decays of sufficiently massive vector
mesons produced in e'e annihilations.

II. ccg STATES

The ccg states have been studied by Horn and
Mandula, who use a representation which can be
denoted by the composite spectroscopic symbol
( I~.8, 'l& )t, where the first symbol describes
the color-octet ec state and the second symbol
describes the gluon state. The lowest states are
('S| sf )J",with J=o, l, and 2. These states
are similar to, but not exactly identical with, the

TABLE I. Comparison between expected and observed Ml y transition widths or branching
ratios for the charmonium model of three heavy mesons. The cc potential A is from Bef.
9, while potential C is from Appendix A. The references are for the observed values.

Model

X= Sp(g~)

X= 2'~, (n.')

Datum

I'(lt —x(2.98)v) (kev)
a(y' -X(2.98)q} (%)
&(1 -x(2»)v) (%)
&(0' -x(8.4&h') (%%uo)

&(0'-x(2»)v-Av) (%%uo)

&(4' -x(8 45h —6'v) (%%u)

&(t(" —x (8.»h'} (%)
&(e' -x (9.48)v) (%%uo)

&(0' -x(8.»h —A v) (%%uo)

~(C' —x(8.48)v —Wv) (%)

Pot. A

2.8
1.3
0.7

11
4 x10+
9 x10+
0.11
1.8
4x10&
2 x 10&

Pot. C

2.7
11
0.6

10
0.02
0.11
0.12
2.1
5 x lo~
3 x10

Observed Reference

0.1-0.5

&0.044
&0.06
&0.12

&0.044
&0.06
&0.12
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transverse-gluon ccg states. ('S,8, El)t", where
the gluon is a trarlsverse El radiation bound in
the system. ' This is because an Ej transverse
gluon contains a fraction (j+ 1)/(2j+ 1) of

(j—1)&~ state and a fraction j/(2j + 1) of '(j+ 1)&~

state. The Horn-Mandula representation is the
more useful if the bound gluon develops an effec-
tive mass as a result of its confinement. On the
other hand, the radiation states are more realis-
tic if the bound gluons are transverse, like radia-
tions in a cavity. In the following, we use the
Horn-Mandula states for estimates of masses and
matrix elements. If, in some of the qualitative
discussions given below, we do not make clear
which representation we might have in mind, it
is because we do not know which type of state is
the more realistic. This basic uncertainty of the

ccg model, which arises from our ignorance of
gluon dynamics, should be remembered in inter-
preting its results.

Horn and Mandula use the trial wave function

(2.1)

to estimate the masses of the QQg states. For
S waves, they use variational wave functions of
the forms

3/2

Poz(d) = &- exp(--', pd),
48m

(2.2)

P,(r) =
~

exp(--,'Zr),
v'8w

where d and r are the quark (Q) and gluon coor-
dinates, respectively, as measured from the cen-
ter of mass of the Qg pair. The Qg and qg parts
of the Hamiltonian are obtained by making an
additive or universality assumption under which
the gluon is dynamically equivalent to a qq pair
with a strong-interaction coupling constant rele-
vant to the masses of the QQg states. When al-
lowance is made for both the linear confinement
potential and the residual color Coulombic inter-
action, they conclude that the ccg ( S~, 'sq~) states
can appear anywhere between 3 and 5 GeV.

We have repeated this variational calculation
for these ccg masses using three sets of cc po-
tentials deduced from the charmonium spectrum.
(The potential A is from Ref. 9, the potential B
is from Ref. 1, and the potential C is from Ap-
pendix A of this paper. ) The Hamiltonian used is

r, =We/X, r, =r;=&6/p. (2.4)

Table II shows that the gluon (r = 0.2-0.3 fm)
spreads out more than the cc pair (r, =0.16-0.2
fm).

These results illustrate the nature of the cog
states, but as quantitative estimates they contain
many shortcomings: (i) The gluon in Eq. (2.1) is
not a transverse El gluon, which contains 33%
d, state. (ii) The cc wave function used is non-

relativistic. (iii) The validity and adequacy of
the Hamiltonian (2.3) have not been established.
(iv) The J' dependence of masses is unknown.

The last item is just the hyperfine structure,
which is due to a spin-spin interaction. In first-
order perturbation theory, it gives an interval
rule

Ry y y 2
1 0

(2.5)

where Y~ is the mass (or name) of the ccg state
of angular momentum J. Since the spin-spin in-
teraction is known empirically to be very strong,
it tends to decrease the low 4 state more, leading

TABLE II. Variational solutions for the ccrc (3S&,
Os~~} multiplet in the Horn-Mandula model using three cc
potentials fitting the charmonium spectrum.

Model

m, (GeV)
4 (GeV')
~s
b (GeV)

1.60
0.195
0.15

-0.65

1.65
0.233
0.225

-0.75

1.51
0.149
0.54

-0.08

where m, is the c-quark mass, p;, is the relative
momentum of the cc pair, and p is the gluon mo-
mentum. The strengths k, +„and the additive
constant 5 of the cc potential are given in Table
II. The color factors 8 and ——,

' give the relative
strengths of Qg (or Qg) in the color representa-
tion 3 (or 3) and of the Qq interaction in color-
octet states, relative to the Qq interaction in the
color- singlet state. "

The calculated variational results are shown in
Table II. We see that these potential models give
roughly the same value of M=3.4 GeV for the cen-
ter of mass of the ( S&, s~~)J"states. The rms
radii of g and c (or c) from the center of mass of
cc are

4
3 ' Ir —dl ir+dl ) (2.3)

H= 2m, +p, -,'/m, ——2kd- —o., +b +p,
4 1

+—n([r-d[+ )r+d[)

~ (GeV)
p (GeV)
M6/~ (fm)
v 6/p, (fm}
~, (OeV)

h(g qq) (Qev)

3.40
1.80
2.30
0.27
0.21
0.76
0.42

3.30
2.10
2.60
0.23
0.18
0.89
0.46

3.47
2.50
3.00
0.19
0.16
1.06
0.53
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to a reduced interval ratio A . The reduction is
greater when an interaction is more singular at
the origin.

Before proceeding further it is necessary to
estimate the mass difference F2 —Fo itself. A
plausible model for this is to apply the Horn-
Mandula additive procedure, assumed in the Ham-
iltonian (2.3), also to the spin-dependent part of
the basic cq interaction. That is, the gluon is
assumed to be dynamically equivalent to an iso-
scalar qq pair, where q =u or d quark. It is then
possible to relate F2 —F, to the hyperfine mass
splitting M —D =0.14 GeV of the D = cq mesons as
follows:

F2 —F0=4x-'(D*-D)(rD/r, )~. - (26)

Here -' is a color factor, & is a spin factor, ra
(~r„/W2, where r„ is an average x/p radius) is
the average separation between c and q in the
M/D mesons, r, [=(r, +r, ) =0.3 fm] is the
average separation between c and g in ccg, and p
is the power of the inverse power spin-dependent
potential. The choice P =2 and r„=0.6 fm (since
r, &r, =0. 65+ 0. 40fm, according to Ref. 16) gives
the estimate F2 —F, = 0.5 GeV.

