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Semiclassical path-integral methods are applied to the quantum-mechanical double-well potential at finite
temperature. When all parameters are fixed and #—0 the quantum tunneling transitions which maintain the
symmetry at zero temperature are absent. Classical thermal fluctuations, however, give transitions which

partially disorder the system.

I. INTRODUCTION

We apply semiclassical path-integral methods to
the finite-temperature quantum-mechanical double-
well potential. At zero temperature quantum-mech-
anical tunneling transitions maintain the symme-
try. At finite temperature classical thermal fluc-
tuations as well as quantum fluctuations disorder
the system. This motivates us to study the limit
in which all parameters of the problem (the in-
verse temperature 8=1/kT, the coupling constants,
and the real or imaginary time of the correlation
functions) are fixed and 7 is taken to zero. The
goal is to give a perturbation-theory loop expan-
sion in which the first term contains the full clas-
sical result. (A high-temperature expansion would
lead off with a term which is the high-temperature
limit of the classical result.)

Previous finite-temperature investigations have
been carried out for weak coupling and for large
N, particularly in connection with the restoration
of spontaneously broken symmetries.! Some low-
temperature semiclassical estimates of the parti-
tion function have been performed in one- and two-

- dimensional models.?”? In this paper we are ex-
amining a system whose symmetry is already
manifest at zero temperature. Since this system
admits no instantons above acertaintemperature,?*
we were led to investigate the symmetry proper-
ties for temperatures above this value. As is dis-
cussed below, we do this by studying the real-time
finite-temperature correlation function. We find
that at a fixed time in a small-7# approximation the
correlation function is a decreasing function of in-

. creasing temperature. From this we conclude that
the disorder associated (in analogy with a spin
system) with the symmetry at zero temperature
increases as the temperature is raised.

In Sec. I we compute a semiclassical expansion
for the partition function Z =Tre"#. Z is repre-
sented as a Euclidean functional integral over

paths x(7) for which x(0) =x(8%). An expansion
about a stationary path of the Euclidean action, a
path whose end point is constrained, followed by
an integration over the end point gives a loop ex-
pansion in which the first term contains the full
classical expression Z ;. Had we perturbed about
a constant stationary point, we would have found
an expansion in the anharmonic terms of the poten-
tial, an expansion whose leading term is a harmon-
ic approximation, not the full classical result.

In Sec. III we compute a semiclassical expansion
of the finite-temperature Euclidean correlation
function®

e<1) . Tre®# x(1)x(0), (1.1

n) "z
where
x(7) = e H7/ i (Q)e-HT/ 1
and
O0s7<pn.

The constrained-end-point method of Sec. IT is
used. We find the expansion to be systematic if
we introduce a new variable o=7/7% and express
the correlation function (1.1) in terms of o. The
leading term, however, cannot be used to obtain
a small-7 approximation to the real-time corre-
lation function C(¢) since that would involve the
continuation®
it
(02 "% . (1 .2)
In order to regain a simple systematic expansion
using semiclassical methods, we calculate in Sec.
IV the real-time correlation function directly
from a functional integral representation. This
involves a product of three path integrals whose
semiclassical approximation is shown to include
the complete classical answer C(¢) in the limit
t tixed, 7 0.
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In Sec. V the classical correlation function
C,(#) is computed for the double well in the limit
t -, The Hamiltonian is

H=1p+ V), V(x)=§(x2_§>2, (1.3)
and
ETC“(t)—gzc(gz)' (1.4)

The function c(Bw®/g?) is roughly the ratio of the
volume of phase space with energy less than the
barrier height w?/4g® to that with energy less than
1/8,

c(%) -0as -0.

