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The ’t Hooft transformation is a change of variables of the renormalized coupling constant to a new
coupling parameter such that the resulting Gell-Mann-Low (GML) function is a low-order polynomial with
coefficients independent of renormalization scheme. Explicit expressions for this transformation are given for
(0%, d = 2,3,4, field theories, QED, and quantum chromodynamics. The solutions are expressed in terms
of the original GML function B(g) and their properties are given in some detail. In several cases these
transformations are shown to be valid up to the first nontrivial zero of B(g).

I. INTRODUCTION

In a renormalizable or superrenormalizable
field theory one can use different mass-indepen-
dent renormalization schemes. Each scheme will
give a different definition of the renormalized
coupling constant g and the corresponding Gell-
Mann-Low (GML) function g(g) that appears in
the renormalization-group equations. Thus if g
is the coupling in one scheme with a corresponding
B(g), another scheme will yield g’ with a GML
function 8(g"), such that g’=G(g) =g+ O(g?). The
functions 8’ and B8 are in general different func-
tions, but the first two coefficients in their per-
turbation expansion must be identical. For exam-
ple in (¢*), theory, if 8'(g) =a,g + a,g* + O(g?) and
B'(g)=aig'+ajg"” +0(g"), then a;= af and a,=a;.

’t Hooft! has suggested that one can exploit this
freedom in the choice of g even further and choose
a new coupling parameter g, such that the corres-
ponding Bxr(gr) =a,gx + a,gx’ (for the above case)
and thus has only two terms in its expansion in
gr. The transformation g —g, which we shall
call the ’t Hooft transformation, is defined to sat-
isfy B(g)8/9g =Pr(gr)d/0gx so that it preserves
the form of the Callan-Symanzik equation when
written in terms of gg.

In perturbation theory the solution to the 't Hooft
transformation exists.! Namely, given 8(g)
=Zang", and writing g,=G(g) =g +Zs7,g", one can
determine all the #’s in terms of the a’s. The
following question immediately arises: Given a
B(g) does a nonsingular invertible gz =G(g) exist
with Br(gr) = aigr + a, g%’ for some interval 0
<g<g,;? If so, howlargeis the interval 0<g <gy
and what are the general properties of G(g) and
8G/dg in this domain?

In this paper we show that the 't Hooft function
G(g) can be given explicitly in terms of 8(g) and
we shall rigorously study its properties for sev-
eral field theories (¢%),, (¢4, (¢%),, QED, and
quantum chromodynamics (QCD).

In addition to the original application of this
transformation by ’t Hooft! there are other appli-
cations,? but in this paper we shall concentrate
only on problems related to the existence of G(g),
its properties, and the location of its leading sin-
gularities. One of our main objectives is to clar-
ify the relationship of the first nontrivial zero of
B(g), when such a zero exists, to the zero of
Br(gr)-which we call the 't Hooft zero. We also
show what happens in cases such as QED and QCD
where Bg(ag) has no positive zero.

II. CASE OF (¢%),, (¢*),

We start by treating the case of ¢* field theory
in 2 and 3 dimensions. Here B(g) has the form,
for small g,

B(g)=aig+ag’+0(g%). (2.1)

It is important to recall that in these two cases
the signs of g, and q, are such that

a1<0, a2>0. (2.2)

In fact, one usually rescales g such that ¢;=-1
and g, =+1 as in Ref. 3.

The ’t Hooft transformation for this case is de-
fined as follows:

gr=G(g)=g+0(g%. (2.3)

One then defines B,(gx) as

Ba(g) sgmg) , (2.4)

and looks for a G(g) such that
Brlgr) =aigrt+asgr’. (2.5)

Clearly in the domain where G exists and where
8G/dg >0 we have

2] 9
—= —. (2.6)
Br(gr) 92x B(g) oz
The problem is now, given B(g) in some interval
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0<g<g,, can one find a G(g) that satisfies Egs.
(2.3), (2.4), and (2.5)? More simply, what we have
to do is study the solutions of the first-order non-
linear differential equation,

