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SU(2) magnetic monopole solutions are considered in the Prasad-Sommerfield limit. It is shown that any-
solution with n units of magnetic charge belongs to a (4n — l)-parameter family of solutions. It is
conjectured that these parameters correspond to the positions and relative U(l) orientations of n

noninteracting unit monopoles.

I. INTRODUCTION

It has been known for some time that certain
spontaneously broken gauge theories possess
classical solutions which may be interpreted as
magnetic monopoles.”? However, only a rather
limited number of such solutions have been found;
in the SU(2) theory which we consider in this
paper, only the spherically symmetric ’t Hooft-
Polyakov monopole and its dyon generalization®
are known. It is not known whether the theory
has any other classical solutions. In this paper
we attempt to gain some insight into this question
by determining some of the properties which such
solutions would possess.

Throughout we restrict ourselves to the Prasad-
Sommerfield! limit of vanishing scalar field po-
tential. Bogomol’nyi® and Coleman, Parke, Neveu,
and Sommerfield® have shown that for this case
the energy of a static configuration with electric
~ charge @ and magnetic charge g is bounded from
below by

EZ'U(Q2+g2)1/2, (1.1)

where v is the vacuum expectation value of the
Higgs field. This bound is achieved by fields
which satisfy a set of first-order differential
equations; such fields, being minima of the en-
ergy, will also be solutions of the Euler-Lagrange
equations of the theory. Equation (1.1) implies
that a solution with @ =0 and » units of magnetic
charge will have exactly n times the energy of a
unit monopole. This suggests that such solutions
correspond to » noninteracting unit monopoles.
Since there is a long-range magnetic force be-
tween monopoles, this would at first sight seem
unlikely. However, in the Prasad-Sommerfield
limit the scalar field becomes massless and can
mediate a long-range force; Manton” has shown
that at least to order 1/7? this cancels the mag-
netic repulsion. It is tempting to conjecture that
this cancellation is exact.

One way to test this conjecture is to count the
parameters entering an arbitrary solution with »

20

units of magnetic charge. If the conjecture is

true, these should include the 3n needed to specify

the positions of # independent monopoles. In this
paper we perform this parameter count by study-
ing infinitesimal perturbations about an arbitrary
solution and find that there are 4n — 1 physical
parameters. We conjecture that 3n of these are
position parameters while the remaining #» — 1
specify relative orientations in the space corres-
ponding to the unbroken U(1) subgroup.

The remainder of this paper is organized as
follows: In Sec. II we review some properties of
the theory and of the Prasad-Sommerfield limit.
Section III contains our calculation of the number
of parameters. Our results are an extension of
an index theorem due to Callias,® whose methods
we follow. Section IV contains a discussion of our
results. There are three appendices. In the first
we discuss some questions raised by the com-
parison between our methods and those used in
some previous index calculations. The second
appendix contains some results concerning the
continuum spectra of certain operators which are
needed in Sec. III. The third appendix contains a
discussion of the normalizability of rotational
zero modes.

II. REVIEW OF THE THEORY

We consider an SU(2) gauge theory containing
an isotriplet of Higgs scalars, with Lagrangian
density® _

£==iF,, FiD, 0 DFo —M(G% =027, (2.1)

where

F,,=0,A,-0,A, +A, x4, 2.2)
and

D,¢=8,0+A,x0¢. (2.3)

Vector notation refers to SU(2) indices, and the
scale of the gauge field has been chosen so that
the gauge coupling constant is unity. Two isospin
components of the gauge field acquire a mass via
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20 PARAMETER COUNTING FOR MULTIMONOPOLE SOLUTIONS 937

the Higgs mechanism, while the third, corres-
ponding to the unbroken U(1) subgroup, remains
massless. Electric and magnetic charges coupled
to this massless field may be defined by

Q= [as,$ &,

. (2.4)
£= fdsi¢.Bis
where
Ei:i}oi )
§i=§e”kf’j,¢, (2.5)
5oL
l¢]°

and the integration is over a surface at spatial
infinity. While @ may take on any value, g must
be of the form 4mn for some integer n. In fact,
the magnetic charge is a topological invariant—it
is unchanged by continuous variations of the fields
which preserve the boundary conditions imposed
by the requirement of finite energy.