We now discuss the role of the symmetry x - —x
in this problem and the relevance of the classical
calculation for the quantum problem. At zero
temperature it is useful to consider

lim lim (/%) | o, - ~(1.5)
h=0 T=o
Polyakov® shows that the contribution of the kink
solutions to the Euclidean path integral restores
the symmetry and (1.5) is zero. The order of the
limits is crucial. If the order were reversed,

lim lim Ze'E””"l(n]xm}lz ,
n

T~ o h~0

the result would be nonzero. At fixed finite tem-
perature, 0s7<p7 and the 7 - limit is not avail-

" able. We thus investigate the real-time finite-
temperature correlation function. It is an almost
periodic function. C(¢) does not have the simple
structure at large ¢ that €(7/%) has a zero tem-
perature and large T. )

Nevertheless, we shall make some qualitative
observations. Equation (1.4) reflects the classical
fact that at any finite temperature some fraction
of the particles in an ensemble cannot have enough
energy to go over the barrier and thus they give
a positive contribution to the correlation function.
Quantum tunneling does not affect this result until
t is of the order of the typical tunneling time ¢,
for the ensemble. This tunneling time includes a
factor e° /",wh’ere S is some positive constant.
However, since C(¢) is an almost periodic function
it is difficult to estimate in this large time region.

In Sec. VI we suggest some paths that may be
important in this large ¢ region. In our study of
the symmetry behavior of the finite-temperature
quantum theory, however, we restrict ourselves
to the limit fixed ¢ and 77—~ 0. In this region of
time tunneling effects are absent, and the quantum
correlation function is within O(%) of C,,(#).

In the four-dimensional zero-temperature Yang-
Mills system, it has been suggested that instant-
ons are responsible for the restoration of a sym-
metry which results in quark confinement. Thus
one would be led naturally to study the symmetry
properties at finite temperature to investigate
quark liberation.’

Although no attempt is made to study such an
ambitious system in this paper, we remark that
our one-dimensional investigation was in part
motivated by such considerations and may serve
as a first arena in which to understand these ideas.

II. THE PARTITION FUNCTION

The partition function Z can be expressed as a
path integral over periodic paths:

1 [8h /g2
Z=N.£mmths Dxexp[-ﬁl d‘r<7+V(x)>]

%(0)=xBh)
(2.1)

The normalization factor N is independent of the
potential and depends on the normalization of the
measure Dx; to estimate (2.1) by a saddle-point
method we look for the minima of I[x]= [$*ar
X [#2/2 +V(x)] subject to the conditions x(0) =x(8%).
That is to say, we must find solutions to the clas-
sical equation ¥, =V"(x,,) with £¥(0) =#(87) .2

An expansion about constant solutions leads to
a perturbation series in the anharmonic terms of
the potential. Not enough of the potential is probed
to produce a leading term which contains the full
classical result. Nonconstant solutions xcl(-r) are
the analogs of instantons at finite temperature.
For the double well (1.3), there are no such solu-
tions for wpi <27.

In order to proceed with a semiclassical approxi-
mation we write (2.1) as

— ® 1. [BR x2
Z=Nf dx ﬁ“mhs Dxexp[——f <dT —+V)],
- 2(0)=x(Bh)=x r ] 2

(2.2)

Again N depends on the normalization of the mea-
sure. In (2.2) a new constraint has been introduced
and integrated over. This constrained form of the
partition function is what would have appeared nat-
urally had a continuous basis been chosen to eval-
uate Z:

Z = fmdx (x|e®H|x). (2.3)

To evaluate (2.2) semiclassically, we shift by
solutions to ¥ =V’ whose end points are held fixed:
x(0) =x(B%) =x. Such solutions do exist at all temp-
eratures.

