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For initial data sets which represent charged black holes we prove some inequalities which relate the total
energy, the total charge, and the size of the black hole. One of them is a necessary condition for the

validity of cosmic censorship.

I. INTRODUCTION

Singularity theorems® in general relativity im-
ply that a large class of physically reasonable in-
itial states evolve into singular spacetimes. How-
ever, there has been a hypothesis, called (weak)
cosmic censorship,*!! which states that an initial
state of an asymptotically flat spacetime with a
physically reasonable matter field cannot evolve
singularities which can be observed from the as-
ymptotic region. In other words, the occurrence
of singularities in general relativity cannot inter-
fere seriously with an observer’s ability to pre-
dict as long as he remains in the asymptotic re-
gion. One formulation of this idea, due to Geroch
and Horowitz,? is the following.

Conjecture 1. The maximal evolution of every
asymptotically flat vacuum initial data set, topo-
logically R3, is an asymptotically flat (with a
complete 9) spacetime.

The sense in which conjecture 1 captures the
idea of the cosmic censorship is this: Given an
initial data set on a spacelike slice =, one can

‘uniquely and maximally evolve the data to obtain
a spacetime in which T is a Cauchy surface. We
suppose this spacetime is asymptotically flat with
complete future null infinity 9* but it may be geo-
desically incomplete. Then all the past directed
causal curves from 9* must meet T since it is a
Cauchy surface. What this means is that the ob-
server in the asymptotic region cannot detect the
possible singular behavior of spacetime in the
future of Z.

The conjecture appears to be difficult to resolve.

However, there have been some partial results of
the following type: Assuming the validity of the
conjecture one can deduce some restrictions on
the global properties of the initial data. For in-
stance, for a time-symmetric initial data set with
an apparent horizon 3¢,* the following inequality*
should hold:

A,<1671E?, (1)

where A, is the area of 3€ and E is the total energy
associated with the initial data set. There are

some results® which indicate that this inequality

holds for all such data sets. We shall obtain fur-
ther confirmatory evidence in this vein. That is,
we shall show that the cosmic censorship implies
the following more stingent inequality for a time-
symmetric initial data with a charged black hole:

(A /AT 2 < E + (E? - &%)V 2 @

where e is the total charge inside 3C. Then we
shall find that an argument similar to Ref. 5 shows
not only the validity of (2) but also an additional
inequality,

E—(Ez—ez)1/2$(Ao/4‘lr)1/2. (3)

This additional relationship could be useful to es-
timate the energy which can be radiated away from
such a system.

Note that conjecture 1 deals only with vacuum
spacetimes. In Sec. III, we shall discuss a pos-
sible generalization of it to include matter fields.
There, the technique used in Sec. II will play an
important role.

II. INEQUALITIES FOR A CHARGED BLACK HOLE

Consider a time-symmetric initial data set
which is asymptotically flat.® In this case, the
constraint equations of Einstein’s equation reduce
to

R=167mp, (4)

~where R is the scalar curvature of the positive-

definite metric g,, on the initial surface = and u
is the local energy density of the matter field.
Let this data set have an apparent horizon 3¢. Let
the matter field outside 3C be just an electromag-
netic field and the total charge inside 3 be e.

~That is,

1
p=g— (E°E,+ B'B,) : (5)

outside 3¢, and

f E,dS*=4ne (6)
S
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for any two-sphere S which encloses 3¢, where E*°
and B® are electric and magnetic fields on =, re-
spectively.

If the cosmic censorship is right, this initial
data set should settle down to a stationary final
state with a black hole. From the theorems of
Israel, Hawking, and Robinson,’ the only station-
ary electrovacuum black holes are Kerr-Newman
solutions. The formula for the area A, of a Kerr-
Newman black hole is

Ag=4m[2M? - 2+ 2M3(M? - a® ~ e?)/ ?]
<4n[M + (M? _62)1/2]2’ M

where M is the total mass and a is the angular
momentum parameter. The total charge e of the
final state should be the same as the total charge
of the initial state because charged matter fields
are confined within 3€. Since the energy carried
off to infinity by radiation is non-negative, we
have M < E, where E is the total energy associated
with the initial data set. By Hawking’s area the-
orem?® (which is again based on the cosmic cen-
sorship hypothesis) the initial area A ; of the hor-
izon cannot be larger than the final area. For the
time-symmetric initial data sets we are consid-
ering, the apparent horizon ¥C is a minimal sur-
face which encloses the horizon. Hence, the area
A, of 3¢ should not be larger than A,.

Stringing all these inequalities together, we ob-
tain

A,<4n[E+(E?-e?) /22, (2)

In short, if we can find an initial data set which
violates (2), then it will provide us with a counter-
example to cosmic censorship. Note that the data
set has to be regular only outside 3C in order to
obtain (2) from cosmic censorship.

When e vanishes, (2) reduces to (1). It has been
noticed® that a slight modification of Geroch’s
positive-mass argument® produces (1). We shall
show that a further modification of the same ar-
gument produces not only (2) but also (3).