%‘Q— (lg) [a,G(g) + a;:G(9)]; 2.7

such that G(x) =x+ O(x%) as x-=0. This equation
can be solved exactly in terms of B(g). To see
this we first write f(x) =G(x)/x and (2.7) becomes

[xf(x)] k(%) [£(x) + baf H(x)], (2.8)

with
k(x) =ayx/B(x) , (2.9)
b=ay/a; . (2.10)

Note that 2(x) >0 for 0 <x<g* where g* is the first
IR zero of B(g), B(g*)=0. Writing

f=1/n (2.11)
the differential equation (2.8) reduces to a linear
equation

n(x) =~ h(x) = bE(x) . (2.12)

B(x) -1
x
Using standard methods and converting back to
our original function G(g) we get, using Eq. (2.3),

ou [‘of 1]
1-bg exp{ [g dx[B_LZxL) - }7]}

We recall that in this case b= (a,/a;) <0, so the

denominator does not vanish for 0 <g <g*. It is

now a matter of simple algebra to calculate dG/dg
~ explicitly also and one gets

(35 oot [ o t5-2]
(1 bgexp{ f [HxL) ’17]})2

One should note that from Eq. (2.1) it follows that
all the integrals in Eqgs. (2.13) and (2.14) above are
convergent at ¥ =0.

Mathematically, there are now two distinct cases
to study: Case (1), where B(g) starts out negative
near g =0, remains finite for some interval 0<g
<g* and develops a zero at g=g*, (g*)=0; B(g)
<0 for 0<g<g*. We shall assume that the zero is
such that [*dx/B(x) diverges as g~g*. This is
the actual physical case for (¢%), and (¢%),. Case
(2) will cover the situation where B(g) has no finite
zero except at g =0, and we shall distinguish be-

G(g)=

(2.13)

G'(g)= (2.14)

tween the two possibilities [ dx/B(x) finite or di-
vergent.

Given the explicit forms of G(g) and G'(g) it is
easy to derive the propertles of th1s function for
both cases.

Case (1).

(a) G(g) =g + O(g®) with no g? term for small g.

(b) G(g) exists and is bounded for 0<g<g* and
as g—-g*,

G(g*):_lz_gi—sgx, (2.15)

where g% is the ’t Hooft zero defined by the non-
trivial root of Bx(g}) = a,; g%+ a,g%*=0.

(c) G'(g) >0 for 0 <g<g*, and G maps the inter-
val 0 Sg<g* in a one-to-one manner onto 0 <gg
<gk=-ai/a.

(d) If B(g) has a first zero g* nearest the origin,
then G(g*) =g¥%, the 't Hooft zero. However, the
existence of the 't Hooft zero does not imply the
existence of a zero in g(g) as we shall see in dis-
cussing case (2).

(e) Finally, it is important to study the behavior
of G'(g) as g=~g*. To do this we assume that
B(g) has a simple zero at g* and write

Blg)=wl(g-g%), g~g* ‘ ‘ (2.16)

where w >0 is the slope of 8 at the fixed point. It
is simple to check from Eq. (2.14) that as g - g*,

G'(g) = (g*—g)a/e 1, (2.17)

Therefore, in general, G‘(g) would vanish or di-
verge as g —~g* unless by some accident w =-gq,.
This accident could happen for (¢%), where the
value w =1=~gq, is consistent with the best cal-
culations of the slope. However, in (¢*); the best
value for w =0.782, while —g; =1, which gives a
G'(g) that vanishes as g —g*, even though it van-
ishes slowly, i.e., ~(g* —g)%?. Thus, in general,
G(g) will develop a branch point at g =g*.