We will show that the leading term in the loop
expansion about such solutions gives the full Z



when 77 - 0. k

First we discuss the pure quartic potential
H=p?/2 +1x*. The solutions to the classical equa-
tion d2x/dt? =4\x® are ‘

w 1
5PR cnw(2T/Bh —1)°

where @ is a function of x found by inverting (2.5):

(2.4)

X (T) =%

[ 1
xcl(o) =xc1(Bﬁ) =X =% \/—)\—Qz%ﬁ _C—ITC_-)_ ) (2 '5)
. 1 w? 4% snwdnw
S”E%l[x“]:_ﬁ“3xﬁs+ﬁ43>\ﬁ3 e’ (2.6)

. 92
N=NDet1/2 (—573+12ch,2>

—i/2

=% [(cn"&+—sn—dn’)<————snadna>] e
R e P :

2.7

The functions cnw, snw, and dnw are Jacobi ellip-
tic functions all with modulus #=1/V2. The func-
tions cnw and snw have quarter period K(k), the
complete elliptic integral of the first kind.® In

the semiclassical approximation,

Z=f dxe SN (2.8)

KL /42) e - 1/2

) 722 72 dw eS¢l wEnw”*'—Z) )
7233 72(2m\) A snwdnw

(2.9) .

where the change of variables (2.5) has been used
to give (2.9). An asymptotic expansion for 77— 0
can now be evaluated for (2.9) and we have

1 1
lim Z =1i (e[l +o@Enh g
,:1;1 :f?ﬁx”"B”’* 202mi e H+0@Ep)]
1o C e pB (2 /20h)
=57 [wdp [wdxe
=Zy . (2.10)

We note that in this “massless” potential there is
only one dimensionless parameter A =7*A3. The
correct classical limit comes entirely from the
semiclassical approximation (2.8) in spite of the
fact that the integrand in (2.2) now has # appear-
ing nontrivially in the action.

The calculations for the double-well potential
are similar to those of the massless theory but
more tedious. They will be summarized here
briefly. The classical equation is d?x/d7? =—w?x
+g°x®. The solutions are as follows: for |x|
<w/g,

w/( 2K\ (T = 3p7)
x°1(T):i§<l+k2) cd, (1(+k22)16’2 s (2.11)
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FIG. 1. Inversion of boundary conditions.

x.cl(o) :xcl(Bﬁ) =X

o w 2k2>1/2 wplt
s (1 12 Cdkz(l yENYER (2.12)

where 0<k?<1; for |x|>w/g,

w2 \Y2 (T - 3p0)
xcl(T)—i§~<1+“2> Cuw’ (2_13)
_, @ 2 /2 wpi
""*§<1+u'2> Cu 3 TT )T (2.14)

where —1< p2< 1,

For wpli<m Eqs. (2.12) and (2.14) have a unique
inversion (k% or u? is a single-valued function of
x); see Fig. 1, for example. For wfi> 7 there
exists more than one solution to ¥ =V’(x) with the

wle
«le

——— Solutions (2.11), (2.13)
---—- Solutions (2.15)

FIG. 2. Euclidean solutions.
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boundary conditions x(0) = x(8%)=x. Furthermore, for wpi> 2mn, when x is such that ndk(1+#?)*/2= wpr,
where » is an integer greater than zero, there exists an additional set of solutions of the form

wT . . _ wT T
{i [Snkm—z)ﬁ—g} [(1-%)(1- kzx2)]1/2+xcnk A+2)e dnk(l _:22)1 /2}

x
X(T)==: b}
x 1 - k*%%sn,2 ot
AT RN
(2.15)
E:gx<l+k2>”2.
T o\ 2kF ’

see Fig. 2. In the zero-temperature limit §~c, k¥ ~1, Eq. (2.15) becomes

[ié(sinh\/?wT)(l —-g-—?z—z +x—§>:l

g° wT

x(1) =— 3
cosh? % — _Tx sinh?
V2w 72

Note that x,,(0) =x but

limx,(T)=tw/g.

