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Phenomenoloy of low-energy scattering in the framework of quantum chromodynamics
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The short-range low-energy interaction between hadrons is studied with the quantum-chromodynamic one-

gluon-exchange potential in the context of the resonating-group method. A soft-core approximation is used

to estimate low-energy s-wave scattering lengths and amplitudes in exotic reactions: K +p, K +n, m+n, and

K +a+. Good agreement is found with data.

Recently, one of us' applied the techniques of
the resonating-group method' (ROM} to nucleon-
nucleon low-energy scattering. The nucleons were
treated as clusters of three quarks, each cluster
belonging to the (56, L,~=O') multiplet in the flavor
space and to an SU(3) singlet in color. The scat-
tering process was assumed to occur via the for-
mation of a fully antisymmetrized six-quark clus-
ter. The potential used between the quarks was
the standard one-gluon-exchange potential of quan-
tum chrodynamics (QCD)." The result was quite
satisfactory. A repulsive core with the right char-
acteristics for the N-N system was found.

In this note, guided by the success of the detail-
ed calculation of Ref. 1, we present a simple meth-
od to evaluate scattering lengths and amplitudes in
low-energy scattering for hadron collisions.

We start by writing down the radial Schrodinger
equation for two particles,

~, +[@'-U(r)]x(r)=0,

m2
( Vts) =B„X;Xt A, b -Xt XtS;St,

mpsg
(4)

where the x's are the SU(3) generators, the S's
are the spin operators, nz, ~

is the quark mass,
and m'/m, m&= 1 for quarks of types u and d.

It is a basic tenet of RGM calculations that the
important quantity to evaluate is

A QV;s
i j SU(3) X SU(2) X space

where' is the antisymmetrizer and is given by

4= g (-1)'=1—g I ".
P ng

p ~ is the interchange operator and interchanges
quark (antiquark} ts belonging to cluster a with
quark (antiquark) 8 of cluster b See Fig..1(a).
Now one has

(5)

be written, after averaging in space, in the form

with
(singlet ~X,. y, ~

singlet), „,» = 0. (6)

II(r)=+ V(r),
2

where it is the reduced mass, and V(r) is the po-
tential. Our potential is meant to be a simple
equivalent local version of the nonlocal RGM po-
tential. For a collision of two particles a and b,
we write the potential in the form

(3)V, b(r)=A„C„F(r,R„).
The constant A.„plays, as it were, the role of the
square of the quark-gluon effective coupling con-
stant, C„ is like an effective Clebsch-Gordan co-
efficient, and F(r, R.,) is a geometrical factor,
controlled by the parameter R„, measuring the
size of the region occupied by the full cluster of
quarks. We discuss now the various factors in
Eq. (3), starting with the coefficient C„. The color
and color-spin QCD potential between quark s

(from cluster a} and quark j (from cluster is} can

So one sees that one can drop the identity term in
(5). Hence, and for all purposes, one can consid-
er A to be given by -p„sP s. In other words, we
have ensured that the hadron interaction with a
quark-quark potential of the type ~, ) ~

is necessar-
ily short -ranged. One of the QCD potential con-
tributions will be, in general, of the form

$&J(3)X SsJ(e) X space

However, in the limit of V, &
having no explicit ij

dependence as in Eq. (4)—only space-averaged
quantities matter —the above pure color contribu-
tion to C b vanishes because

Detailed calculation following Ref. 1 shows that
this contribution is indeed small even when one re-
tains the explicit spatial dependence in the color
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FIG. 1. Relevant quark-exchange diagrams (a) and,
as an example, the corresponding annihilation ones (b)
[obtained from (a) by crossing s-n].

pulsive potential.
We try now to justify the assumption (6), in the

context of the resonating-group method and Ref. 1.
It was a feature of the N-N relative s-wave func-
tion obtained in Ref. 1 to have a physical node at
around 0.36 fm. This node was found to be almost
insensitive to the c.m. energies up to 100 MeV,
starting then to move slowly inwards with the en-
ergy (see Fig. 2). The wave function, extending
from 0 to about 1 fm, hardly changes within a
large energy range. In the limit of small relative
momentum 0, we see from Fig. 2 that we can ap-
proximate g» „(r) by

„(ft)= sinh[K(z -0.36 fm)],

with
potential. (The smallness of (P~) z„provides an
alternative argument for neglecting the term in

X( X;.)
We are then left with the color-spin term as the

sole contribution to C„:

and U„N =12 fm '. Now one clearly sees that

sinhPC(~ —0.36)]„„=sinh[Ky]„»-

(10)

C„= Q P X; X)S;S) . (7)
t )f mf mf SU(3) XSU(6)

The values of C„, calculated for several inter-
esting hadron-hadron elastic processes, are given
in Table I.

We discuss nextF(r, R„). This factor is clearly
related to the overlap for the two hadron wave func-
tions. We simply approximate it by

(6)

Depending on the sign of C, ~ [Eq. (7)), our hadron-
hadron potential will then be either a soft-core re-
pulsive potential (C„&0) or an attractive square
well (C,„(0). From the positive values of C„ in
Table I and the nature of the V, , potential [Eq. (4)/,
we see that we are dealing with a short-range re-

and this is what justifies the use, in the low-en-
ergy region, of a soft core of height U» and range
ft -1 fm: sinh[Kr] is precisely the inner solution
of such a potential. The s-wave g, phase shift,
computed with our soft core po-tential (U»=12
fm ', p„„=1 fm), agrees with theoretical results
of Ref. 1, and the agreement is good even beyond
the stri.ctly very-low-energy domain.

