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Quonic-bound-state model and X(2.8)
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Gluonic states are discussed using a bound-state equation. We estimate masses and decay widths and point
out the absence of a low-mass 0+ state. Therefore, the easiest way to observe these states is through the yy
decay mode of the 0 particle, whose mass is about 2.8 GeV in our approximation. One candidate for the
0 gluonic state is X(2.8), which was observed in a radiative decay of le (J).

I

In part due to the discovery of asymptotic free-
dom, ' quantum chromodynamics (QCD) is believed
to be a basic theory of the hadrons. This property
makes calculation possible in the ultraviolet re-
gion and the results are consIstent with the scal-
ings of the e'e reaction and lepton-hadron reac-
tions. However, it is difficult to know the proper-
ties of the theory in detail in the infrared region.
%e believe that a, phenomenological investigati. on
of this theory is valuable at this time for such dif-
ficult problems.

QCD has a gluon as an additional degree of free-
dom beyond the quarks. To study the gluons' by
a phenomenological method is the purpose of this
paper. Experimentally we have not observed a
one-gluon state which has color. The gluons
might be confined in the same way as the quarks.
It may be that any colored states are confined
permanently and only the color-singlet states ex-
ist. Then as additional states beyond the usual

qq or qqq states, the color-singlet gluon bound
states (called GBS hereafter), which are com-
posed of only gluons, could exist.

Because of the massless nature of the gluons; we
need a relativistic bound-state model for an in-
vestigation of GBS. ln a previous paper, we dis-
cussed the bound-state equation which included the
relativistic effects for ordinary mesons. Assum-
ing a static confining force between colored char-
ges, we obtained the equations of motion by apply-
ing the variational method. Now we apply the
same method to the gluon bound states. If we sup-
pose the universal form of the interaction between
colored particles, then the force between the glu-
ons is about twice as large as the one between the
quark and the antiquark because of the different
representation of the underlying gauge group.

Let. us assume that the longitudinal instantaneous
interaction causes the confinement in the Coulomb
gauge as was shown by Bender, Eguchi, and Pag-
els. 4 In their paper, it was shown that the Coul-
omb interaction between the color charges, which
is 1f'r usually, is modified so drastically that it
turns out to be the confining type interaction un-

der some condition. 3uppose that the Hamiltonian
describing the motion of gluons in the Coulomb
gauge is given by

P'

H= dx —,'-E (x)+ —B'(x)+ dy p'(x) —,'«x —y)p'(y)

where

dx lf;, (x)
I
'«x) +~' If~~(o) (4)

The wave function f,:~(p) and its Fourier trans-
form f,,(x) satisfy

dp*r f (p)f(p) = dx Tr f'(x)f(x) =l. (5)

The last term of Eq. (4) comes from the contact
four-gluon coupling and is essential to prove the
absence of the scalar O'. Requiring the energy F.
to become a minimum, we obtain the equations for
f,,(p) [f,,(x)]. As a simple example, we consider
an r' potential, V==cg', and show the absence nf
the 0' state.

The scalar and pseudoscalar are expressed by

f,'y(p) = &;,sP~f'(p),
where the functions f~(p) and f~(p) are even func-

p'(x) =-f-'a f(x)Z', (x),

and F';(x) are conjugate to A',.(x). The second term
of the Hamiltonian represents a confining inter-
action between colored charges, which we assume
to be the same form as the potential between
quarks. An energy expectation value for the color-
singlet two-gluon state with vanishing momentum
is given by
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tions of p from Hose-Einstein statistics and sat-
isfy

2

x~n Z j, f*(n(- 2i nlf*(3(x ,'&*f-3(T'f(3 &

+ E f(p) =0,
(7)2

~ P 8 f (p) - 2
I p lf '(»

+E'f (p)=o.

From Eq. (7) we can prove

dp'f '(p') = 0. (8)

If we assume that this integration does not vanish,
the following relation should be satisfied from
Eq. (7):

(B)

which contradicts both itself and the normalization
condition. Then we conclude that Eq. (8) should
be satisfied. The states which satisfy Eq. (8) can-
not be s states. There is no 0' state in an x'-
potential case. For the other potential cases that
are regular at the origin, too, it is possible to
prove Eq. (8) in the same manner, if the equations
are reduced to the differential equations in mo-
mentum space. For other cases such as r'" '

(n
~ 0), if we are allowed to use the inequality

minimum value [8c(16—Bz)/m]'~' at Be/(16 —B(() of
n, when the coefficient v of the Coulomb part is
smaller than ~9. In other cases the energy does
not have the minimum value. '