T= o
These are the solutions which resemble the kink. When there are many solutions, the procedure is to add
together their contributions.* Since we already have a low-temperature expression from WKB methods, in
this paper we calculate for finite temperatures in the range wpz<7. From Eq. (2.11),

4/1_ p2\2 3 2 _ 2 en Sens 2 B2an Sien o B
g -Bw (1 k) w4 k-1 {k snkwcnkw+w+<k +1>[ ksnkwcnkw+Ek(w)]} ,

2 TIZ\T ) TRE3 @A dnjo P-1 dn (2.16)
X 1 -1 /2dnk25 2 — - — e To1-1/2
N—ﬁ(znﬁ)lﬁ I3} o [(R2 = 1)+ (B + 1)E (w) + en,wds 0] /2,
where
W= wpi/2(1 + 1)/ (2.17)

and from (2.13),

_Bw"(l- u"’)z w4 p-1 sn wdn,w  ,— /u?+1 — = — o—
Sa g \TT 32 +~}‘1’Tg§(u2+1)3/2 - C?Pu‘o}u - o+ <—E-_—T>‘[—snuwdcuw+Eu(w)—(1—u)‘w] ,(2.18)

2

- 2(1 2)1/2 27 _ _ 2 _ 1) 2 _ -1/2
N= {Zm‘fz’ (1+4?) ST, 0 l:cnuwdsuw = (- Do + 2 :lﬁ,(w):l} ,

@ e # K (2.19)
w=wpli/2(1+ u2)/2, )
To compute the partition function, let
Z=Z,+Zpy,
w/g
Z,= f dx{x |e™¥ |x), (2.20)
-w/g
~w/g ©
Zg= f dx{x| e |x)+ f dx{x |e®H |x) . (2.21)
o w/&
In the semiclassical approximation,
2w fl -s [51/2[(k2— 1)@ + (k2 +1)E, (@) + cn,®dn,®/sn 6]1/2]
7 = w 2 ,"Scl 13 3 /3 3 . . .
A ﬁ(ﬂﬁ)‘l 2 g J dke 2k(1+k2)3/2 ’ (2 22)
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with the change of variables (2.12), we have -3 ld 2 Sl [ 1 W32 ]
f we " @m)? 2g(1+ pBy e
(1 K 2] 2 1/2
lim Z f ) _
in 2, -z | wpyen i [(“ e Lt V) s, pen, |
1__ 2
1 w/g [ Bg2< 2 wz)z] limZg=-— fdu exp [ ( ) ]
= d -_—— -5
n@py f_w,g zexpl = \F - Paps g ﬁnB o2
1
=L fwdp fw/gdz e-BLP?/2+V ()] x(—1+——“2—)§75
2 )., /
o w/ 8§ . 1 —w/e v . -
=z°l 2.23 = (f dze" ‘+f dz e” ‘) .
z5 ( ) R )2 . it
The change of variables z =(w/g) [2k%/(1+F?)]t/2 ' (2.24)
has been used to derive (2.23). Similarly Eq. The change of variables is z=(w/g) [2/(1 + p?)}/2 v

(2.21) in the semiclassical approximation is to derive (2.24).

III. EUCLIDEAN CORRELATION FUNCTION

We now calculate the imaginary-time correlation function using the method of Sec. II which gave an ex-
pansion for Z containing Z, in the first term. The Euclidean path-integral representation for the correla-
tion function is

e<%) =§ [:dx Dx x(7)x(0) exp {-—% j‘:shdt[icz/z + V(x)]} . (3.1)

We find that in terms of the variable ¢=7/7 the loops in this expansion of @(¢) are higher order in 7. With
the restriction 0 <7 < g7, it is hard to see how to extract the information from e(¢) which was available
from the ¢~ limit at zero temperature. When the analytic continuation® of this expansion is made,

o—it/i, C(t)=elit/n),

the loops are no longer higher order in 7z. This is described below for the pure quartic potential V=xx* in
order to illustrate how the approximation breaks down. It is an unexpected feature in the analysis of the
semiclassical estimates of imaginary-time correlation functions.