Finally, the factor g, b in the hadron-hadron po-
tential (3) represents the @CD coupling parameter
~, integrated over the hadron wave function.

Our potential is now fully specified. For each
ab process, two parameters have to be given: A„
(the effective coupling constant) and R„(the effec-
tive size of the region occupied by the two hadron
cluster). However, they can be estimated from
different physical arguments, and thus their mag-
nitude is not free. In the NN case, ' ANN was de-
termined from the N-h, mass difference&»

TABLE I. s-wave scattering lengths (prediction and experimental. results) for (kN)I g I p,

($7t)I 2 (07I)1 3/ 2 The values of A, b and R,b are assumed universal and taken .from the theor-
eticai discussion of NN scattering in Hei. 1. Kvhen required, we used m~ jm„z= f.

Process
ab

A~b
(fm i)

R~b
(fm)

Prediction
(fm)

Exper.
{fm)

(7t ~)1 2

0.37

0.37

2+

-0.072

--0.3 (Ref. 5)

--0.23 (Ref.. 6)

--0.042 (Ref. 7)

(«)S=3i~ 0.37 -0.087
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FIG 2 ligule belou' (N N)I ~ relative s wave functions (full ROM calculation) Also depicted is the ~ 0 asympto
tic limit of the wave function showing a scattering length of = 0.7 fm as obtained by lim„„o [6 0( z )/e]. Eigu~e ahorse:

Comparison of the soft-core produced g-wave phase shifts with the ROM ones. Both are for the (NN)I ~, 0 scattering.

=0.3'7 fm ', and RNN should be of the order of
twice the radius parameter R, in the nucleon wave
function R» 2R,-1 fm-(see also Fig. 2). With 4«
= 0.37 fm ' (U = 12 fm ') and ft„„=1, we fitted, as
mentioned above, the repulsive ++ phase shifts of
Ref. 1. For the other reactions, we assume uni-
versality of A b

aIld R b

Ra b RNN

and, as a consequence,

4;b=&NN=-"- ~ (12)

Equation (11) means that all (light-quark) hadrons
have roughly the same size, as follows from elec-

50 1 50 250 350

00:

«(K F,)

p. i

-0.2-

FIG. 3. Plots of the real part of the g-wave amplitude for theX p and X+n scattering as a function of the c.m. momen

turn.
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tromagnetic form factors and diffractive-cross-
section slopes.

Before proceeding, one should mention that the
diagrams we compute [Fig. 1(a)] are not the only
possible one-gluon-exchange diagrams. If flavor
annihilation is allowed [see Fig. 1(b)], contribu-
tions with gluon exchange in the direct chan-
nel should be included. These contributions
should, in this scheme, be responsible for attrac-
tions. In other words, our calculation with dia-
grams of Fig. 1(a) should only apply to exotic pro-
cesses. Regarding the calculations, it is straight-
forward to evaluate the s-wave phase shifts Ei,(k)
produced by the potential (3) defined above,

K coth(KR)cot(kR}+k
—k coth(kR)+K cot(KR)

with the scattering length ao given by

(WUR)coth(WUR)- 1
( mv)coth(WVR)

In Table I, we present our results in comparison
with experiment. We did not try to adjust the pa-
rameters. The scattering lengths tend to be over-
estimated in absolute value, and this may be due
to the fact that the parameter B„should be small-
er for pions and kaons than for nucleons. In Fig.
3 we show plots of the real part of the s-wave am-
plitudes

Re(kfo) =

in E'N scattering as a function of the c.m. momen-
tum. The curves are in the approximate constant
ratio 1.5, close to what is experimentally ob-
served. '

For the elastic processes pp and Q which are
exotic, the diagrams of Fig. 4 give no contribu-
tion, because no quarks can be exchanged. So
elastic scattering, compared to inelastic scatter-
ing, is very small even at low energies. The rapid
rise of the cross section with the opening of inelas-

tic channels is a well known effect in gp scatter-
ing. In nN scattering, both diagrams, Figs. 1(a}
and 1(b}, contribute. If the quark annihilation is
flavor independent (presumably, a reasonable ap-
proximation for u, d quarks), one obtains a larger
net repulsion in m'p than in n p, as is in fact ob-
served. Finally, repulsion is totally absent in
annihilation channels (kk}, and attractive diagrams
of Fig. 1(b) should then dominate completely. '

The color-spin potential we used here is the one
responsible for mass differences in hadrons. ' The
reason we obtain s-wave repulsion stems from the
same fact that forbids resonances in the exotic
channels: The color-spin interaction is not strong
enough to produce attraction and, therefore, pro-
duce composite hadrons which are relatively stable
against decaying. 4 The physical connection between
the absence of such states and the presence of re-
pulsion is very transparent here, and it gives sup-
port to the QCD color-spin calculation in low-en-
ergy hadron-hadron processes. On the other hand,
it is very tempting to interpret the diagrams of
Figs. 1(a) and 1(b) as the first contributions (low-
est order, short range) in building up the multi-
gluon planar diagrams of the dual model V(u, t)
and V(s, t) diagrams, respectively.

We have only considered leading z, diagrams.
The belief is that, because of the asymptotic free
character of the theory, one-massless-gluon ex-
change dominates at short distances and low par-
tial waves. As the distance increases, multigluon
exchanges become increasingly important and
dominate high partial waves. Such expectation is
exactly the opposite of what happens in the descrip-
tion of the. potential in terms of massive meson
exchanges: Single-meson (pion) exchange domin-
ates high partial waves and multimeson exchanges
dominate s waves. While, for large distances, the
conventional description is perhaps simpler, for
low partial waves a microscopic quark description
may be more adequate.
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