The Prasad-Sommerfield limit is obtained by

setting A =0 in the Lagrangian (2.1), but retaining -

the bcundary condition that |¢| approach v at spa-
tial infinity. In this limit the energy of a static
configuration of fields may be written as®®

B=% fax([Ee+ B2 0,87+ D)

=3 _/dax [(E; - sinaD;$)?
+ (ﬁ,- - cosaDiq§)2+ (005)2]
+vgcosa+vQ sina=v(g?+ QY2 (2.6)

where « is an arbitrary angle. In obtaining the
second equality we have used the Bianchi identity

0=D, B;, (2.7)

and have assumed that the fields are constrained
by Gauss’s law

0=D;E-D$x¢. (2.8)

For fixed @ and g the lower bound on the energy
will be achieved if )

f},- = cosaD&t s

E,=sinaD;$, (2.9)
D=0
with

a=tan"(Q/g) .

Fields satisf&ing these conditions will be solutions
of the equations of motion. There may of course

be other solutions of the second-order field equa-
tions, which do not satisfy these first-order equa-
tions, but these will be of higher energy. Such
solutions will not be considered in this paper.

Finally, we point out a very simple relationship
between the dyon solutions, with both electric and
magnetic charge, and those with only magnetic
charge. Given any solution with @ =0, the sub-
stitution

PE) =9 (),
A,&)=cosad;x),
A, (%) =sina¢(x),

1
cosa

(2.10)

]

X

gives a solution with the same magnetic charge
but with electric charge

Q=gtana. 2.11)

Furthermore, it is clear that all solutions with
nonzero ¢ can be obtained in this manner. Thus,
to determine the number of parameters entering
an arbitrary solution, it is sufficient to consider
solutions with @ =0, satisfying

B,=D;¢. (2.12)

III. COUNTING ZERO MODES

We now wish to determine the number of physi-
cal zero modes about an arbitrary Prasad-
Sommerfield solution with magnetic charge 47,
i.e., the number of infinitesimal perturbations
which leave the energy unchanged. In view of the
remarks at the end of Sec. II, we need only con-
sider solutions with @ =0. Expanding Eq. (2.12)
about such a solution and keeping terms linear in
the perturbation, we obtain

0=Di5¢_¢6Ai—€Hij6,Ak’ (3.1)
where \
Di=a£+Ai . (3.2)

Here we have adopted a notation in which 6¢ and
0A; are vectors, while ¢ and A; are 3x3 ma-
trices

pmé-T, (3.3)
Ai =Ai - T ’

where the T” are anti-Hermitian and satisfy
1%, T®] =€*®1°,
trTeT? = - 256% (3.4)
(T%)i; = €445 -

We will later make use of the fact that for any
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unit vector #,
@-T)=-@-T). , (3.5)

Among the solutions to Eq. (3.1) will be many
which simply correspond to gauge transformations
“and are of no physical interest. These are most
" conveniently excluded by imposing: the background
gauge condition

0=D;0A; + 98¢ . (3.6)

Our problem then is to count the number of
linearly independent solutions of Eqs. (3.1) and
(3.6).

The algebraic manipulations are considerably
simplified if these equations are replaced by an
equivalent Dirac equation.t®!! If

Y=I6¢ +i0;04,, (3.7)
then Eqgs. (3.1) and (3.6) are equivalent to
0=2y
=(-ig;D; + O . . (3.8)

Note, however, that the 0A4; and ¢ corresponding
to a given ¢ are linearly independent of those cor-
responding to éy; the desired number of zero
modes is thus twice the number of normalizable
zero eigenmodes of D.

Callias® has derived an index theorem for Dirac
operators of this type. However, his results are
derived only for the case where ¢ has no zero
eigenvalues at spatial infinity (or, equivalently,
for the case where there is a nonzero mass term).
In the present case, this condition does not hold,
but as we will show, it is still possible to derive
an expression for the number of normalizable
zero modes in terms of the magnetic charge. Ex-
cept for the complications introduced by the ab-
sence of a mass term, we follow the methods of
Callias.

We begin by defining!?