The Euclidean correlation function is

oo Bh
e(z) =-1-I\7 f dx j Dx x(7)x(0) exp [-—-1- f dT(—é—a’c2+>\x“)jl . (3.2)
3 z o all paths r o
x (0)=x Bh)=x
After shifting by x,,(7) [see (2.4) and (2.5)], we obtain
P)F oo i [ ooty wn)
e(;Z) =% f_w dxxe Dyexp{—%_ | dar|y 577 +60x2 )y + Wy, ¥)| ¢ [xo (M) +y(D)]. (3.3)
!
We now perturb in limit of C(f). If we continue 7 —3if in (3.5) and let
WXy, ¥)=40x,¥3 + 09t . 4 (3.4) 70,
© 1/4
What we call the semiclassical approximation lim C(?) =r(~)(x45)1 5 f dy e ycn [2<%) yt] .
e, (7/n) to e(/r) is h-~0 4 0
. (3.1
e (I)=1 fndxxx (7’)1\7e'SCl (3.5) :
°\m)ozZ ), el ’ : The classical correlation function is defined by
where N and S, are given by (2.6) and (2.7). In 1 1 [” e BLBR 24V () (Yo
)= d a L%/ 24V (D15 (¢
terms of o, (3.5) becomes al®) Z o 2 P f xe #Ox(O)

1 - s (3.8)
e,(0) A f dx x x,,(Ho)Ne ™ °. (3.6)
- where %(¢) is a solution to the real-time equation
The 77 -0 limit of (3.6) is independent of o and can- ¥ =-V'(%) with boundary conditions %(0)=x and
not be analytically continued to give the small-7 %(0)=p. For V =xx* ,
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1 2 1/2
Cal)=Fmynpyre 8<%>

X f dy e~ y*{Kenyy + 2dsyy[yyE - KEGwy)]},
0

(3.9)
i

<)E fdx

Continuing (3.10) to real time and letting 7 -0, we
find a nonzero answer:

llmC(t) _I‘—(—Wz f dye

2
o(emostyy 10 ) L san)

Y y 8y

Equation (3.11) combined with (3.7), however, still
does not reproduce the classical Boltzmann ex-
pression (3.9). We have studied the contributions
of the two-loop corrections as well.

The results can be summarized:

lim €;(0) |4igea0~ (RO)** for i=0,1,2. (3.12)
h-0
Thus we see why a semiclassical expansion of
(o) cannot be used to obtain a semiclassical
expansion of C(t).
To circumvent this problem and still make use
of semiclassical methods, we introduce a path-

integral representation for the real-time correla-
tion function directly.

IV. REAL-TIME PATH-INTEGRAL REPRESENTATION

The real-time correlation function is defined to
be

cw) =¢Zl- Tre™ " x()x(0)

=71 J_:dx(x 'e-BHeth/ﬁx(O)e-th/ﬁ (0) lx>
(4.1)

As it stands, (4.1) has an awkward path-integral
representation. An attempt to find a simpler ex-
pression by the continuation ¢ - - i%o or 8 —~iB/%
leads to the difficulties of Sec. III. Making use of
completeness, we write (4.1) as

1 %0 0
Clt) == de [ @ Fw R0, (42)
where

Fl(x7p)5f dx1<x‘|e-BHle>eik(x-x1)/h (4.3)

where y =2(A/B)*/%, a dimensionless time variable,
and the elliptic integrals and functions in (3.7),
(3.9), and (3.11) have modulus k=1/V2. Clearly
(3.7) is not equal to (3.9). We now evaluate the
one-loop'® tadpole contribution e,(r/k) to (3.2) as
follows:

<__4_"> OB"de ')nyv(r)y (T')eXp[ 21ﬁ K"dfny(;ﬁuzxx >y] (3.10)

—
and

F;(x’p’t)g f dy f dxzeip(xz-x)/’i<x2,eiHT/h|y>

X (y ,e-iI{T/hx(t)x(O)Ix> , (4.4)

where the dummy time 7 with 0 <#<7T has been
introduced. The two matrix elements in (4.4) can
be represented as real-time path integrals in the
standard way and their semiclassical approxima-
tions are well known."