Before we discuss case (2), we would like to re-
mark on the universality of the slope of 8(g) at
the fixed point. It has been shown® that for two
different renormalization schemes BB/Sgl‘_g*
=08B'/8g"| pgr. However, the proof of this fact
depends on the assumption 8g%/6g #0 as g—g*.
This assumption is clearly not always true for
8g/8g as g—g*. Infact, we can write

w =8Be ==-ay, (2.18)

€R=g;§
and thus we can rewrite Eq. (2.17) as G'(g)
~(g* - g)“r/“>"l_ Now one can see that G'(g) #0
as g —~g* can only happen if wy=w and the assump-
tion about G’(g) begs the question. However, it
might still be interesting to seek a physical ex-
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planation for the fact that the quantity (wg/w)

- 1=0 for (¢*), and (wp/w) = 1=0.27 for (¢%),, thus
small in both cases. As an approximation w = wg
is only 20% off for (¢*), and is almost exact for -
(¢%,. Also, in (¢*), the approximation w = wy
seems to be good for a certain Borel sum of B(g) 8

Case (2). In this case B remains negative and
has no finite zeros for 0 <g <w~. Then if ﬂ“’ dx/B(x)
is convergent we get a G(g) which is bounded and
monotonically increasing with g. It maps 0 <g<w
onto some interval 0 <gjp <g®* such that gg**
<g%=-1/b. The function G(g) increases but .
never reaches the value of the 't Hooft zero g%.
The left-hand side of Eq. (2.4) never vanishes as
g varies in 0 <g <w,

For the case where g, f: dx/B(x) - +, we again
get a monotonically increasing function G(g) for
0<g <« where now as g—~«, G(g) ~gk=-1/b. The
interval 0 s g <« is mapped in a one-to-one manner
onto 0 <g,<gk=-1/b.

We know that (¢%),, (¢*); both have a nontrivial
IR zero g* of B(g). We only discuss case (2) to
make clear what happens to the solution of Eq.
(2.13) when B has no zero and to stress the fact
that the existence of the 't Hooft zero does not
necessarily imply a zero in B(g). However, if
B(g) is known to have a first zero at g=g* that
zero must lead to the ’t Hooft zero under the
transformation g% =G(g*).

Finally, for completeness, we mention what hap-
pens when B(g) develops a finite zero such that
fc"dx/B(x) converges as g—~g*. In this case G(g)
will be bounded and monotonically increasing for
0 < g sg* with G(g*) <~1/b, and the value of the
’t Hooft zero is not reached. However, now it is
evident from Eq. (2.14) that G'(g)~[B(g)] ' as g
—-g* and will diverge in such a way that the right-
hand side of Eq. (2.4) remains finite as g —g*.
Although this is an unphysical case for (¢*), and
(4)4)3 a branch-point-type behavior in 8 cannot be
ruled out in general in other field theories and can
be made consistent with the renormalization
group.”

ML CASE OF (¢*),

In four dimensions the GML function has a po-
wer-series expansion of the form

B(g)=a2g2+a3g3f.0(g4), (3.1)
where
a =13, a3=--16—. ) (3.2)

Proceeding as befoi'e we define

gr=G(g)=g+7,g°+0(g" (3.3)

and
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Br(gr) =5§‘B(g) ) (3.4)
with
Brlgr) =agr’ + asgg® . (3.5)

The coefficient of g* in (3.3) denoted by 7 will
turn out to be a free parameter and appear as an
integration constant below.

As before, we seek solutions of the differential
equation

4G _ @ (24 a3y poa
dg‘ﬁ(g)(G +bG),b—a2 <0. (3.6)
Unfortunately, unlike the previous case, we cannot
write out the solution explicitly for this case.
However, we can do almost as well by getting an
implicit form for the solution.

Omitting the algebra we get

i) -[oft5-++)

~1——b1ng+7’2, (3.7)
g

where 7, is the constant that appears in Eq. (3.3).
It is easy to check that G defined by (3.7) is the
solution of Eq. (3.6) with initial conditions speci-
fied by Eq. (3.3).

Although Eq. (3.7) is not explicit, it is more than
adequate for determining the relevant properties
of G(g) starting from g=0. To do this we must
keep in mind that in this case b=g,/a, <0.