9=1im 9(M?), (3.9)

M2-0

where

| 9(M?) =Tr (;D*;l)liMz) —Tr(:D Dﬂ/iMz) . (3.10)

Here

D*=—4o,;D; - (3.11)

is the adjoint of ®. Making use of Eq. (2.12), we
find that

D*D = — (D;)? - ¢2 - 240;(D;9), :
(3.12)
DD* =~ (D;)? - 2.

Clearly 9 counts the zero eigenvalues of these two

operators. The normalizable zero eigenfunctions
of D*D (which are the same as those of D) each
contribute 1. Similarly, there would be a con-
tribution of -1 from each normalizable zero mode
of DD*, but it is evident from Eq. (3.12) that DD*
is positive and has no such modes. (Note that ¢
is anti-Hermitian, so the eigenvalues of ¢2 are
negative semidefinite.) Finally, since the con-
tinuum portions of the spectra extend down to
zero, we must consider the possibility of a con-
tribution from this source of the form

§°m = Liin u* [ A1 [bows ()
urmo  Jnlce 21)° RE+MEUOXD
= Pppx(F?)] .
(3.13)

Here p, (k%) is the density of continuum eigen-
values of O and € is an arbitrary positive number.
Clearly " will vanish unless the p,(¥%) are quite
singular at £*=0. In Appendix B we argue that in
fact these behave like the density of states for a
nonrelativistic particle in an exponentially de-
creasing potential, and are thus nonsingular, so
9" =0, Thus, taking into account the factor of 2
introduced by converting to a spinor problem, we
conclude that there are 2 9 normalizable zero
modes about the given monopole solution.

We now wish to express 9 in terms of the mag-
netic charge. We begin by defining a set of
Euclidean Dirac matrices

0 -io, 0 I
Y= )) Ya= 3
10 0 1 0

(3.14)
I 0
Ys=Y1Y2V3V4 = s
0 -1
obeying
W Yot =20,,. (3.15)

It is also convenient to define a fictitious gauge
field

Wi:Ai’ W4=¢ (3.16)
with a corresponding field strength

Gij=Fiy, Gu=Di¢p. (3.17)
Note that Eq. (2.12) is equivalent to requiring
G, to be self-dual. Although W, has four com-
ponents, it must be remembered that we are
considering a three-dimensional problem, so the

fourth component of the covariant derivative is
simply '

D;=W,=¢. | (3.18)
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In this notation,

' 0 D
y*D=y,D, =< > (3.19)
-D* 0 .
and
2 M?
9(M?) =—-Try, m
2
=~ | d* tr<x Vs m x> , (3.20)

where tr indicates a trace over only SU(2) and
spinor indices. -
We now define a nonlocal current

J:(x,y)=tr(x

A straightforward calculation using the cyclic
property of the trace and the identities

1:
]

E)
y> [—'5;;7;+7qu(32)+1\/1]

(3.22)

y> ) (3.21)

1
YD

O(x—y)=[w

- <x|__1_
vy*D+M
yields

S _ ,
(ﬁ: + 5—37‘-)& (xA, y)==2M tr<x Ys y>

—trygy, W, (9{) ~W, ()]

% (s

1
vy*D+M

y> . (3.23)

v*D+M

1 - 1 1
"'(')/‘D)2+M2 —Dj

Ty v Ay ey TR e R e v

We now let y approach x; in three dimensions
the yv,’s are sufficient to render all the Green’s
functions finite in this limit. In particular, the
second term on the right-hand side vanishes,
rather than giving an anomaly as it would in four
dimensions. Thus

9;J;(x,x)= —2Mtr<x y
2

=—2tr<x 75_(Y.D)2+M2

It then follows from Eq. (3.20) that

x> . (3.24)

o002 =4 [ d%0,d,(x,%)

=3 lim ds;dJ;(x,x), (3.25)
R~ 'R
where the surface of integration is a sphere of
radius R.
To evaluate this expression we note that J;(x, x)
may be rewritten as
%))

(3.26)

J,-(x,x)=-tr<x

1
sV D) oA

and that
- (Y D)P?+M?==D;® = 0%+ M* = {[vy, 7 |Gpy -

(3.27)