Typical of the variational results obtained from
the Hamiltonian (2.3) plus an additional spin-spin
term of roughly this strength are the masses F2
=3.58 GeV, F& ——3.32 GeV, and I;=3.00 GeV ob-
tained with an inverse square spin-spin potential.
(For these masses, R„=0.80 is obtained. ) These
results suggest that the ccg model may provide
interesting mesons below t) '(3.69) .

We now consider decay widths. For decays
into hadrons below the charmed threshold (3.73
GeV), the leading diagrams for 4=0 or 2 are the
two-gluon diagrams of Fig. 2, all of third order
in the color charge g. Compared to I'( Pz -gg),
Fig. 2(a) carries a relative color factor of ~'&, one
additional power of o.,=0.2, and a reduction fac-
tor of perhaps 10 '-10 because of the additional
internal quark line. Thus the hadron width from
Fig. 2(a) is perhaps 10 that of I'( Pz -gg), i.e.,
of the order of 0.1 keV.

(aL

In Fig. 2(b), the "cross" diagram cancels the
direct diagram exactly under certain conditions.
This cancellation can occur because unlike the
usual case of e'e -2y, the crossed diagram car-
ries an intrinsic negative sign because of the re-
versed order of the color labels in the structure
constant f'~' at the three-gluon vertex. The ex-
tent of the cancellation depends on the particle
momenta, which are also shown in Fig. 2(b). We
see that between the direct and crossed diagrams,
the only momentum changes are in the signs of
the initial and final gluon momenta k and k'. Since
the initia, l gluon is in a state ('s, ') of even spatial
parity, while the final gluon also has even spatial
parity, we conclude that the cancellation is exact
in Fig. 2(b).

Although these QED-like diagr am s suggest that the
hadronic width might be small, we are unable to
give even an order-of-magnitude estimate of the
leading quantum-chromodynamics (QCD) diagrams
shown in Fig. 2(c). This is a major shortcoming
of the present discussion.

For 2y annihilation of the F~ p 2 states, the
analog of Fig. 2(a) is allowed, but those of Figs.
2(b) and 2(c) vanish identically if the gluon does
not have an electromagnetic structure. We ex-
pect Fig. 2(a) for 2y annihilation to be of order
a, l'( Po 2-yy) =0.5 (0.1) keV for J'=0 (2).

A better estimate of the 2y annihilation width
from Fig. 2(a) can perhaps be made as follows.
Starting from the 3y annihilation diagram' for
the cc 1'S& state, we bend back to negative time
the rniddle y, and change it into a gluon. We
then find that

I'(('&&", EI))"-yy) = »«f (a,/e, 'o') I'('~~ - yyy)

(2.7)

where there is a spin-recoupling factor of 3, a
color factor of 4, and a factor f to account for the
reduction of phase space in the bound gluon state.
Since each y in S, -yyy is about 1 GeV, while the
bound gluon also has about the same kinetic en-
ergy, according to Table II, the factor f cannot be
too small. We have not estimated it, but shall
simply use the arbitrary value f-2. Equation—
(2.7) is finally related to the hadronic width:

I'(( S&, El)0" yy) =+f (e,'n/o. ',} I"
(rP -hadrons)

& j -(p4)
P

=0.4 keV. (2.8)

FIG. 2. Hadronic decay of ccg states.

Thus the previous order-of-magnitude estimate
appears to be reasonable.

Finally, we estimate the mixing strength hz for
the mixing between the ccg state and the cc
state. If H (Ej) is the Hamiltonian causing the
absorption of an Ej gluon, then
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h~ (Ej ) = ( P~
l
H (Ej )

l
( 8, ', s,~)J)

)i/2

,'.,-(-)' d»'"'~, (»&'P. Il~', (» ll
("1',"1 )J)i(2J+ 1)'". (2.9)

) 200

Ul

100

0
8.02,00.0 4.0

X (GeV)

FIG. 3. The mixing strengths hz(E1) between char-
monium 3' and cog states, as calculated from Eq.
(2. 9) with J-dependent wave functions defined in Eq.
(2.2). The arrows point to the estimated values of
hz(E1) using the wave-function parameters A. and p
obtained in the variational calculations described in
this section and in Sec. IV. (Table IV of Sec. IV gives
more details on these calculations. )

6,0

Here Q (k) is the Fourier transform of the gluon
: wave function in Eq. (2.2), while the reduced ma-
trix element is that of the nonxelgtieistig operator
for Ej photons (with j = 1) shown explicitly in
Appendix B. The Horn-Mandula wave function
(2.1) is used for the ccg state. Since the E1 ma-
trix element is not sensitive to the P~ wave func-
tion, we use a spin-independent p-wave exponen-
tial wave function (with the same rms radius as the

P~ &
wave function obtained from the potential

model C), so that the reduced matrix element in
Eq. (2.9) can be calculated analytically.

The mixing strength hz obtained is shown in
Fig. 3 as a function of the wave-function parame-
ters X and p, of Eq. (2.2). We see that it depends
relatively weakly on these parameters, and is of
the order of 50—250 MeV. [More specifically for
the state-dependent wave functions of case (a) of
Sec. IV, we get k~ 2

——60 MeV, k&
——150 MeV, and

ko
——240 MeV. ]
Now two unperturbed states separated also by

hz will mix into each other to form 72j28 mix-
tures separated by 2.2 k~. This means that a
ccg state within 2.2k~ of a charmonium P~ state
should have at least 3 of the latter's y-cascade
BR. When the possible QCD contributions to the
hadronic width of a cog state are allowed for, the
expected BR should perhaps be reduced by a fac-
tor of 2-4 to say

&&
of the P~ value. This result

suggests that the present experimental capability
for measuring a y-cascade BR of =0.05% makes
it feasible to hunt for small splittings of the P, ,
strengths distributed among other low-mass
mesons. Eventual failure to see any such strength

inside a certain mass region would mean that any

ccg (or other) state which might appear inside the
region is coupled to the P~ state less strongly
than half of the mass difference from the P~
state.

III. eeqq STATES

The S-wave four-quark state ccqq (q = u, d) have
been studied by Be Rujula and Jaffe." When qq is
in the lowest flavor quartet (similar to the pseudo-
scalar mesons P=v, q), there are two possible
color-singlet combinations for (cc) x(qq): (1x1)1
and (8x8)l. There are six intrinsic spin states
for (-,'-)4: S —. (1+0)x(1+0)=0+ 1+2+0+1+l.
Since X=0 and J=S, there are a total of 4x2x6
=4S states all with even parity. Of these states
only the 12 isoscalar states are candidates for
mixing with the isoscalar charmonium 'P~ states,
but we shall also discuss certain isovector states
as possible models for interesting mesons.

