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Gauge theories, including the Yang-Mills theory as well as Einstein’s general relativity, are reformulated
in first-order differential forms. In this generalized Duffin-Kemmer formalism, gauge theories take very
simple forms with only cubic interactions. Moreover, every local gauge transformation, e.g., that of Yang
and Mills or Einstein, etc., has an essentially similar form. Other examples comprise a gauge theory akin to
the Sugawara theory of currents and the nonlinear realization of chiral symmetry. The octonion algebra is
found possibly relevant to the discussion of the Yang-Mills theory.

I. INTRODUCTION

It is well known that equations of motion for a
free field of arbitrary spin can be written as a
first-order differential equation

(B8, -M)p(x)=0, (1.1)

where 8* and M are constant matrices. The cor-
responding Lagrangian may be given by

L(x)=39 88,9 -29My, ' (1.2)
where ¥(x) is related to ¥(x) by
Px)=yT(x)C, (1.3)

for another constant matrix C. The superscript
T denotes the transpose. It is easy to find the ex-
plicit forms of f* and M, using the fact that the
complexification of SO(3,1) Lie algebra is just
s1(2) @ s1(2). Then all possible irreducible finite-
dimensional representations of the Lorentz group
are specified by D% ¥, where both 2x and 2v are
non-negative integers. Note that the derivative
8, is an element of the D*/#1/? representation.
Decomposing the field ¥(x) into a direct sum of
irreducible components y* ?, we can show that
8,9% ¥ transforms as

(1/2,1/2) W, v) — N+l /2,v+1/2) (u+l/2,v-1/2)
D ®D" V=D ®D
@D(u-l/Z,v*'l/Z)@ D(u-1/2Y v-1/2)
(1.4)

Comparing these with Eq. (1.1), we are, in prin-
ciple,. able to determine the matrix forms of g*
and M. For example, the Dirac field corresponds
to the well-known four-dimensional decomposition
D1/2.9¢ p01/2  For a spin-zero field, it is the
five-dimensional space D*/%1/2@ D% corre-
sponding to (8 ,¢, ¢), while for a vector field the
representation content is the ten-dimensional
space D@ DOV D1/2.1/2) The latter two cases
are known as the Duffin-Kemmer formulation.?

Hereafter, any first-order equation of the Eq.

-(1.1) type will be referred to as the (free) Duffin-

Kemmer equation.

Although many articles and books?® have been
written on those relativistic equations and the re-
sults are now well known, its extension for cases
involving interactions is less straightforward in a
small number of ‘works.® In this paper we are
primarily interested in this aspect of the Duffin-
Kemmer formulation, especially in connection
with Yang-Mills gauge theories.* In Sec. II we will
show that the Lagrangian for a pure Yang-Mills
field can be rewritten as

L(x)=36(x)8"8,¢(x) - 3$(x) M p(x)

N

-g }_; ) a; ;2®:(x) 9 ;(x) (%) , (1.5)
1,7, R=

where ¢(x)=(¢,(x), ¢,(x),..., dy(*)7T is now an N-

dimensional field and a;,, (j,%,1=1,2,3,...,N)

are numerical constants which may have some

relevance to the octonion algebra. The term

¢ (x)M ¢(x), for example, implies

i G (M ; ;¢ ,(x) . (1.6)

=1

The generalization of Eq. (1.5) which includes
the matter field is discussed in Sec. III. We may
still write the whole Lagrangian in the form of
Eq. (1.5), where ¢(x) now stands for a large
column vector involving both gauge and matter
fields. The usual local gauge transformation for
matter and gauge fields can be summarized as the
transformation of the field ¢(x):

¢;(x)_’¢;(x)=zjf Ujk(x)d)k(x)"’ Vj(x)’ (1-7)
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where U,,(x) and V,(x) are functions of the coordi-
nates but independent of the field variables ¢ (x)
themselves. In this respect the usual distinction
between the gauge fields and the matter fields for-
mally disappears. If the matter fields include
fermions, then the supersymmetric theories® may
also be considered as an example of Egs. (1.5) and
(1.7).

