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Equivalence of two approaches to noninertial observers
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An equivalence relation between our exact formula for special-relativity noninertial acceleration and the
special-relativity part of a general-relativity approximate expression by Ni and Zimmerman is given.

Recently, while working on very different phys-
ical problems using entirely different mathematical
techniques, Ni and Zimmerman' and DeFacio,
Dennis, and Retzloff' derived remarkably similar
formulas for the noninertial coordinate acceler-
ation. Unfortunately, the two expressions seemed
to differ by a single factor of 2 in one term. Con-
siderable effort exposed no error in either deriv-
ation. This comment will show that, in fact, no
such error exists and that a suitable generaliza-
tion' of Ni and Zimmerman is exactly equivalent
to our expression.

Ni and Zimmerman' were using local coordinate
methods to study the class of astrophysical prob-
lems involving both inertial and gravitational
effects. Local coordinate methods such as they
used are useful to authors formulating astro-
physical models, especially those involving con-
siderations of general relativity. ' lt is necessary
for Ni and Zimmerman to make the approximation
of restricting their spacelike coordinate r to small
values. They found that inertial and gravitational
effects completely decouple through second order
in r, in their local coordinate calculation. Li and
Ni' carried this analysis through third order in
x and found coupling between inertial and grav-
itational effects at that order.

DeFacio, Dennis, and Retzloff' used modern
invariant-differential-geometry methods to ge-

omet ice the presymmetry of Ekstein and Avishai, ' '
for the case of classical special-relativity particle
mechanics. Since Ref. 2 was published, we have
found a nice paper by Estabrook and Q7ahlquist'
which also gives a more general treatment of
representing the covariant derivative V' for for-
mulating both special- and general-relativity prob-
lems. There are, however, some differences in
our respective approaches beyond the fact that we
used presymmetry and Estabrook and ahlquist
did not.

The recent paper by Li and Ni' showed more
than just inertial-gravitational coupling. They
also shozved that there axe no higher-order tee ms
M)hich axe independent of X ~ r. However; the dif-
ference in our expression and theirs in the last
term of our equation, or Eq. (1) here, is that they
have 2 a (~x r), whereas we have a (~ x r).
careful reading of Li and Ni' (see also Ref. 3)
shows that higher-order corrections cannot pro-
vide the desired equivalence because the 1 term in
the binominal expansion is already different.
Therefore, either

(i) Ni and Zimmerman or DeFacio, Dennis,
and Retzloff' are wrong, or

(ii) the relevant parts of the two formulas are
equivalent to ea,ch other.

The general expression obtained in Ref. 2 for
noninertial acceleration r is
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Now in the notation of Ni and Zimmerman'

&o x (&u x r} ~ x r

(r+~ xr)
[K r+2K ~ r+a. ((u xr)],

c'(1+a r/c') and

r (ours) =x (theirs),

r (ours) = e (theirs),

~ (ours) = q (theirs),

(a+to x r) (ours) =b (theirs), (4)

ur xr+ r[a-r+a ~ (z xr)]

+2(a, r)(1 —a r) r+2(a r) 2 x r. (2)

Upon rearranging, Eq. (3) becomes
~ ~

'~

r = —(1+K P) a —&u x(~ x r) —2 &o x r

v xr+2(K ~ r) z xr
+ r [2 a ~ (u& x r) + 2 (a ~ r) (1 —X ~ r)

+(k+(g x K) ~ r]. (3)

where r is the noninertial coordinate, & is the
angular velocity of rotation, K is the inertial
acceleration, and c is the velocity of light in
eacuo. As mentioned in Ref. 3, we can expand
the term (1+% ~ r) ' in the second line of Eq. (1)
to lowest order in r but not r or a to get (in units
c =1)

~ ~

r=- —a(l + a r) —2 ~ x r —u& x (ur x r)

which with Eqs. (4) inserted into Eq. (3) gives
exactly the special-relativity terms of Ni and
Zimmerman's Eq. (20). This completes the dem-
onstration of equivalence of our two approaches
in the sense of Ref. 3.
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