We now insert into Eq. (3.26) the expansion, valid
for any M2+ 0,

1 I (3.28)

Since G, falls like 1/x2, only the first two terms in this expansion can give nonzero contributions when
R~ in Eq. (3.25). Taking the trace over the spinor indices, we find that the first term in J; vanishes,

while the second leads to

1

1

ydilx,x)= —23?,6;)\“,,tr<x D —D,-2—¢2+M2 Gy

D12—¢2+M2

>+O(I 1|3>, (3.29)

where tr now indicates a trace only over SU(2) indices. The leading asymptotic behavior of G,, is deter-

mined by the magnetic charge [see Eq. (B7)] to be

nk, » = 1
Gij(x)=€uk‘x—zk‘¢'T+O(| 3),

X

2, = (1
qu(x)=‘n;‘x—z‘¢'T+0 (Ms) .

(3.30)

If we substitute these expressions into Eq. (3. 29), we see that the leading terms are those with A=4;
asymptotically, D,=¢ = v¢ T. Next, we substitute for the propagators the asymptotic form

1 _ .t
By T s

o 6+ D)+ [1- 66+ B

-8B o). (3.31)
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Because of the identity (3.5) and the fact that
asymptotically G,, is parallel to ¢, only the first
term inthe propagator contributes to Eq. (3.29).

W btai
1 2 >
(—‘ 52“"1' +/W> ¥

~A > ]
£oite,)= - 2 (@ D

1
()
_8un [ *——“1————4(0(_._1*)
X (21)* (B +v2+m?)? |3

n v 1
= o 0 ). .

x%r W+ M?)L? ¢ (xsl) (3.32)
The surface integral in Eq. (3.25) is now trivial,
leading to

2nv

I(M?) = T e (3.33)

We now take the limit M?=0 and find the number of
normalizable zero modes to be

29=21lim 9(M?*) =4n.
M2-0

(3.34)

For the case n=1, this result is verified by the
work of Mottola'! and Adler,*® who have obtained
explicit expressions for the zero modes about the
Prasad-Sommerfield monopole. They find four
normalizable modes, of which three correspond
to translations of the original solution. The fourth
is a gauge mode which is not eliminated by the
background gauge condition (3.6); it corresponds
to an infinitesimal transformation generated by the
electric charge. Such a mode will occur about any
solution, and will be given by

(3.35)

Since an overall charge rotation is of no physical
significance, we subtract this mode from our
total, and conclude that there are 4n — 1 physical
normalizable zero modes.

IV. DISCUSSION

We have considered infinitesimal perturbations
about an arbitrary Prasad-Sommerfield solution
with magnetic charge 47x# and have shown that
there are 4n — 1 nongauge zero modes. Although
the existence of a zero mode only requires that
the energy be stationary to first order in the per-
turbation, the positivity of D D* [see Eq. (3.12)]
allows us to extend this result to all orders. If

WEINBERG 20

Ai :A(io) + Z )\néA(i") ,
n=1 4.1)

6= ¢(o) + z: A" ¢(n) ,
n=1
and
¢(n) 515¢(n) + Z'oj GA(jﬂ) , (4.2)

where A and ¢ satisfy Eq. (2.12), then the
conditions that A; and ¢ satisfy this equation to
all orders in A may be written in the form

Dl#(l) =0,
(4.3)
DY? = £, @092,y > ).

Thus once a zero moede ¢V is given, all higher
#'™ can be constructed successively according to

Y0 = DXDDHTY,EP Y, L) (4.4)

The positivity of DD * ensures the existence of
its inverse. We therefore conclude that every
solution with magnetic charge 4nn belongs to a
(4n - 1)-parameter family of solutions.

This number has a simple interpretation for so-
lutions corresponding to # noninteracting mono-
poles. Each monopole, viewed in isolation, would
be specified by four parameters—three to specify
its position and one to specify its orientation with
respect to the unbroken U(1) gauge group. Be-
cause the background gauge condition allows an
overall charge rotation, the orientation parameters
have no absolute significance; only the n -1 rela-
tive orientations are physically significant. (The
situation is analogous to that of the group orien-
tation parameters which appear in multi-instanton
solutions.)