Again we have to consider two cases separately:
case (1), where B(g) starts positive for g >0 and
develops an ultraviolet (UV) zero at g=g., B(g.)
=0, —B'(g«) <x; case (2), where 8(g) has no zeros
for finite g =0 and is positive for 0<g <,

Case (1). G(g)=g for small g >0 and increases
monotonically, G‘(g) >0 in the interval 0<g<g..
As g ~g. from below the right-hand side of Eq.
(3.7) diverges, this can occur only if the argument
of the logarithm on the left vanishes and we get as
g =g« from below

1 w
G(g»)=~b—=—£2“5g3. (3.8)

Thus again G(g) maps the interval 0 <g <g,ina
one-to-one manner onto 0 < g, <gg, where gy is
the zero of the 't Hooft B, Br(gR) = arga’ + az g’
=0.

However, again as g -g., G(g) will in general
develop a branch point. The nature of this branch
point will depend on the slope of B at g=g.,. As
before, we take

B(g)2w(g-go) £78), w<0. (3.9
Then from Eq. (3.7) we get as g —g. from below
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G(g)+1/b=(go—g)%/*, g=g.. (3.10)

The quantity a,/wb = a,%/waz >0 for (¢*),, w <0,
a3<0. It is instructive to express Eq. (3.10) in
terms of the slope of the 't Hooft function Bg(gx).
We define

9
wgz_ﬁg" =a22/a3, wR<O. (3.11)
9gr
ER=8R
This gives us
G(g)=-1/b+(g.-g)“rR'", g~gu (3.12)
and
w : .
G~ (ga=g) R ™, g~gu. (3.13)

As in the (¢*%), and (¢%); cases, G'(g) will in gen-
eral vanish or tend to infinity as g -g.. Only if
wp=w will G'(g) be nonzero as g—~g.. The

’t Hooft transformation by itself obviously gives no
relation between w and wz. However, if from
some additional physical input one can show that
G (g) vanishes slowly as g —~g., then (wg/w)
-1<1 and one gets wy~w. For the specific Borel
summation method used in Ref. 2 the function
Bp(g) and its corresponding G p(g) seem to satisfy
this property and this explains the approximate
agreement between wp and wy in that case to with-
in 20%.

Case (2). Here B(g) has no finite zeros. G(g)
increases monotonically in 0 < g<w, The behavior
as g - depends on whether f: dx/B(x) converges
or diverges. In the first case lim,..G(g) =g3*
and g3* <(-1/b), thus 0 <g < is mapped onto
0 sgg <g®*™. In the second case lim,..G(g)=-1/b
=gp, and 0 <g <w is mapped onto 0 Sgz <gq.

Finally, we should note that in case (1) we only
discussed the consequences of a simple zero in
B(g) at g=g.. In general, one could study other
possibilities including the situation where the
zero at g=g., is a branch point and [*dx/B(x) is
convergent as g —~g.. For the sake of brevity we
limited ourselves to cases (1) and (2).

IV. QED

This case differs from the ¢4 cases considered
before because the relative sign in the first two
terms of the Gell-Mann-Low function is positive
not negative. This makes a significant difference
in the behavior of the ’t Hooft transformation func-
tions.

The renormalization-group function g(a) is
given up to third order in a by De Rafael and
Rosner,®

1, 121

2
=+ — _—— 3
plo)=gratyza’ -y ra

% +0(a?) . (4.1)

However, this is not the function that should be
transformed by the ’t Hooft transformation, since
in the Callan-Symanzik equation for QED?® the op-
erator af(a)d/8a appears. One should thus look
for a ’t Hooft transformation for g=wapB(a) which
transforms f to a two-term expansion. We shall
do this below but first it is instructive to consi-
der the transformation of 8 as given by (4.1).

We seek a transformation @ - az=G(a) such
that

2 1

ﬁR(ozR)=a101R+a2q{R2, M= =57 (4.2)

The equation we have to solve is

3G (@) 1

sa  Bla)

[a,G(@) + a,G¥a)], (4.3)

with G(@) =@+ O(a?. This is the same as Eq.
(2.7) in the (¢*), case with g replaced by a. The
solution will be the same as in Eq. (2.13), but now
b=a,/a,; >0, and the denominator can vanish. The
interesting case to study is again that where a
first zero develops at a =, B(ay) =0, such that
J&dx/B(x) diverges as a~a,. Then it follows
from Eq. (2.13) that G(a) will diverge at some «
=, with a;<a,, and given by

lagf-alexp{ {“1‘13)[5%7_317]} . (4.4)