The states in the coupling scheme given above
are mixed by the antisymmetrization of quark
wave functions. In the bag model where all quarks
move in the same bag, it is more convenient to
use the coupling scheme (cq) x(cq). If q =u, d only
are considered, the flavor multiplets" are 3x3
=9(J=0,1,2), 9*(J'=0), 6x6=36(J=0,1,2), 36*
(J =0), 6x3 = 18, 18*, 18, and 18* (all these with
J'=1). The 9 and 36 are eigenstates of G parity
with

G = (—) G~, for 9, 9~, 36, 36*, (3.1}

where G~ is the 6 parity of the pseudoscalar me-
son P made up of qq. The flavor multiplets 18,
18 are not eigenstates of G. In diagonalizing C,
two states of G parity given by Eq. (3.1) and two
states with the opposite G parity are obtained. The
J= 1 states which can mix with the charmonium

P& state are states of the "opposite, " i.e., even,
C parity. We follow Jaffe" by referring to these
bag states collectively as Cz, where the super-
script c refers to the presence of a cc pair. (We
use the notation pt."qq to denote any four-quark
state, which may or may not be a simple bag. )

The cgqq bag states are predicted to occur at
and above 3.6 + 0.1 GeV by the MIT bag model.
Some of these states, of particular interest in the
present discussion, are shown in Table III. The
mass uncertainty is that estimated" for the MIT
bag-model mass formula as judged by its success
in fitting the masses of light 8-wave hadrons.
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TABLE QI. Meson masses (in Ge7) of four-quark meson bag states in the MIT bag model,
and recoupling coefficients of these sites to the "two-meson" representation. The symbols
P and V denote color-singlet pseudoscalar and vector' mesons, respectively; the symbols P
and V denote their coloi-octet counterparts. M(V V) is the genter of mass of the V V com-
ponents for the 0"states. The C,'„masses are from De Rujula and Jaffe (Ref. 12), while all
other quantities are from Jaffe (Ref. 11). The recoupled wave functions of the J=0 states are
the corrected results of Wong and Liu (Ref. 11). The subscript A denotes a normalized anti-
symmetr ized product state.

Flavor
multiplet co CE C,',q CN PP P P

0++ 9
36
9

R(V V)

0.65 0.90
1.15 1.35
1.45 1.60
1.80 1.95
1.01 1.22

1.10 3.63
1.55 3.77
1.80 3.95
2.10 4.13
1.42 3.75

0.743
0.644

-0.177
0.041

-0.041
0.177
0.644
0.743

-0.169
0.407
0.623

-0.646

0.646
-0.623

0.407
-0.169

165 180 195 405
1.65 1.80 1.95 4.06

(VP)„

0.816
0.577

(V P)„

-0.577
0.816

V'V

1.45 1.65 3.88
1.80 1.95 4.06

0.667
0.236

0 0.236
0.707 -0.667

-0.707
0

These predicted masses are all above the isovec-
tor breakup thresholds g,p expected at =3.2 GeV
(J'=0) and gn =3.25 GeV (J=1) and the isoscalar
threshold r),q expected at =3.6 GeV (J =0). Most
of these states are also above the breakup thres-
holds gq =3.7 GeV (J'= 1), g&u = 3.88 GeV (J'=0,1,2),
gp =3.87 GeV (J=0,1,2) and the charm threshold
DD=3.73 GeV. Consequently, these mesons are
expected to have large hadronic widths at these
predicted masses. (The only exception' is an
isovector 1' state at 3.88 GeV which has only
D~ comporients. It is near the threshold DD*
=3.87 GeV.) Consequently, they are not expected
to be seen readily below g'(3.69).

However, the hadronic widths are greatly re-
duced once the masses are moved below the
lowest meson-production threshold. Thus I ipkin,
Rubinstein, and Isgur'4 have suggested that X(2.83)
might be interpreted as the lowest (ccqq)0" bag
states, the isovector 5, and the isoscalar 8," of the
flavor multiplet 9, which at 0.8 GeV below the bag
prediction are now safely below the lowest breakup
threshold, i.e., the gw and t),q thresholds, res-
pectively. Their argument is that the equivalent
(sÃqq)0" states predicted at 1.1 GeV, also shown
in Table III, may actually appear near the ss
pseudoscalar g'(0.96) as 6(0.98) and P'(0.98). So
it could also happen that 5, and S,* may appear
near the pseudoscalar g, expected at =3 GeV.

On the other hand, while 5 and P' interpreted as
the four-quark bags C,' „are only 0.1 GeV below
their predicted mass, within the accuracy of the
bag-model mass extrapolation procedure, a de-

crease of 0.8 GeV is needed for 5, and P,'. This
large decrease will require an explanation. It is
possible (but unlikely) that the bag model is sim-
ply unreliable for such mass extrapolations. Or
perhaps there are mechanisms for large mass de-
creases which are important only for ceqq states.
If we restrict ourselves to configuration mixing
within ecqq states, it is not easy to see how such
a large mass decrease can arise. One, and per-
haps the only, possibility occurs if we have a
bound state of an isovector q,g pair of pseudo-
scalar mesons. This possibility cannot be ex-
cluded by the argument that there is no zp bound
state, or that the small mass difference between
6(0.98) and P'(0.98) appears to be inconsistent
with their being the g,g and g,q bound states, res-
pectively, when p and g differ so much in mass.
This is because the dynamical situation is some-
what different here. For example, the pion
charge radius is known experimentally to be
0.56+0.04 fm. Hence the g,p system looks like
a nucleated pion, while zz, gp, and g,g are quite
close to the four-quark states of Table III. It is
thus possible that g,g is bound. The binding can-
not be very strong, however. This is because
there is no one-gluon-exchange interaction be-
tween the two color-singlet substructures. %e
also do not expect any significant attraction in the
center of the pion where the g, is located from
one-boson-exchange mechanisms of the type res-
ponsible for nuclear forces, since these are
likely to be surface or peripheral processes. The
most likely mechanism is probably the configura-
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tion mixing effect with ccqq bag states. If this
picture is correct, it is doubtful that the effect is
strong enough to provide the 0.3-0.4 GeV of bind-
ing needed to bring the g,g mass down to the old
X(2.8), assuming that q, has a mass of &3.0 GeV.
(Such a large mass is expected for r)„ for other-
wise the Ml y transition P-q, y with its large y
energy and large M1 y width should have been seen
experimentally. ) An q,w model for the new X(2.98)
might be more feasible, but even here the required
binding of almost 0.2 GeV might present some
problem.

The decay properties of ccqq states appear to
be as follows. Let us first consider y transitions
to and from charmonium states. Such transitions
also require the annihilation of the light qq pair.
For a color-octet qq pair, this can be accom-
plished readily via a virtual gluon, but two virtual
gluons are needed for a color-singlet qq pair.
The photon can be emitted or absorbed by either
the heavy or the light quark (or antiquark) in
isoscalar four-quark states, but only by the light
quark {or antiquark) in isovector states. In
other words, an isoscalar state decays both
through the Pz admixture in these mesons and
through admixtures of four-quark components in
the initial or final charmonium states. Thus their y
widths are not completely negligible. In contrast,
an isovector state can decay only through admix-
tures of four-quark components in charmonium
states. For example, an E1 transition to or from

g or g' involves those four-quark components with
one light quark in an orbital p wave. Since the
L-excited four-quark states have higher unper-
turbed masses, their admixture probabilities in

g or g' are smaller than Pz admixture probabil-
ities in four-quark states. The corresponding y
width should also be smaller. The most unfavor-
able case is probably that of an isovector four-
quark state with a color-singlet qq substructure
such as the gp bound state discussed earlier.
The need for an additional virtual gluon means
that its y widths might well be smaller by two or
three orders of magnitude.