Although our calculations have been done in
terms of @ =0 solutions, the results apply equally
well to electrically charged solutions, with a
similar interpretation of the parameters for a
multidyon solution. It should be noted that the
electric charges of the individual dyons in such a
solution would not be independent parameters;

Eq. (2.10) requires that each dyon have the same
ratio of electric to magnetic charge. Indeed, only
if this is the case can the repulsive electric and
magnetic forces between each pair of dyons be
canceled by the attractive scalar force.

The number of zero modes about a multidyon
solution may also be understood by considering
the configurations obtained by letting the corres-
pbnding collective coordinates vary with time.
These configurations may be characterized by the
momenta and electric charges of the n dyons.
Imposing the constraint that the total electric
charge be @ leaves 4n — 1 independent variables.

We should note that our results have a further
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implication for the case n=1. Adler' has sug-
gested that there may be n=1 solutions other than
the Prasad-Sommerfield solution. These new
solutions would not be spherically symmetric,

so there would be rotational zero modes in addi-
tion to the three translational modes. Since we
have shown that there are only three normalizable
nongauge zero modes about an #=1 solution, the
conjectured solutions can only exist if they are
sufficiently singular such that the rotational modes
are non-normalizable when put into the background
gauge. We show in Appendix C that continuity of
the field strengths is sufficient to guarantee that
these modes are normalizable in the background
gauge. ,

Added note. Adler has pointed out that, since
the proof of the positivity of DD* requires an in-
tegration by parts,. nonspherically symmetric z=1
solutions might exist if the rotational modes do not
belong to the class of functions for which the sur-
face term vanishes. This can occur if the deriva-
tives of the field strength are discontinuous on a
surface or if they diverge sufficiently rapidly at
a line or point singularity.

Finally, we should stress that while we have
shown that any solution with magnetic charge 4mn
must belong to a (4n — 1)-parameter family, we
have not demonstrated that any such solution ex-
ists for n>1. Whether there are in fact any multi-
monopole solutions remain'an unsolved prob-
lem.!s
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APPENDIX A

Those familiar with the use of methods similar
to those of this paper to count parameters in’
multi-instanton!®® and multivortex solutions will
recall that in those applications it is shown that
9(M?) is independent of M2, In this appendix we
show why these arguments fail in the case at
hand.

We begin by recalling the argument of Brown,
Carlitz, and Lee.!® If

.2)
¥Ys=
o - @y

and
0 D¥ ’
K= 3
2 0 (a2)
then
M2
9(M?) = Try, raSTe (A3)
and
dg (M?) _ 1 , 1
arr s grar X o
1 1
-TrysKK2+M2KK2+M?
1 1
"TrKKz+M275KK2+M2
B 1
——TrYSKK2+M2KK2+M2 (a4)

In the third equality we have assumed the cyclic
property of the trace; we must examine matters
more closely to see whether this assumption is
justified. In terms of D and D* we have

ds(M?) _ 1 1
arr - MK grap K grae
R 3, 33 _—1 | SR S 1 1 *——-1 ——-—1 (A5)
= | d®xdytr|- xD:D*S)+M2y Y|D oo + 2 AN Y Iyl yﬂ)NDJ(sz ,

where tr indicates a trace over internal indices only. If the integral is sufficiently convergent, we may
interchange the order of integration in the second term and conclude that d9(M?)/dM? vanishes. Because
of the nonzero mass in the Green’s functions, the integrand falls exponentially as |x - y| increases; we
must investigate the behavior as x and y approach infinity with x — y fixed.

From Egs. (3.8), (3.11), and (3.12) we have
D=-i0;D; +¢,
D*¥=—~i4o;D; - ¢,
DD*+M2=A=-D,?-¢?,
D*D =A ~2i0;D;¢ .

(A6)

Since D;¢ falls like 1/72, terms of second or higher order in an expansion of (D*D +M?)~! about A~ will
be convergent. Furthermoreé, the zeroth-order term in such an expansion vanishes, as the two terms in
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the integrand are identical once the trace over internal indices is taken. There remains only the term
linear in D;¢; after taking the trace over spinor indices, we obtain

das M"’)
dam?