As long as £, T are held fixed it is straightfor-
ward to evaluate the two integrals in (4.4) by the
stationary-phase method. The result is

LimF,(¢;x,p) =%(t;x,p)x ..

h~0
The function Z(¢;x,p) solves % =—V'(x) with
%(0;x,p) =x and %(0;x,p) =p.

We will now show by direct calculation for the
double well (1.3) that

2
LmF,(x,p)=eB# /21,
h-0

In the semiclassical approximation,

(x|eBH lx1>=1\75(x1,x)e'5°1 CTE (4.5)
In the double well, for |x|< w/g and |x, | < w/g,

. Bw4<1_k2)2[ 1 1
Se1ly, %) =BV () + g2 \1+F° dn 2w, dnjw,

2 Wy +@
— 4.
+= dy (4.6)

1 1
X (dn,;’y - dnfy)] ’
J;]B(xl,x) 2{217;[(:%)_12) u, (K = w,)
X U (K= wy, = 0)(K =, =) (4.7)

- (K - w,)] }-1/2 ,

where
w/ 2K i/z -
x1=¢é7 <'1—_;-ie-5) Cdk(w+ (1)1),
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} 2\1/2
X=t— <1ikk2> cd,w, , (4.8)

—_  wph
ST

u,(v) =cn,rdn,r (4.9)

_ r dy!
uz('r) = '/‘; Z;z(_af’—) .

For |x|>w/g, |%,|>w/g,

BV(")“(}BG:kZ)

bt o)
*lenZw,  cngw, @ oy cnly  cnly
(4.10)

where

) 2 1/2 _
xl:ig(m) dck(w1+w) B

w 2 1/2
X =i§<w> dc,,wl ,

and ﬁﬂ(xl,x) is given by (4.7) with (4.11) replacing
(4.8) and (4.12) replacing (4.9):

(4.11)

cn,rdn,r
sn®r

Uy (’V) =

2

(4.12)
oo [T_dr
uz(v)—j(; W.

Therefore, using (4.5) as an approximation in
(4.3), we find

1-%° sn,,(,ul
r +2 enjfw,’

Then with the final change of variables w, ~ I'+ip,
Eq. (4.13a) becomes

limF, (x,p) =B #/2+v 0, (4.14)
h-0

(4.13¢)

We have outlined an expansion for C(¢) which
gives
lim C(t) =C, (1), (4.15)
h=0

which is correct at fixed {. The stationary-phase
evaluation of (4.4) is, however, inadequate when
T and ¢t are becoming arbitrarily large as 7~ 0

lim lim F,# lim lim F, . (4.16)
h=0 t- teo h~0

Thus (4.15) is not valid in this asymptotic region
of t. In fact, C(¢) is an almost periodic function'?
and its ¢~ o limit does not exist. This matter is
discussed in the Appendix.

V. CLASSICAL CORRELATION FUNCTION
In Sec. IV, it is shown that at fixed time ¢
C(t)=C,,(t) + (terms of higher order in 7).
(5.1)

Thus we study C,,() as a first approximation to
c(t). v
The classical correlation function C,,(¢) for

is again given by (3.8) and

limF, (x,
im F, (x, 1) Lo VT wlt=ty)
x(t) (2 k2)1/2dnk 2 2172 » (5’2)
—e"’“z/"’”’""]f e, e~ /DT +is? (B)l/zil}"_ @-#%)
i A 70)=x =2 gn o (5.3)
(4.132) B R R '
K P V2 wl, to
where for [x| < w/g, x(0)=p= ; 57z S G- kz)uz R 22)1/2 ’
k-1
G (4.13D) (5.4)
+1 dn with the change of variables
and for lx |>w/g, wty/(2=K3)2=¢ and w/(2-E2)/2=w:  (5.5)
|
Col®=oie " aw fzkd¢4w2(2w2—w2)ex [ B (ou? 2)2]dn ddn,(wt — ¢) (5.6)
Oz g7 [,% L0 P |- gz (* - fdnganyfut - 6). -