The strong isospin effect is absent in 2y anni-
hilations, since each quark-antiquark pair annihi-
lates via the charge-dependent electromagnetic in-
teraction. The dominant process besides P~
mixing involves the color-octet components (see
Table III} of ccqq bag states, as shown in Fig. 4(a).
Compared with I'('Pz - yy) = 1 keV, the result for
Fig. 4(a} should contain the additional factors of
(i} n, ' = 0.1, (ii) a relative color factor of 2', (the
color factor is

~
instead of 3), and (iii) a reduction

factor of perhaps 10 or 10 for the additional
internal lines, giving an estimate of 10 -10
keV. Furthermore, if the ccqq state contains

(a) (b)

(cc) 8 (cc) t

FIG. 4. Decays of ecqq states.

IV. ecg+ccqq MIXING

It is clear that the component of ccqq in which
the qq pair is in a vector, color-octet state (the

two color-singlet mesonic substructures, an addi-
tional virtual gluon must be exchanged between
the substructures. As a result, the 2y annihilation
width is probably =10 keV only. All these an-
nihilation widths appear far too small to be de-
tected at present.

The hadronic width below breakup thresholds
is probably not large. For isoscalar states, the
dominant process besides P~ mixirig is that of
Fig. 4(b) involving color-singlet mesonic sub-
structures. Compared with I'('Pz -gg) = 1 MeV,
the relative color factor is —, (the actual color
factor being

&
instead of the

3
for Pz-gg). The2 2 3

presence of a virtual gluon may then bring the
hadronic width down to perhaps 1 or 10 keV. Iso-
vector states with color-octet substructures can
decay via a mechanism similar to Fig. 4(b) if the
virtual particle is a photon. Its width is perhaps
sl keV. Isovector states with color-singlet sub-
structures can decay through P~ admixtures gen-
erated by the electromagnetic interaction. The
resulting hadronic widths are of the order of a
few keV, but depend sensitively on the mass dif-
ference of the states before mixing. Thus ha-
dronic widths do not appear very large. They are
particularly small for isovector states.

Finally, we consider the mixing strengths
hz(ccqq- P~). The leading contribution arises
from the simple annihilation of a color-octet qq
pair by the strong spin-flipping gluon magnetic
interaction. We have not calculated these
strengths, but expect it to be spin dependent and
of the order of hyperfine mass splitting in char-
monium, i.e., =0.1 GeV.

In summary, we note that there are ccqq states
which could appear as weak signals in the decay
of g'(3.69) if their masses are below breakup
thresholds. The trouble is that the masses pre-
dicted for these states in the MIT bag model ap-
pear too high and are probably above breakup
thresholds. The only promising low-mass four-
quark structure appears to be a bound g,z iso-
vector state. Unfortunately, the y transitions
from g'(3.69) or $(3.10) are likely to be very weak.
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V of Table III) is very similar to the ccg state.
In particular, the V V component of a ccqq state
mixes with the ccg configuration ( Sq, 'sP) with a
mixing strength h(g —V) which can be calculated
in terms of the gluon and cc wave functions. We
use the cog wave function of Eq. (2.1) and assume
for simplicity that the center-of-mass wave func-
tion of the qq pair is also given by P~ of Eg. (2.2),
while the wave function of its relative motion is
given by 2 3~ Q;, of Eq. (2.2) with the extra norm-
alization factor arising from the change of coor-
dinates to r =2d. The result, obtained in Appen-
dix C, is

&(g- V) =&V(V/~)'", (4.1)

where A, =0.16 is a dimensionless constant, and X

and p are the inverse size parameters in Eg. (2.2).
The calculated values of h(g —V), shown in Table
II, are =0.4-0.5 GeV. When the spin dependence
of A., p is included, these imply that hz, (g—V)
=0.4 GeV for the 4=2 state. We shall use this
estimate in the calculations of this section. (An

additional factor of i = (-)'~ in the matrix element
of the pair-production vertex has been removed
by redefining the phase of the wave function of one
of the states. )

This mixing strength is distributed among the
various ccqq states shown in Table III; the off-
diagonal element of the mass matrix is just the
product of h(g —V) and I/v2 of the corresponding
recoupling coefficients (for J=O or 2) of the
V V component of ccqq states shown in Table III.
(The factor 1/v2 arises from the antisymmetri-
zation of the ccqq wave function because of which

only half of the V V probability is in the "flavor
decay channel"" g.g, while the missing half is in
the P'.D* channel. ) For J=1, the recoupling co-
efficients already contain a factor I/v2 as a re-
sult of the projection of G parity. (The missing

half in the D* ~ D* channel has the opposite 6
parity. ) Thus, the effective mixing strength is
h/W2 for all J'. We see also from Table III that
for 0 =2 this effective mixing strength may be
concentrated in one single ccqq state at 4.06 GeV.
For the four 4=0 ccqq states, the calculation is
done by diagonalizing 5x 5 matrices.

Our interest in the mixing problem is twofold.
First, we notice that when a strong spin-spin po-
tential between the gluon and the quarks is added
to the ccg Hamiltonian (2.3), the variational wave
function ('2.2) shrinks significantly as Z decreases.
Table IV shows two interesting examples of this
J-dependent effect in the ccg wave function.
Since the mixing strength hz of Eq. (4.1) is size-
depende~t, k~, becomes larger than k~ „being
about twice as large in these examples. As a
result, the mass ratio (M2 —M, )/(M, —Mp) is fur-
ther decreased after configuration mixing. This
effectis included in the following calculation.

Second, we are primarily interested in the na-
ture [e.g., the ccg probability p(ccg)] of our mixed
states. The answer is unfortunately very sensi-
tive to the mass difference between the two types
of states being mixed. It is quite plausible that
the dynamical content of the ccqq model of Sec.
III is more reliable than that of the cog model of
Sec. II. We therefore decided to readjust the
average mass M of the cog states and study the
dependence of p(ccg) on the mass of the lowestJ"state after mixing.

Figure 5 shows the results obtained for a spin-
spin gluon-quark interaction of the form

H„= V„ p (X, I;)(s,. S ) 2 , (4.2)

where X, I" are color-SU(3) operators and s, S are
spin operators. Figure 5(a), showing the spin-spin
splittings as a function of V„, is obtained with a

TABLE pl. Details of two J-dependent solutions of the ccg and eeqq mixing problem de-
scribed in Sec. 1V. Here Mz is the meson mass, Xz and pz are the wave-function parameters
of Eg. (3.2), and pQ') is the percentage of the configuration X in the wave function. Different
values of the center of mass M(ccg) have been used in these cases in order to have the final
mass Mz 0 appear at 2.83 GeV.

Case

V„(GeV ~)

M (GeV)

J=2

-1.83
3.48

J=0

-1.96
3.65

J=O

M (GeV)
~, (GeV)
p~ (GeV)
p (ccg)
p(v V)

3.45
2.22
2.73
0.82
0.20

3.18
3.15
3.49
0.81
0.10

(2.83)
5.45
5.30
0.77
0.20

3.59
2.20
2.71
0.73
0.08

3.30
3.22
3.54
0 74
0.12

(2.83)
6.80
6.32
0,71
0.26
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TABLE V. Expected center of mass M of QQg (3$f
3s&~)J"states. All quantities are in Gev, except k
(GeV ), n, (dimensionless), and w (dimensionless).