-4 fd Ay tre; ;e x|D;a™D; 0 AWM Pa™ x) +<{x|D; AT D; 0 A ) y]|pa™x)

—(xloa™Dpa {(yID; a7 ) = (x— )] . (AT)

Since each term in the integrand falls only like 1/x? for x,y -, (x —y) fixed, we cannot interchange the
order of integration in the second term and cannot conclude that 9 is independent of M?2.

Let us now compare the analogous argument for the instanton case. The equations are similar to those
given above, except that space is now four dimensional and one must make the replacements

¢—~D4, qu)"qu .
Equation (A7) is then replaced by

ds (M?)
dam?

Here 77/, is the usual anti-self-dual symbol. F,,
falls like 1/x*%, so the two halves of the integral
might appear to be logarithmically divergent.
However, the antisymmetry of 7}, causes the 1/x*
term to vanish, so the integrand falls at least

as fast as 1/x°% and is convergent.

An alternative argument'®:'7 that 9(M?) is inde-
pendent of M? begins by noting that if ¢ is an eigen-
function of D*D with nonzero eigenvalue, then Dy
is an eigenfunction of D D* with the same eigen-
value. Because of this correspondence between
the nonzero eigenvalues of D*D and DD *, the only
contribution to 9(3?) is from the zero eigenvalues,
and is manifestly independent of 2. On a compact
space the eigenvalues are discrete and there is no
difficulty with this argument; in an open space
the spectrum becomes continuous and one might
worry about making a point-by-point correspon-
dence between the spectra. The most natural way
of proceeding would be to put the system in a box
with periodic boundary conditions and then to take
the size of the box to infinity. Since the functions
appearing in D*D and DD * are not periodic, this
can be done only if these operators are modified
slightly near the edge of the box. A simple per-
turbation theory argument shows that this pro-
cedure will be valid only if the physically mean-
ingful fields fall sufficiently rapidly at large dis-
tances; in particular, it fails for the monopole
case with its 1/7% magnetic field. In contrast,
the long-range fields in the instanton and vortex
problems are pure gauge transformations, and
this method may be applied.

APPENDIX B

In Sec. III it was necessary to show that the con-
tinuum portions of the spectra of D*D and DD* did
not contribute to 9. This result followed from the
assertion that the density of continuum eigenvalues
was nonsingular at zero. In this appendix we

——4/d“xd4ytr[nw<x|D ATYF AT y (D, A7 Yx) — x«-y)] , (A8)

—
justify this assertion.

We must first establish some results concern-
ing the asymptotic behavior of solutions of Eq.
(2.12). We begin by considering

D, ¢=0,0+K,x3. (B1)

This is most easily studied in a gauge in which é
lS constant.’® In such a gauge, the components of
A orthogonal to é correspond to a particle of
mass v and therefore vanish asymptotically as
e™". Since the first term in Eq. (B1) is identically
zero in this gauge, we obtain the gauge-invariant
result

D;¢=0(e™). (B2)
It follows immediately that

D¢ =d5,]0|+ (D;)l9]

=¢a;[¢|+0(e™) (B3)

and

D¢ =802,%¢| +0(e™). (B4)
Combining Eqs. (2.7) and (2.12) we obtain

0=D;%. (B5)

The last two equations and the boundary condition
on |¢| imply that

[pl=v~c/r+0(1/r?) (B6)
for some constant ¢. Consequently
Di$=]§,~=<ﬁ[%1;—‘_ +o(1/r3)] +0(e™v). (BT)

If the magnetic charge is 4mn, then clearly c=n.
We now consider the spectra of D*D and DD*.
The eigenfunctions of these operators satisfy

[-D,;2 ~ 2 =2is0;(D; )|y = k%, (B8)

where s is one for D*D and zero for DD*. Here
¢ and D;¢ are 3x3 matrices defined as in Eq.
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(3.3), and D; is given by Eq. (3.2). The continuum
spectra correspond to eigenfunctions with oscil-
latory behavior at infinity.