Following Geroch’s argument for positivity of
mass, we assume there exists a one-parameter
family of smooth two-surfaces, parameterized by
s, such that s vanishes on 3¢ and satisfies the dif-
ferential equation

B=(DysD,sq ™2, ‘ (8)

where 1~> is the trace of the extrinsic curvature of
the s =const surface. It follows from (8) that the
area A(s) of s=const surface is given by

A(s)=A,exp(s) . . (9)

For each valué of s, let f(s) denote the following
integral over an s =const surface:

fls)=gg [ e*/*2R~p%aA, (10)

where 7, is (A4,/47)'/2 and R is the intrinsic scalar
curvature of the two-surface. Then the rate of
change of f(s) with respect to s is given by

;—sf(s)z—glfpe”%m. (11)
Hence,

w)—f(0)= 20 [ as [e/2naa. 12

f=) =0)> 22 [as [ /2 (12)

The value of f(0) can be obtained using the Gauss-
Bonnet theorem and the fact that 3C is a minimal
two-sphere. The value of f(«) is the total energy
associated with the data set.®’!° Therefore, (12)
becomes :

Ez—gh—gﬁj dseS/zfudA. (13)
(]

Recalling that the matter field outside 3 consists
of an electromagnetic field, we have

1 '3 a
f#dA_-é; f(E E,+B°B,)dA

1 a, 2
ZEU—-{(E?,,)dA, (14)

where 7, is the unit vector field normal to the
s=const surfaces. Next we observe that

Jda

(4me)?

= 4nr,2exp(s) ’ (15)

where the inequality is obtained using the Cauchy-
Schwarz inequality, i.e.,

U'k’“'dAYS (f wad)( [ aa) . (16)

Therefore, Eq. (13) becomes

4e?
Yo

E212°-+

J‘w ds exp(~s/2)
(]

ez
27,

=Y
2+ (17)

This, in turn, implies
E - (E®-¢?)2<y,<E+(E*-¢?)'/2, (18)
which is just (2) and (3). Note that (E2-e?)= 0 is .
already implied by Eq. (17).
We also note that if we turn the argument around,

that is, if we assume cosmic censorship, then (18)
imposes the relationship )

E - (E?—e?)Y 2< M+ (M? - %)/ 2 (19)
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between the final energy M and the initial energy
E of such a system. This inequality places an up-
per limit on the amount of energy which can be
radiated off to infinity.

III. A GENERALIZATION OF CONJECTURE 1

As discussed by various authors,?!! the inclu-
sion of matter fields into the formulation of the
cosmic censorship raises rather difficult prob-
lems. Specifically, there are initial data of a
gravitating perfect fluid such that when evolved
using some equations of state, the resulting space-
times appear to contradict the idea of cosmic cen-
sorship.’? These spacetimes are often said to
have “shell-crossing singularities.”

One point of view against these being counter-
examples to cosmic censorship has been the fol-
lowing: The model for a matter field in those ex-
amples allows the development of an infinite en-
ergy density even when treated as a test field on
Minkowski space. The singular spacetime, in
those examples, appears to be just a reflection
of this singular nature of the matter model itself,
and the idea of cosmic censorship is not that the
inclusion of gravitational interaction via general
relativity will smooth out such singular behavior
of the matter model or hide it from the observer
at infinity.

It is conceivable that the description of matter
fields by fluid models with such equations of state
will turn out to be essentially right in the limit of
high density. So such singular spacetimes in those
examples might actually occur in nature whether
we consider it as consequences of general relativ-
ity or the matter field. However, the issue of what
is the right phenomenological description of a mat-
ter field at such high densities is itself a difficult
one to settle.

‘Under this situation, what one would like to set-
tle first is whether or not there exists a counter-
example to cosmic censorship which will be con-
sidered as a consequence of some essential fea-
tures of general relativity. For instance, one
would like to know whether there exists a counter-
argument to cosmic censorship which assumes as
little about properties of the matter field as the
usual singularity theorems do. We formulate cos-
mic censorship as the absence of such a clear-cut
counterexample.

Conjecture 2. Given any asymptotically flat in-
itial geometry (that is, the positive-definite met-
ric q,, the extrinsic curvature p®, and all the
components of the stress-energy tensor) on a
R3-manifold = which satisfies the dominant and
strong energy conditions,!® there exists an asymp-
totically flat spacetime M (possibly geodesically
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incomplete, but with a complete 9*), such that (i)
there is aslice =’ in M so that the geometry of =’ is the
original geometry, (ii) =’ is a Cauchy surface of M,
and (iii) the local energy conditions are satisfied in
the future of Z’.

If one can find initial geometries which violate
conjecture 2, then they will be as strong an argu-
ment for the occurrence of naked singularities as
the singularity theorems are for the occurrence
of singularities. Since there are only some ineq-
ualities to be satisfied, one might think that it
will be easy to show the validity of conjecture 2.
However, note that for a vacuum initial geometry
the dominant energy condition prohibits creation of

" matter in the future of . Hence, testing conjec-

ture 2 for this case would involve constructing a
nonstationary, nonspherically symmetric, asymp-
totically flat solution of the vacuum Einstein’s
equation. In fact, even for the nonvacuum spher-
ically symmetric case, conjecture 2 seems to be
surprisingly difficult to resolve.