Let us choose 0.233 QeV' as c, which has been
used by the Cornell group' for the discussion of
charmonium. The mass is a function of x and is
given in Fig. 1. For the small value of v, the
mass is far larger than those of the ordinary me-
sons and is equal to be 3.1 QeV at zero ~. Con-
versely, v is a function of a typical mass scale
of the system from the renormalization- group
argument. There might be two ways to include
this effect. In the first, K is simply considered
as a function of the mass of the system as fol-
lows:

K= a
ln(M '/A'), (12)

where go
——1.09 and A =0.5 QeV. A is deter-

mined from the analysis of electron or neutrino
reactions; &0 is determined in such a way that
the v becomes 0.3 (0.5) at 3.1 GeV.

One possible solution from Fig. 1 is a,t Nl =2.8
GeV and tc = 0.3 (0.5), and the other is at )VI

=0.7 QeV and v= 1.7, which is too large to be
regarded as a small coupling. In this paper, we
will investigate the former possibility, which
may have something to do with the 4'(2.8) (Ref.
8) observed in the radiative decay of g (J).

In the second method, the coupling constant
is considered to be a function of momentum trans-
fer. The potential V(r) is given by a Fourier
transform of

ip i- - '
( p&

—
p& I

' '
IP~ I' 4 12m 1 1

333 —2nx 3'1n (+|i/n ), (13)

which might be true for a locally concentrated
function f(p), the integration should vanish. Ac-
cidentally, the high excited s state could satisfy
Eq. (8).

%e may imagine three-gluon or four-gluon 0'
states; however, the masses of these many-gluon
states are expected to be much greater than those
of the two-gluon states. The discussion about
these states will be given in a separate communi-
cation.

The linear plus Coulomb potential is most pop-
ular for the charmonium problems. ' Now we
consider this potentiaL, which is parametrized as
cx x/r, for the—discussion of the GBS. We apply
a Qaussian approximation6 for the wa,ve function
as follows:

f (xi=( ) 3 '",
where a is a parameter which we determine later.
The energy expectation value of this state has a

where n& is a number of flavors. Let us postu-
late Eq. (13) is applicable for a small q', too,
because the behavior of this function at small q'
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FlG. 1. Masses are given as functions of K by using
(a) our scheme and (b) the first of the renormalization-
group arguments. The parameters are given by (1)
&(3 GeV)=0.3, C =0.233, (2) v(3 GeV)=0.5, C =0.27.



20 GLUONIC-BOUND-STATE MODEL AND X(2.8)

is given by (qq') whose Fourier transform is
proportional to x. Richardsone has discussed the
heavy quarkonium by using this potential and has
obtained remarkable results. By using this po-
tential to the GBS, the mass of GBS is obtained
and given in Fig. 2 as a function of A. From
Fig. 2 we can see the mass is around 2-3 GeV,
if we choose 0.5-8 as A. The two methods give
consistent results.

The X(2.8) has been regarded as an 'S state of
cc, although there is a large discrepancy in a
radiative lVl1 transition. This problem disappears
if we regard X(2.8) predominantly as the GBS.
The estimation of the width of g (J) -X(2.8)y will
be done after a discussion of a mixing problem.

Before a study of the GBS decay, we should no-
tice the fact that the gluon does not have any fla-
vor. Therefore, any transitions of these states
to the ordinary hadrons are a sort of Qkubo-Zweig-
ilzuka (OZI) suppression process. ' For the or-
igin of QZI violation there might be two main pos-
sible mechanisms, gluon-exchange effects'~ and
unitarity-correction effects. " The unitarity-
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FIG. 2. Masses are given as functions of A in the
second of the renormalization-group arguments. The
n& are 3 (a) or 5 (b).

correction effects are not important in the GBS
decay because there is no mechanism with which
the GBS decay to the ordinary mesons except the
QZI-violation processes. We investigate only the
gluon exchange effects.