It is convenient to decompose the isovector ¥
according to

Yo+ G+ (B9)
with

0=¢%". : (B10)
It follows from Eq. (B2) that

D;¥)*=¢%;m+ Dx)*+0(e™™), (B11)
and that

(D;29)* = 6%, + (D) + O (™) . (B12)

From Eq. (B3) we see that
Dj¢‘ = (Dj¢)aTa

VO \ Y. \
¢<—‘]’¢fl~>40(e ). (B13)
Finally

(@6)* = p*(T?),$° =0, . (B14)

where (T?),, is given by Eq. (3.4). Thus Eq. (B8)
may be rewritten as

- ¢3“a,2n+ [(—Djz -¢%- 2is¢>o,-2[%¢li>x] ’ +(e™)
“k%(*n+x"). (B15)
We now note that
(D) =8, (9x") - (D;9)* x*
=0(e™), (B16)
and consequently that
$4(D,7x)* =0, [* 0;X)] - 0;8) Ox)"
=0(e™): (B17)

Equation (B15) can now be separated into com-
ponents parallel to and orthogonal to ¢, yielding

-V +0(e™)=k*n (B18)
and

[-D;* - ¢® - 2is0;(D;PIx +O(e™) = k% .  (B19)
The latter' equation may be written as

[-v2+v2+0(1/7)]x = kX, (B20)

so x must vanish exponentially at infinity if &
<v2. In contrast, 1 will have oscillatory behavior
at infinity for all 22>0. We now note that Eq.
(B18) is similar to the Schrodinger equation for

a nonrelativistic particle in an exponentially
vanishing potential. Since such a potential leads
to a nonsingular phase shift and thus a nonsingular
density of scattering states, we conclude that the

densities of continuum eigenvalues of D*D and
DD* are nonsingular at zero.

APPENDIX C

In Sec. IV it was pointed out that nonspherically
symmetric #» =1 solutions could exist only if the
zero modes corresponding to rotation were non-
normalizable when put into the background gauge.
In this appendix we show that continuity of the
field strengths is sufficient to guarantee that these
modes are square-integrable. (In Ref. 13 it is
shown that normalizability of the translation modes
follows from the weaker condition that the energy
be finite.)

The desired mode corresponding to rotation
about the 7ith axis is given by

BA =€ Py + Dy v, (@ = 0f 6)] + D, A (c1
where A,=¢, fis a smooth function satisfying

0, <R
f@)=
1, r>2R (C2)
with R chosen to be sufficiently large that f(T)
vanish at all the zeros of ¢, and A is given by

A@= [ @ (Fl0 09 F) AF),
X X (C3)
A(F)=v[x;D;2(f6) +2D;(fP)] .

[Note that A(T) vanishes for » <R and decreases
as e™¥" at spatial infinity.] This is indeed a ro-
tation mode, i.e., it corresponds to a naive ro-
tation combined with a gauge transformation.
Furthermore, it is easy to verify, using Eq.
(2.12), that the background gauge condition, Eq.
(3.6), is satisfied. It only remains to demonstrate
that the mode is square-integrable.

In doing so we will find it convenient to apply
gauge transformations to the unperturbed solution.
(Note that this is quite different from adding to
0A, a term corresponding to an infinitesimal
gauge transformation.) Under such transforma-
tions C)Au transforms as an isotopic vector, as
may be readily verified from Eq. (C1), so (64,)*
is invariant. Therefore we may first choose a
gauge in which it is manifest that (GAu)2 is every-
where integrable and then choose another in which
it is clear that (04 ,)* falls sufficiently rapidly at
spatial infinity.

We begin by transforming the solution so that
it satisfies the axial gauge conditions

A,=0,
A,=0, z=2z,, (C4)
A,=0, y:yéa 2 =2,
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which imply that A; and ¢ are given by line in-
tegrals of the field strength and are thus continu-
ous. Since A is now the solution of an elliptic

differential equation with continuous coefficients,

it and its first derivative are continuous,!® as is
DyA. The first two terms in 04, are also con-
tinuous, since the field strengths are, so we con-
clude that (64 ,)% is everywhere integrable.

Next we transform the solution so that it behaves
asymptotically like the Prasad-Sommerfield so-
lution, i.e., so that $*=7° and A, falls like 1/7.

In this gauge it is clear that D,A decreases asymp-
totically like 1/7%, as does the sum of the first

two terms in 0A,. Therefore 8A, will be square-
integrable.
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