Structure SSg

(b

3.5-

1.0 1.5
-Vss (GeV )

- 1.0

mQ
k

0.16
0.092
1.2

-0.17

0.12
0.080
1.4

-0.08

0.33
0.101
0.88

-0.08

1.51 4.8
0.149 0.205
0.54 0.40

-0.08 -0.08

C5

1

3.0- 0
io

-2
—0.2

p,

Mgg
Pg
V~

~(QQg)

1.98
1.34
1.06
0.84

-1.59
0.30

1.94
1.21
1.04
0.82

-1.59
0.27

2.00
1.66
1.21
0.85

-1.12
0.88

2.53
2.97
3.43
1.07

-1.03
3.47

2.86
4.45
9.97
1.21

-0.96
10.21

2.5 3.6 — 't0
M (G6V)

FIG. 5. (a) Mass M& (GeV) of the lightest meson of
angular momentum J obtained in the ccg+ ccqq configura-
tion mixing calculation described in the text, plotted as
a function of the assumed strength V» (in GeV ') of the
spin-spin interaction in Eq. (4.2). A center of mass
M(cog) =3.474 GeV is used. (b) Mass Mz and ccg pro-
babQity p(ccg) of the lightest meson of angular momentu~
J plotted as a function of M(ccg). A spin-spin strength
of V =-1.83 GeV is used.

constant M(ceg) =3.474 GeV, while Fig. 5(b),
showing the dependence of the lowest M~ and the
associated mixing probability p(ccg) on IVI, is ob-
tained with a constant V„=—1.84 GeV '. These
results show that it is quite plausible to have
states appear below g'(3.69) which are predom-
inantly ccg states. Furthermore, their ccg con-
tents increase rapidly as their masses decrease
below 4 GeV.

V. SUMMARY, DISCUSSIONS, AND CONCLUSIONS

In this paper we have argued that a number of
PC =++ mesons containing a cc substructure may
appear in the charmonium region. They are
states made up of admixtures of ccg, ccqq, and
the charmonium P~ states. Their spin-spin
splittings may be rather large, their hadronic
widths could be fairly small if they are below
the appropriate breakup threshold for the ccqq
states, their BR for y transitions and for 2y an-
nihilations appear to be fairly small.

We have discussed the masses, widths, and
mixing of these states. Our estimates should not
be taken as firm predictions because of a number
of theoretical uncertainties. They arise because
of our ignorance of quark-gluon dynamics, of
relativistic effects in wave functions and opera-
tors, and of the nature of the gluon in cog states.
In addition, unusual QCD contributions to the
hadronic widths have not been included in our dis-
cussion.

0.783
0.34

0.783 1.020
0.30 0.47

3.10
1.00

9.46
1.73

From the broader perspective of meson spec-
tra in general, it is clear that if these mesons ap-
pear in the charmonium region, other QQg states
should also appear with masses near those of
QQ mesons. Using the model of Sec. II with the
spin-independent Hamiltonian (2.3) and the poten-
tial parameters of certain sPin-dePendent non-
relativistic QQ potentials that we have fitted, in
Appendix A, to the spectra of known QQ mesons,
we find the results of Table V for the masses of
QQg states. The quantities tabulated have been
defined earlier in Eqs. (2.2) and (2.3), except for
the mass Mo of the QQ substructures in QQg and
the potential energy V~ between g and QQ. (The
gluon kinetic energy is P~.) The masses MQQ Pg,
and V are the expectation values of the three
groups of terms shown in the QQg Hamiltonian
(2.3). The observed mass M( S,) of the QQ vector
meson is also shown for comparison. We see that
Mg for the substructure S& is on the average
about 0.3 GeV above M( S,), with the mass dif-
ference increasing as the quark mass m in-
creases. It is the bound gluon, however, which
controls the behavior of M(QQg) —M('S,). Its
contribution is large and negative for small m,
roughly zero in ccg, and repulsive in bbg. The
reason for this behavior is that with the decrease
in size of the QQ substructure as mo increases,
the gluon wave function is also pulled in, so that
its kinetic energy increases. At the same time,
the strong coupling constant n, decreases as re-
quired by the idea of asymptotic freedom, so
that the magnitude of the attractive gluon interac-
tion decreases. These two effects combine to
give the strong trend seen in Table V. This be-
havior is thus a simple consequence of the as-
sumed dynamics of our QQg model.
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There is, in addition, a spin-spin splitting. We
recall that the strength of the spin-spin term of
the Breit-Fermi QQ interaction is proportional to
mz '. Since we have only one Q in the gQ interac-
tion, we assume a rn ' dependence, and obtain the
following estimate for the mass difference be-
tween 4=2 and 4=0 states:

(M2 Mp) o — (Xq/X ) (M2 Mp) (5.1)

Using (M, —M,),=0.7 GeV, we get (M, —M,),
=0.3 GeV.

It is also clear that there are QQqq states as
well. From Tables III and V, we estimate that
the 0'+ 5$qq states C, „might first appear at
10.2 GeV, with their weighted center of mass
M(V V) at =10.3 GeV. The mixing strength
[h, (q —V)], with the bbg 0" state will be stronger
than (hp), =0.4 GeV by a factor

Pa Pa/~a
v./),

[where p and X are the inverse length parameters
of Eq. (2.2)]. This factor is also tabulated in
Table V. Next we estimate (h,),/(h2), =1.35 when
(M, —M,),= 0.3 GeV. Putting everything together
with configuration mixing, as described in Sec. IV,
we find that there might be a O'" Xp (9.34) in the
Y region just below T (9.46). Similar bbg+bbqq
mixing calculations can be made for J=1 (2).
Starting from an estimated four-quark bag mass of
10.34 (10.43) GeV, we obtain M~ =9.56 (9.73) GeV
for the lightest state of J~ = 1" (2"). In these
mixed states, the percentage probability of the
cog component is found to be 60 (58, 56) % for J
= 0 (1,2).