Even if conjecture 2 turns out to be true its
validity would far from establish cosmic censor-
ship in our universe. To illustrate this we con-
sider initial data sets for the Einstein-Maxwell
equations. Suppose that for a certain data set
the maximal evolution via the Einstein-Maxwell
equations is not asymptotically flat with a com-
plete 9*. Nonetheless, conjecture 2 could still
be true since it does not require the spacetime
M to satisfy the Einstein-Maxwell equations. In
such respects, our formulation is not totally
satisfactory. However, we shall see that there
are some difficulties even when one tries to include
the electromagnetic interaction of the matter field
explicitly into conjecture 2. The following spheri-
cally symmetric example illustrates this point.

Here, for the sake of simplicity, we consider
time-symmetric, spherically symmetric, asymp-
totically flat initial data with an apparent ¢. As
in Sec. II, let the charge integral over ¥ be 4me.
However, we now assume that outside 3C.there are
some matter fields in addition to the electromag-
netic field. As for the properties of matter fields,
we assume the following: (i) The total stress-en-
ergy tensor of matter fields including electromag-
netic field satisfies the strong and dominant energy
conditions and (ii) matter is electrically neutral
so that even if it is radiated off to infinity charge
is still conserved.

Following the conventional picture of gravita-
tional collapse, assume the final state evolving
from such an initial state is the Reissner-Nord-
strom solution with charge e. Hence, assuming
cosmic censorship as in Sec. II, we obtain

(Ay/4MV2< E+ (B2 - e?)V/2, (20)
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So if we can find, among the above-described in-
itial states, one which violates this inequality
(20), then it will provide us with a counterexample
to cosmic censorship.

We examine whether there exists such a counter-
example. Because of the spherical symmetry, the
total energy E can be written as follows:

E=12-°+%jdsexp(s/2)fdAu, (21)

where s is a spherically symmetric function which
is related to the area of a metric two-sphere A by
s=21In(A/A,). Let 8° denote a spherically sym-
metric vector field outside 3¢ such that D &%=

and the flux integral of it 1s 47e. Then Eq. (21)
can be cast in the form

ez
2r,

+—72°— fdsexp(s/z) fdA(u— 81—” é,’aga) .

(22)

E=£2°+

Therefore, the question whether (20) is satisfied
is reduced to whether the integral of (22) is non-
negative. Do the conditions (i) and (ii) on matter
field imply non-negativity of this integral? The
first, i.e., the local energy conditions for the fo-
tal stress-energy tensor, implies only u is non-
negative. The second condition is that the matter
field is electrically neutral so that if it is radiated

off to infinity charge is still conserved. Even this,

combined with (i), does not rule out the possibility
that the integral in (22) is negative. Hence, there
are initial states which violate the inequality (20),
thus which could be considered as counterexam-
ples to cosmic censorship.'*

However, note that the situation here is some-
what similar to that of the “shell-crossing singu-

larities” we mentioned earlier. Our counterex-
ample depends crucially on the existence of mat-
ter for which the above integral is negative, and

- the availability of such matter in our universe is

questionable. Thus, our example is too open to
the same criticism as the shell-crossing singu-
larities to be a genuine counterargument against
cosmic censorship.

Nonetheless, this additional example makes it
clear that the inclusion of general matter fields
into any true statement of cosmic censorship has
to involve some detailed properties of matter
fields. Under the situation where a complete de-
scription of all matter fields is not available, the
best one can do toward establishment of cosmic
censorship seems to be to prove a statement such
as conjecture 2.

IV. CONCLUSION

We showed that certain initial data sets which
would be counterexamples to the cosmic censor-
ship do not occur in general relativity. More gen
erally, we asked what initial states could be con-
sidered as clear-cut counterexamples to cosmic
censorship. We then formulated cosmic censor-
ship as conjecture 2 which states that such clear-
cut counterexamples do not occur in general rela-
tivity. Although this formulation seems to convey
only partial aspects of the idea of cosmic censor-
ship, we observed that there are some limitations
to enlarging the scope of this conjecture. ’
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One would like to find some stronger but still reason-
able condition on matter fields to rule out the pro-
posed counterexamples. For instance, when there is
no interaction between the electromagnetic field and
other matter fields the total stress-energy tensor can
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be decomposed into the electromagnetic part and the
rest. For such cases, it will be reasonable to impose
that each part of the stress-energy tensor satisfies

the energy condition separately. With this stronger condi-
tion the counterexamples are ruled out. However, when
there is some interaction,e.g., the polarization of the mat-
ter field, there is no natural decomposition of the total
stress-energy tensor, as is well known through the
Abraham-Minkowski controversy [see, for example,
the article by W. Israel and J. M. Steward, in Ein-
stein Centenavy Volume, edited by A. Held (Plenum,
New York, 1979)1.