It is fairly easy to check that for the above case
a solution of Eq. (4.4) always exists with a; <a,.
As a - oy, G(a) will develop a simple pole, G(a)
~(a;-a)"!, a~@,. The domain 0<w&<a, is map-
ped in an invertible manner onto 0 <ajy <w.but the
zero of B(a) is outside this domain. [There is
nothing, however, to prevent one from studying
the solution in the region @ >a,. The second
branch of the function G(«) will map the domain
a;<a<ag onto —o <ay<-agy,/a;. Bglag) in this
case has no positive zeros, but it has a negative
zero at a% = -a,/a, <0.]

The behavior in the case where fc"‘ dx/B(x) con-
verges as a — o, B(a,) =0, is also worth noting
here. In this case Eq. (4.4) may not have a solu-
tion for 0 <a;<a,. The resulting G(a) will vary
in some interval 0 <oy <af* for 0<a <a,. As
a—agy, G'(a) = [B(a) ]! and will diverge at the zero.
Nevertheless, the whole interval 0 sa <« is
mapped in a nonsingular manner.

The physically relevant 't Hooft transformation
to consider, however, is the one for the function
ap(a) =B(a) since this is the combination that ap-
pears in the Callan-Symanzik equation. We want
a transformation such that

ap(a) —=B(a)

9 = 9
5;=BR(0‘R) BCXR- ’ (4.5)
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where

Brlag) = a0z’ + azag?®, (4.8)
with a,=2/37, a;=1/27% and a;/a,=b>0. The
transformation we want a,=G(a) =a + 0(a? is
now defined by the differential equation

8G(a) 1

Py = E(a) [0252(01) + agég(a)] . (4 '7)

This is the same as Eq. (3.8) for (¢%),, except here
b=as/a,>0. The solution is as before

1 __1_ _ [ ‘a, 1 b
bln(E a)+b) 5@ _{ dx(E(x)—x2+x>

——1-—b1na+r2. (4.8)
a

Again the interesting case to study is the case
where E(a) develops a zero at some a=ay, @
. being the zero nearest the origin, and f:‘ dx/B(x)
diverges as a — .
The solution G(x) starts at zero and increases
monotonically and G(x) will diverge as x— a, <a,,
where o, will be given by

1 1 b\ 1
= _‘!_2____+_ —— +
b Inb jo‘ dx(ﬁ(x) . x) o blna, +7%.

(4.9)

If B(a,) =0, and [0 dx/B(x) diverges, this equation
always has a solution for some a;<a,. To see
this, one has to notice that the right-hand side of
(4.8) increases monotonically from —o -+ as o
varies in the interval 0 Sa s ;. It is easy to check
that as @ - a,, G(a) ~(a; — @)"'/? and develops a
branch point at ¢ =a;.

Hence, because of the relative sign of the first
two coefficients, the result in QED is not as useful
as in the (qﬁv“)4 case and we do not get a nonsingular
mapping in a domain large enough to reach the
first zero of B(a), if such a zero exists.

The case where B(a) has no finite zeros can
similarly be studied and the result will depend on
whether f: dx/B(x) is finite or diverges.

Actually one can do better in QED if one gener-
alizes the 't Hooft idea and transforms to a new
variable @y that gives a By with three terms,
namely,

Brlag) =ayap’ + agagd +agapt. (4.10)

The coefficient g, willin this case depend on the
renormalization scheme of the original B(a). This
is a distinct change in the original motivation of

’t Hooft which was to express the GML function in
a way that would be independent of a renormaliza-
tion scheme. However, it is still a useful trans-

formation to consider.
The main thing to notice is that in the scheme
of Ref. 8, the first three coefficients as given in
Eq. (4.1) give a polynomial which has two nonvan-
ishing real roots, one positive and one negative.
The problem is to study the differential equation

oH 1
— == (a,H* + g H? + q,H") .