The results of Table V for light mesons are ob-
viously unsatisfactory, even without including the
very considerable spin-spin mass splittings ex-
pected here. It is likely that the model wave
function Eq. (2.2) is just too crude for these light
mesons. It is certainly true that the interactions
are stronger here, so that the many uncertainties
in our knowledge of gluon dynamics are magnified.
Uncertainties in this mass region also appear
more serious simply because the actual meson
masses are small. More detailed studies will be
needed to determine the extent to which the un-
satisfactory results might be related to defects
in our models, or to our choice of potential para-
meters. (For example, the gluon should perhaps be
be in an EI mode. ) One result of the calculation
should be trustworthy: The size of a QQg meson
increases as its mass decreases. As a conse-
quence, the mixing strength hJ.p between QQg and
four-quark states should be weaker. In addition,
configuration-mixing effects are reduced by the
larger mass differences seen or expected in this
mass region. It is then plausible that an X might

coexist with a low-lying four-quark bag C under
a broad structure at q(0.7). The interpretation of
c(0.7) as a four-quark state has been given re-
cently by Holmgren and Pennington. '~

Both the experimental situation and the theore-
tical picture for low-mass scalar mesons appear
rather obscure. The situation is not completely
hopeless, however, since mesons of the K~ family,
by virtue of their strangeness, are likely to be
more readily identified and analyzed. Of the
eleven mesons of the K* family tabulated by
Leith, two are scalars. The remaining nine
mesons can be understood in terms of the simple
QQ picture. In Appendix A, a simple nonrelativis-
tic but spin-dependent QQ potential model is con-
structed globally for these mesons and mesons of
other families. This model gives for the K~

family a scalar 'Pp state at 1.2 GeV, where there
is an observed scalar x(1.2) with a very broad
width I' =0.45 GeV. We interpret this width as
an indication that it contains also our gluon state
X~, e.g. , usg ( S&, 's&')0'", as well as the lowest
four-quark scalar Cx(9). The latter has been pre-
dicted by Jaffe" at 0.9 GeV, as shown in Table IV.
We then interpret the second observed scalar
g'(1.43), with width 0.25 GeV, as Jaffe's Cx(36)
which is expected at 1.36 GeV. The axial vectors
Cx(18)1"predicted at 1.45 GeV might well be
part of the broad (I' ~0.25 GeV) Q„(1.34) and the
narrower (I' a0.11 GeV) Qs(1.36), respectively.
Both are known to decay by K*z and Ep modes-
predicted by Jaffe's model. It would be useful
to look experimentally for the remaining Cz bag
states —Cx(9") in the Kv or K*p decay mode,
Cx(36P')0" and Cx(9 or 36)2" in the K*p decay
mode. The possibility of making more definite
identification of these bag states by using ob-
served branching ratios into two distinct decay
modes, as suggested by Table III, should also be
pointed out.

Similar analyses for mesons of the p, a&, and g
families (with details given in Appendix A) sug-
gest that the simple QQ Pp states are 5(0.98)
I=1, P'(0.98) I=O, and part of e(1.3) 1=0, res-
pectively. (See Refs. 13 and 21 for the alternative
interpretation of & and 8* as four-quark states.
%e assume here that their KK decays are due to
minority admixtures of C, „ in the wave function. )
It is not clear where ssg should be, but if uug
really appears at e(0.7), then ssg should also ap-
pear —0.4 GeV higher than expected, namely at
e(1.3). In this mass region, one C„' and a number
of C are also expected. The large experimental
width (0.2—0.4 GeV) of &(1.3) appears to be consis-
tent with this possibility. The broad (I' =0.3 GeV)
I= 1 axial vector A, (-1.1) may well contain
Jaffe's C,(18)1"predicted at 1.25 GeV. This
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TABLE VI. Some mesonic groups A associated with
the production of X[J (1~)] in the hadronic decays of
vector mesons: n 3S~ A. +X. The symbols S or P de-
note the orbital angular momentum of A. .

JPc (IQ) Most interesting mesons

J++(0+)

g.-)
J '(0')
1'(0)

S(cu), P(~p)
S(p), P(m. )
P(cu), S(mp)

S(q), S(3~)

ccqq, cog
ccqq
Sp, D2

~Pg

meson does not have an isoscalar partner, ' the
narrowness (I' =0.025 GeV) of the I=O axial vec-
tor D(1.282) appea, rs to be consistent with this
picture. There are no other well-known, broad,
low-lying (below the 2 S, state), even-parity
me sons.

We have kept to the very last a discussion on
the experimental production and detection of these
even-P, even-C, low-lying gluon and multiquark
mesons. They are of course accessible in the y
cascade decays of vector mesons if they share
appreciable fractions of the QQ 3Pz strengths.
However, the hadronic decays of sufficiently mas-
sive vector mesons

n'S, —X+X(J"(I'))
are perhaps more promising for the production of
the interesting mesons X. Table VI describes a
number of light mesonic groups A associated with
the production of some of the mesons which are
expected, but not yet seen.

Once these mesons are observed and their quan-
tum numbers are deduced, their place in the
scheme of things can perhaps be deduced indirectly,
especially when some information is also avail-
able on their decay widths. Direct evidence on the
nature of these mesons probably requires at
least a good knowledge of their decay modes. This
requirement will not be easy to meet if we re-
member that the nature of the known light mesonic
resonances of large widths is not yet established.
For example, it is not clear from Ref. 19 if
e (0.7) cannot be a, q7)g state.

The general interpretation of meson spectra,
given above may be summarized by the statement
that in mesons the QQ sta,tes a.re most readily
seen. Next come the QQg and four-quark states.

In conclusion, we note that the interpretation
of meson spectra sketched above is necessarily
very speculative and incomplete. In spite of this,
our studies do suggest that significant progress
can be expected when more is known about these
additional low-mass mesons of the g, T, and also
E* families. Of these families, the K* family is
perhaps the most promising because of its ac-
cessibility.

This work was supported in part by the National
Science Foundation.

APPENDIX A: PHENOMENOLOGICAL POTENTIALS FOR
QQ MESONS

We reproduce here certain spin-dependent non-
relativistic (NR} potentials which have been used
in estimating certain results mentioned in the
text on y decay widths and in providing a general
perspective on QQ states in meson spectra.
These potentials are qualitatively similar to
other QQ potentials which have been reported in
the literature, ' except as noted below.

We start by fitting the excitation spectra of p
and charmonium families of QQ mesons indepen-
dently with the NR potential models

H~g= +).r —~a, + f (r)) + ()))1)
p'
2p. mim2 "

Here p, is the reduced mass, b is an additive con-
stant, and f»(r) is a modified Breit-Fermi func-
tion of the form

f»(r& =S(r)s& s, + W(r)L ~ S+ Vr(r)S„, (A2)

where
2S(.) = -— „, , -p(-(./. ,) ] i,3 ' p rp i'

W(r) = ——,
' (I —exp[-(r/ao)']]/r',

V,(r) = --,'{1—exp[-(r/ao) '])/r',
(A3)

and

S„—30, ro, r-o, .o, . (A4)
We have dropped the velocity-dependent Darwin
term since this term is hard to treat in the three-
quark problem in hadrons. We also drop the
spin-independent 5-function repulsions from the
spin-spin interaction. Because of these and of
the intrinsic uncertainties of the NR potential
model, the wave functions near the origin appear
to be of questionable validity. For these rea-
sons, we do not try to fit leptonic widths. The
potentials also do not contain any isospin-depen-
dent terms.