Equation (5.6) is a complicated function of wt and Bw*/g? and we estimate it for large wi:

/ 1 dr? RP(2m)R/2 [—Bw“(

2 -k

)]

(5.7)

4 Jo 5177z €XP
lim Ccl(t)=ﬁ§ K(#) @ = k)" 4g°
fe Ly exp[ng—(yz— 1)2]
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FIG. 3. The classical correlation function C(#) and
the quantum correlation function C(¢).

The two integrals in (5.7) are each functions of the
dimensionless constant fw?/g?. For high tempera-
tures, the denominator behaves like (Bw?/g?)™1/*
and the numerator goes to a constant. Equation
(5.7) is thus a decreasing function of increasing
temperature. Furthermore,

lim lim C,(t)=0. (5.8)

B~0 t-w

VI. DISCUSSION

The function C(¢) measures the correlation of
position measurements at time zero and at time ?.
And in this way it gives an indication of the order
in the system. The considerations of Sec. IV show
that for moderately large times the system be-
comes disordered and the disorder increases with
temperature as we expect.

The almost periodicity of C(f) says that for very
much larger times (these are times which go to
infinity as 7 goes to zero) the position measure-
ments are correlated. It is our speculation that
the time at which this correlation reappears is
very different for the single minimum potential
and the double well when 7 is small.

Paths which contribute to this difference may be
those real-time solutions which have an energy
near that of the barrier height and therefore spend
a large time near x=0. We do not study this very
large ¢ region in detail.

The limit of C(¢) with ¢ fixed as # -0 has been
given in Sec. IV. From that analysis we conclude
that

lim C(¢) =C,,(¢) + (terms of higher order in 7).
h-0 -
(6.1)

That is to say, for moderately large times C(¢) is
well approximated by C,,(f) to the extent that 7 is
considered small. From Sec. V we know that

C..(?) is given by (5.7) at large ¢ [¢> (8/1)'"]. Thus
at moderately large times, (8/A)/*<t<t,, the
quantum system is partially disordered by classic-
al thermal fluctuations. This disordering is com-
plete as §—~0. The purely quantum tunneling trans-

itions and associated instantons which are the
only contributors to disorder at zero temperature
are absent in the fixed-#, # — 0 approximation.
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APPENDIX

A function f(¢) is almost periodic if for each
€>0 there exists 7'(¢)>0 with the property that
any interval of length 7'(¢) contains at least one
point 7 such that

[t +7) - f(8)] <€ (A1)

for all £.

A periodic function is almost periodic, and it
is a theorem that a uniformly convergent series
of almost periodic functions is almost periodic.

We will show that for a potential which rises at
least as x% for |x| -, C(t) is almost periodic.
In a basis diagonalizing H,

C(t) =5 3 ™ 1x(1x(0) I m) . (a2)

Now

m |x()x(0) [my= | 4m |x |m)|? e1EmEwt /2
’ (A3)

and is almost periodic if the sum converges uni-
formly. Since each term is bounded by its value
at =0 and since the sum

Z](m | |n) |2 = (m [? [m) <o (A4)

converges, we can conclude from the “M test”
that (A3) converges uniformly.
Thus, (A2) is a sum of almost periodic functions.
Again each term is bounded by its value at £=0
and we must consider

Ze'BE’” (m 1% |m) . (A5)

For the potentials under consideration, although
(m|x® |m) may grow as a power of m, E, will
also,'® and (A5) will converge. From another ap-
plication of the M test we conclude that (A2) con-
verges uniformly and that C(f) is almost periodic.
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