P :B(a) (4.11)

The solution with initial conditions H(x) = x + %x*
+ 0(x% will be given by

% (1 ) A ( 1 ) 1
+a) + +2y) -
L Ve R A v VT rs S B

h

0

7‘12___,1_4__“_1_)_1__9_11 + 4.12
dx(B(x) X mx) Ta g X ,(4.12)
where (-,)"! and (-x,)"! are the two real roots of
the polynomial 1+ (az/ay)x + (a,/a,)x*, and with g,
as given by Ref. 8, A, >0 and 2,<0,

M =ay/a Mt N =ay/a; . (4.13)

One can now check the properties of H(x) from
Eq. (4.12). We do this first for the interesting
case where B(a,) =0 for some a = a,, a, being the
zero nearest the origin. Then again H(a) starts
at zero for @ =0 and increases monotonically until
1/H becomes equal to —X,, where (7\2)'1 is the nega-~
tive root of the polynomial in (4.10). We are as-
suming of course that fc‘" dx/B(x) diverges as «

- ay from below we get

1imH(a)=—-—1—:a%, 2, <0 (4.14)

a=a() >\2
where (-1,)"! can be calculated from Eq. (4.13) and
is a zero of By(ag).

In QED there is a respectable conjecture that if
B(a,) =0 this zero is an essential zero.’ If such
is the case then 8H/8a as o —~a, will also develop
an essential zero. Otherwise, if 8 has a simple
zero at @ = o, the properties of 8H/8a as a - q,
will be the same as in the previous section.

What we have gained by adding an additional term
in Eq. (4.11) is that now the full domain up to the
first zero 0 < @ < @ is mapped in a nonsingular
manner onto 0 < ay < %, where % is now the
positive zero of the three-term Bg(aj) given in
Eq. (4.10). The properties of H(a) in the case
where B has no finite zeros can be deduced as be-
fore.

V. QUANTUM CHROMODYNAMICS

This case is similar to QED. Asymptotic free-
dom here does not make a difference, the relevant
property is the relative sign of the first two co-
efficients of 8(a). Writing g*=a one has!
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B(a) = gy + a;a® + 0(aY) , (5.1)
where for the standard case

a2<0, a3>0, and bEag/a2>0- (5.2)
In the notation of Ref. 1

ay=(87)7'3N; - 11),

a;=—-(81%)7'(51 - 2N)),

(5.3)

where N, is the number of flavors, and we consi-
der the case

Ny<B (N, <8), ' (5.4)
so that we not only have asymptotic freedom but
b=as/a,>0.

For N, such that 3 >N, >13 we still have asympto-
tic freedom but b =g,/a,<0. We shall briefly only
discuss the standard case, N, <8.

This is already covered by the case of QED
given in Eq. (4.7). Note that the ratio @,/B(x) is
always positive in the neighborhood of the origin
regardless of asymptotic freedom.

One obtains ap =G(a) given essentially by Eq.
(4.8) and Bg(ag) = a,ap’ + a;az’. In QCD it is at
least hoped that g(a) has no finite zeros. We dis-
cuss this possibility first. Then, as before, G(«)
will increase monotonically as @ increases from
zero. It could diverge at some point, a = @, given

by

1 b 1
= —_—t ] -— =
b1Inb { dx(ﬁ(x) " x) a, blna, +7,,
(5.5)

where 7, is an arbitrary integration constant.
Thus, if f: dx/B(x) is divergent, one can always
find a solution of (5.5) for any finite 7,, for some
positive a,;. The region in which the 't Hooft
transformation is nonsingular is 0 Sa <a,, and as
before as a —ay, G(x) =(a, - a)™/2,

On the other hand, if f“’ dx/B(x), ¢ >0, converges
then one can always choose Irzl large enough so
that Eq. (5.5) has no solution. Then one obtains
a 't Hooft mapping which is nonsingular for the
whole interval 0 < @ <,

The case in QCD where g(a) develops a zero for
some « = a, can of course be easily handled and
the results are almost identical with the discus-
sion in the previous section following Eq. (4.8).

Finally, for 1 <N,<3§ we have b <0, and a situa-
tion analogous to the (¢> )4 case.
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