We do not interpret the NR potentials for the
lighter mesons in a literal manner, but simply
consider them as prescriptions for mass extra-

Note added in Proof .The calculated rms radius
of the E meson (0.46 fm) shown in Table VII
agrees with a preliminary experimental result
(from negative-kaon scattering off atomic elec-
trons) of 0.51+0.07 fm reported by E. Tsyganov,
in Proceedings of the 19th Internationaf Conference
on High Energy Physics, Tokyo, 1978, edited by
S. Homma et al. (Physical Society of Japan,
Tokyo, 1979}, p. 315. See also A. Beretvas et al. ,
Report No. E1-12357, Dubna, 1979 (unpublished).
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polatons. Even so, one wonders about the mean-
ing of the mass of light quarks such as u or d in
such a model. To study this question, we obtain
two uu (or dd) potentials, with (a) m„= 0.16 GeV
and (b) m„=0.12 GeV, respectively, and other
parameters as shown in Table VII. The resulting
QQ meson masses are shown in Table VIII. We
see that, except for the pion mass, the mass ex-
trapolation is quite insensitive to m„. What are
changed are the rms meson radii r„(i.e., the
mean quark separations), as shown in Table VII.
The experimental result' of r, =0.56+0.04 fm
favors case (b).

This is good because the mass rn„=0.12 GeV
in case (b) is actually chosen' to fit the proton
charge radius r~(D) =0.81+0.03 fm of the Dirac
form factor E,. [This is related to the experi-
mental' charge radius r~(E) =0.88+ 0.03 fm of
the electric form factor G~ as follows:

r~'(D) = r~'(E)—

where v~= 1.79 is the proton anomalous moment,
and M~ is the proton mass. ] The calculation of the
properties of protons and other baryons was made

by Rondinone and Wong
' with the following partial

results for these two potentials:

(a) r~=0.68 fm, n, —iV=0.30 GeV,
N* -N =0.77 GeV,

(b) r~=0.81 fm, & —1V=0.29 GeV,

W* —N =0.76 GeV;

(A5)

(A6)

where Ã* is the first radial excitation of the nu-

cleon ¹

Thus the NR potential model for hadrons as light
as pion and proton. has the useful feature that the
same potential can be used to describe hadron
sizes. [It is also amusing to note that the cal-
culated p-meson radius x, =0.72 fm for the pre-

ferred case (b) of Eq. (A6) confirms an earlier
rough estimate made in connection with the fit-
ting of hadron mass formulas. ] We use m„
= 0.12 GeV in all the other potentials of Table
VII.

The results of Eq. (A6) also show that, as in the
case for mesons, mass extrapolations for baryons
using these NR potentials appear to be quite in-
sensitive to the choice of m„. Thus the quark
masses of our model are related to hadron sizes.

The next set of potential parameters, those for
the g/J family, are obtained independently by fit-
ting the charmonium spectrum, with only one con-
straint, namely that the additive constant be fixed
at b = -0.08 GeV. This is the cc potential called
potential C in the text. We note the interesting
result that for both case (b) of the uu potential and
the t."c potential, the cutoff parameters Qp and 'vp

of Eq. (AS) are proportional to each other:

(A7)(ao/r, )„=(ao/tp) = 2.7 .
We therefore use the same proportionality con-
stant for all the other families of mesons.

We also note that our coupling constants +, tend
to be 2-3 times stronger than those of most other
potentials in the literature. " This is of no great
significance in the present context, since many

QQ meson properties depend only on certain com-
binations of o., and k, our k values being signifi-
cantly weaker than usual. Indeed, cc potentials
with very different parameters also give roughly
the same mass for the ccg state, as shown in
Table III, but sizes differ significantly. Thus there
are meson properties such as the relative sizes
of mesons of the same family which might be dif-
ferent for different potentials. Our potential will
provide a useful alternative for the study of such
properties.

The interaction strengths n, are expected to

TABLE Vjj:. Potential parameters and the vector and pseudoscalar meson radii ~z and rz
for various meson families. The empirically adjusted quantities are underlined. The addi-
tive constant b used is -0.17 GeV for case (a), and -0.08 GeV for all the other potentials.
The t-quark mass, given in parentheses, is the predicted value from Hef. 29.

Family ~ (GeV) k (GeV ) r& (fm) ao (fm) w~ (fm) rz (fm)

P/(d

g/J

Y

b
&ac

b
QQ

(a)
(b)

0.16
0.12
1.51

4.83
0.334

(14.00)

1.2
1.4
0.54
1.14
0.40
0.88
1.00
0.73
0.97
0.69
0.48
0.32

0.0919
0.0795
0.1492
0.0864
0.205
0.101
0.090
0.113
0.090
0.116
0.1-67

0.278

0.70
1.05
0.088
0.73
0.021
0.41
0.55
0.24
0.52
0.20
0.050
0.0050

2.09
2.84
0.224
1.97
0.056
1.10
1.50
0.65
1.39
0.54
0.136
0.013

0.63
0.72
0.21
0.60
0.11
0.45
0.52
0.35
0.51
0.32
0.16
0.0~8

0.43
0.53
0.15
0.46
0.08
0.33
0.48
0.29
0.49
0.30
0.13
0.039
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CD

CO

CD'
CO

depend on meson masses or meson sizes ac-
cording to the idea of asymptotic freedom. We
decide to use the rms r~ of the 1 'S& vector meson
of a family as the scaling parameter, since it has
a smoother behavior than the meson mass. The
uu and cc potential strengths then give us the fol-
lowing numerical expression based on the usual
logarithmic scali.ng behavior

n, (V) = 1.4/[1+ 1.295 ln(r, /rv)] . (A8)
LQ
CD The strength 0 of the linear confinement poten-

tial turns out also to be different. In scaling, we
use the numerical expression

k(V) =0.0795[1+0.7115In(r, /rv)] GeV' . (A9)
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0 ce
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CD
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CQ
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CD
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CD
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CD

(u = (4k'/p, )'~' (A10)

by using the empirical expression obtained from
the independent uu and cc potentials

&u(V) = 0.75/[1+ 0.4314 ln(r, /r~)] GeV .
/

The results reported here are based on this equa-
tion.

We next note that if the meson radius controls
the potential strengths, it is plausible that it also
controls the cutoff parameter ro. We use the
simple power dependence

(A11)

It is somewhat unfortunate that k is not a univer-
sal constant, as suggested by certain theoretical
prejudices. Our "unusual" result should not be
taken too literally, however, since we are describ-
ing relativistic systems such as light mesons in
nonrelativistic terms.

If Eq. (AQ) is used to generate values of k for
NR potentials of other meson families, the cal-
culated masses of the lightest vector mesons
agree quite well (to within 30-50 MeV) with ob-
served masses using the same additive constant
b everywhere. Even better results in absolute
masses are obtained if we interpolate not k, but
the equivalent potential parameter

CD
00
LQ

CO
CO

CD

2.06

r, (V) = 1.05 fm,
rp

(A12)

&CD

CD
t
CQ

M
CO

CD

CD
I

where the numerical constants are also obtained
from the uu and cc potentials. The same additive
constant, b = -0.08 GeV, is used in all the other
meson potentials.