A matrix element for the GBS transition to a
qq state through the lowest-order perturbative ef-
fect is given by

1 m'5'" 1..&&vg'V)v,'(e)(GBS)~.= 2„o po o) M ~~ Q 2 2 )
g'L'(t»s)y;

a, J'

E+m „1dl- ———y v(q, s') — f' (1 —p)S(Moso —Po
—qo)S(p+q),

2E o ~ 2 I l p
(14)

1 1 1 BpQ
S(M~ Moss) S(o)HI $&(0)

7T

(Is)

in the same approximation as in the previous case
for f'~0'o) and the nonrelativistic approximation for

where rn and IVY»s stand for a quark and a GBS
mass respectively. Using this matrix element
we calculate the width of the GBS based on (1) a.

free quark model, (2) a pole dominance model.
The width becomes 1.8 GeV in (1) per flavor when

we use 0.19 as n, and neglect m. To obtain this
value, we made the Gaussian approximation for
f '~(1 p) and took a leading—order term of the in-
tegration of Eq. (12) about n. If the value cal-
culated is true, it is impossible to detect the GBS
clearly. However, to treat the quarks as if free
particles would be too simplified. We calculate by
using the second picture, the pole-dominance mod-
el, where quarks are bound permanently. The
ordinary meson is regarded with the qq state com-
ing from the decay of the GBS. The transition
matrix element from the GBS to a meson n is cal-
culat. ed and reduced to

the meson n Actuall. y, P (0) is a. wave function at
the origin in a SchrOdinger equation model.

This kind of transition causes a mixing between
ordinary isosinglet particles and the GBS. We
consider the pseudoscalar, which we write as x~.

The mixing of qG» with q, is most important be-
cause of the close values of both masses. The
mixing angles of a heavy GBS such as ours to the
light pseudoscalar particles are so small that they
could be neglected when we use the nonrelativistic
calculations for these light mesons. This is be-
cause the mass differences between the light mes-
ons and GBS is so large. If there were light GBS
whose mass was close to that of the q or g', this
mixing could have been important. Actually, the
mixing of a particle with the other heavy particle
causes the mass of the particle to decrease. Ex-
perimentally, g and g' are much heav. ier than in-
dicated by a naive quark-model calculation. There-
fore, the mixing of the heavy GBS with g or g' may
not be related to q or g' problems. Neglecting the
other mixing angles, the real states, q, and gG»,
are given by rotating g, and go» by angle 8, which
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satisf&es

i/4tan28=,
( 0) z(, )o., l g (0) I

xn—

(16)

Q

+ Permutations

The total width of t)oB~ is given by sin'eI"(g,'), which
is smaller than 5.9 Me& assuming a naive quark-
model calculation for I'(7)0). We regard the second
method as more reliable from many other exper-
iences. Of all the decay models, the yy decay of
the 0 GBS may be the easiest way to observe the
GBS because the 0 is the lightest in our scheme.
The yy decay width is about the width of another
0 isosinglet meson that has the same mass times
the mixing angle squared.

There are two mechanisms which contribute to
the radiative decay of P (J) to 7)o»y. One is
through the mixing between the QBS and g, and the
width from this is smaller than 1 keV when we use
the previous parameter for C and z and a naive
quark model 28 keV as 1(g 7)',y). The other is
through a direct transition of P (J) to y plus two

gluons and is estimated by Koller and Walsh'
(Fig. 3). The value is about 0.7 keV and is re-
sonable from an experimental viewpoint. There-
fore, there is no problem'4 about the radiative
decay of g (J) -X(2.8)y, if we assume that X(2.8)

GBs' The g~ is heavier than both of g»s and
t)0 if t)0 is heavier than t)ooB~ (2.8 GeV).

As a final problem, we consider the GBS pro-
duction. The heavy quarkonium (cc, bb, ~ ~ ~ ) decay
is one method to produce the GBS. In the decay
of g (J), P', and other heavy mesons like T, etc. ,
the QBS may be produced and the branching ratio
for it may not be small. Then in the radiative
decay of Y the GBS can be produced and the rate
is expected to be about the same as that of Q (J)
decay (Fig. 3).

In the hadron-hadron reactions, too, the QBS
can be produced via a mechanism similar to the
ordinary meson production through the quarks.

GBS

FIG. 3. Diagram which contributes to a direct transi-
tion of QQ to the y plus GBS.

The GBS production cross section at large P~ is
estimated roughly to be the ordinary meson pro-
duction cross section multiplied by the square of
a ratio of the gluon distribution functions. We
do not known anything about the gluon distribution
functions experimentally except the following re-
lation:

1

dx x G„(x) = 0.5. (16)
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The magnitude is of the same order as that of the
quarks. Therefore, the QBS production cross
section may be the same order of magnitude as
the ordinary hadron production cross section at
large p~, and probably at small p~, too.

To regard X(2.8) as predominantly a GBS will
be justified if it is produced in the hadron-hardon
reaction much more than expected from the char-
monium assumption" . or it is produced in the rad-
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