Only two other quark masses, m, and m~, re-
main to be chosen. They are obtained by fitting
the masses of $(1.02) and T(9.46). The meson
potentials are now completely defined. Their
potential parameters are shown explicitly in Ta-
ble VII. We note in summary that these potentials
contain a total of thirteen adjustable parameters:
four masses, two sets of potential strengths (o.„k),
two sets of cutoff parameters (r„ao), and one ad-
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ditive constant b.
Meson masses calculated from these NR poten-

tials are shown in Table VIII, and compared with
observed masses from Refs. 5, 20, 26, and 27.
The general trend of the =45 meson masses is
reproduced surprisingly well, given the relative
simplicity of the model used. The following fea-
tures are particularly noteworth: (1) All mesons
are covered by our simple scaling formulas for
potential parameters. Since the lighter mesons
are certainly relativistic systems, it is clear that
all relativistic effects have been absorbed inta
the potential parameters, leaving only a nanrela-
tivistic caricature of the real dynamics. This is
of course unsatisfactory, but one can also argue
that from a certain limited perspective, this
might well be a blessing in disguise. For exam-
ple, this NR potential can readily be used in NR
models of the properties of other hadrons. By
virtue of the fitting procedure, there is some as-
surance that many of the calculated properties
may be quite close to the actual values. As a
consequence, some insight can be gained concern-
ing certain hadron properties which are insensi-
tive to the defects of the model. %e have already
mentioned some very reasonable results obtained
by Rondinone and Kong" for the masses and sizes
of certain baryons using the NR meson potentials
obtained here. (2) There is some success in re-
producing the spin dependence of meson masses
with simple modifications of the short-range sin-
gular behavior of the Breit-Fermi interaction.
The success is particularly noteworthy far the
K* and P/J families where the situation is most
clearcut both experimentally and theoretically.

A number of problems can also be seen in Ta-
ble VIII. (1) The model value of 0.24 GeV for the
v/)I mass is close to neither )) nor )I, but rather
to their isospin-weighted center of mass at 0.24
GeV. (2) The cc potential reported here was ob-
tained some time ago with 2.83 GeV as an input
mass for )I,. It is clear now that X(2.83) is not

that there may not be an X(2.83) at all,
and that the real )I, is much closer to Q/4, so that
its contribution to the decay width of g/J is quite
small, thus accounting for its relative invisibility.
Since our hyperfine mass splittings look quite good
for the K* and D* families, we decide to keep this
old cc potential, and consider the model value of
g, as another bad I=0 pseudoscalar mass. This
leads to a simple picture that all model I=0
pseudoscalars are too light (by the same 0.3 GeV
in both q and q'), the model I= 1 pseudoscalar v
is too heavy, while model I= —,

' pseudosealars are
only a little too heavy. (3) The model 'P, state of
the a family is about 0.1 GeV lighter than the
mass of the D(1.28) meson. (4) The model P&

and D2 states are lower than the masses of the
B, A„and Q„mesons. We believe that the last
difficulty is related ultimately to our neglect of
the Darwin term in Eq. (A2). All these limita-
tions should be borne in mind in applications
using this NR potential model.

The scaling formulas Eqs. (A7), (A8), and (All)
can also be used for the mesons bu, bs, and bc,
which we shall call the D*,, M, and C~ families
of mesons. The calculated potential parameters
are shown in Table VII. Table VIII gives the me-
son masses for these mesons if the b quark is a
color triplet. These mesons are of considerable
theoretical interest because none should be seen
if b is the color-sextet quark predicted in the
SO(8) extended supergravity theory. "

Finally we show in Table VII the potential para-
meters for the T*=tt family of mesons containing
the t quark. Its mass is taken to be 14 GeV, as
estimated by Harari, Haut, and meyers in their
"generation-mixing" model of quark masses and
Cabibbo angles. The resulting T+ meson mass
spectrum is given in Table VIII.

APPENDIX 8: ELECTROMAGNETIC RADIATION
OPERATORS

The electromagnetic multipole radiation opera-
tors used in this paper are the nonrelativistie op-
erators of Brennan and Sachs

~)(fs)))y)) ('r)) )
(2x+ I)!!1

where o denotes the type (E or M) of photon which
has total spin X, projection p. , and energy k. The
sum i is over the single particles (i.e., quarks) in
the system, for each of which

+ Po' o$j2m
I

f = )l Vj —gir rkj +V rj )
. (83)—

2Pll By

Except for the photon energy k and photon spin A.,
all variables in these equations are single-parti-
cle variables, while j~=j~(kx) is a spherical Bes-
sel function.

The calculated results for the E1 and M1 widths
for y transitions between different charmonium
states with masses in GeV shown explicitly in-
side brackets are given in Table IX. The three
eharmonium potentials used are potential A from
Ref. 9, potential B from Ref. 1, and potenti. al C
from Appendix A. These results give indications
of the model dependence expected in different y
widths.
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TABLE LX. The widths in keV of El and Ml y transitions between different charmonium
states with masses (in GeV) shown inside brackets.

Potential

El transitions

23S, (3.69) -'I, (3.55)

-'P, (3.59)

3P( (3.51)

3P& (3.45)

3Pp (3.41)

Pp (2.83)

3P, (3.55) -3S, (3.10}

P~ (3.59}

~P, (3.51)-
'I, (3.45)—
3Po (3.41)

S, (3.10) -'Po (2.83

26

202

350

340

230

190

290

280

190

150

280

230

260

270

180

170

Ml transitions

23Si (3.69) 2~So (3 59

—2'So (3.45)

Sp (2.83)

2'So (3.59) -'S, (3.10)

2'So (3.45)—
'S (310) -'S (2.83)

2 38 (3 69) ~D (3.59)- 'D, (3.45)

'D, (3.69) -'D, (3.59)

-'D, (3.45)

'D (359) -'S (310}
-'D, (3.10)

'D, (3.45) -'S, (3.10)

Di (3.10)

24

6.8

0.2

2.4 x 10-5

1.3 x10

0.63

10

0.21

170

0.022

5.8

1.0
0.14

1.6 x 10-'

9 x103

0.59

0.13

150

0.014

50

x ]0-5

1.7 x10 ~

0.7

190

0.017

Finally, we should mention that the D-state
probabilities of the charmonium 'S, states as cal-
culated for potential C are 0.10/p for $(3.10) and
0.06% for g'(3.69).

&(g-a'V) =l A, = -~~"'(P')~»"'(P) .A,

APPENDIX C: MIXING MATRIX ELEMENT FOR
CCg ~CCgg

The g-qq vertex in the mixing matrix element
fol ct."g~ ccgg 1s

in the notation of Ref. 31. (The quark momenta
are p and p'. ) To calculate its matrix element

I(A-ee =-&'~'(eV) lrf(R-w) I'~ '(g)& (C2)
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we approximate the center-of-mass wave function
of the qq pair by the gluon wave function Q of
ccg shown in Eg. (3.2), while the relative qq wave
function is taken to be the relative cc wave func-
tion 2 3/'

Q,—,=R;,/v'4v since qq is in the same
bag as ec. This approximation is very rough,
but appears to be consistent with the many short-
comings of the model. For the nonrelativistic
o'. A term, we readily obtain the result for rn,
«Q of

k»(g-qq) =g(-', )'/'
2 R;,(0) dkk'/'Q, (k)

p

=Ay. ' 'A. ', (C.3)

where

g(2)1/2 dg~3/2
8 p

x=k/z.

2
7 (~+X)2, 4

——0.16,

(C4)

The second term of Eq. (Cl) turns out to be pro-
portional to p ~ p'. This averages to zero for two
S-wave quarks q and q. Hence k =8».
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