A similar thing happens in Einstein’s general
relativity. The Lagrangian density

L(x)=V—gR, (1.8)

where R is the scalar curvature, is well known to
have a very complicated nonlinear functional form
of the metric tensor g, (x). However, if we choose
¢(x) as a 50-component vector consisting of

V=g g"and T (A, u,v=0,1,2,3), then the non-
linear Lagrangian is remarkably reduced to the
much simpler form of Eq. (1.5). Furthermore,
the local coordinate transformation can be written
in the form of Eq. (1.7). These facts suggest that
all local gauge theories may be written and char-
acterized by Egs. (1.5) and (1.7). Of course, any
attempt in this direction is very intricate and be-
yond the scope of the present article.

As another example of our approach we obtain
the Lagrangian which leads to the same equation
of motion as does the Sugawara theory of currents.®
A minor modification of our Lagrangian, which
is no longer local gauge-invariant, yields the
Cremmer-Scherk-Kalb-Ramond Lagrangian for
dual models.”

Section IV is devoted to the chiral-invariant
Lagrangian in the Duffin-Kemmer formalism. We
will consider both the nonlinear o model® and the
Weinberg model.® In the Sec. V the gauge theory
in the five-dimensional space is considered. We
have noticed that the group SO(4, 1), which con-
tains the Lorentz group SO(3,1) as its subgroup,
appears somehow related to the Yang-Mills gauge
theory. This fact has tempted us to investigate
the gauge theory in the five-dimensional space.

II. YANG-MILLS GAUGE THEORY

The Yang-Mills Lagrangian® is given by
L(x)= 1 F4 (x)F**"(x) + 3 m2A%(x) A% (x)

3 F i, ()0 A% (x)-0"A% x)+g f AT (A (4)],
(2.1)

where the notation is standard!® except for an in-
clusion of the mass term m?®A%(x)A%*(x). For the
pure Yang-Mills theory, we have to set m®=0, of
course. The Lorentz metric is taken as

Moo= =Ty = =Ta = =N33=1,

Nu,=0 (L#V). @.2)

The Latin indices in Eq. (2.1) refer to the internal
symmetry with the Lie algebra

[ee, ®]=if b, (2.3)

for a, b,c=1,2,...,n, where f%°is the totally
antisymmetric structure coefficient. Note that
when we take variations with respect to both F¢,
and A% as independent variables, the Lagrangian
(2.1) reproduces the standard equation of
motion:

F4(x)=9,A%x) - 8,A%(x)+ g f°AL(x)AL(x) ,
(2.4a)
9VF 4, (x)=m2A%(x)+ g fP°F% (x)A%(x).  (2.4b)
In order to rewrite the Lagrangian (2.1) in the
form of Eq. (1.5), we introduce N(=10x) component
column vector

o%x) (5=1,2,...,10, a=1,2,...,n)

by (see Appendix A)

¢%(x) =(F 35(x), F §1(x), F {,(x), F §,(x), F §,(x), F §5(x), Aj(x), A5(x), AS(x), AZxD 7. (2.5)

Then the Lagrangian (2.1) becomes

L(x)=3 ¢%x)B 8" p%(x) - 5 $%(x) M ¢*(x) — % T xd5(x) 0 2x) p5(x) 5 - (2.6)

with the ambiguity of total-divergence terms which do not affect the equation of motion. The 10 X 10 »eal

matrices, g8, and M, are given by
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r r 0 00
00 1
0 -10
100
010
b= 001 b, - v
0 0 00 0
-1 0 00 -1
0 -1 01 0
g 00 -1 g 010
000 , -100
10 0 0 00
0 0
B,= 1 , Bs= 0 , 2.7)
0 1
0 01 0 -10
0 00 100
100 0 00
010 J 001 J
(100 A
010
001
100
010
M= 001
m? 0 O
0 m2 0
0 0 m?
- mz_a
The adjoint ¢%x) is defined by
Fe) =(4°NC, (2.8)

where the 10 X 10 matrix C has the following diagonal form:
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(1 0 o A
0 -1 0
0 0 -1
100
010
o 001 . (2.9)
100
010
001
L . '1.,

We can verify that the matrices B, satisfy the
Duffin-Kemmer relation!

BuBBy+ BuB\BL==TuB = T By« (2.10)

Furthermore, the standard relations for the trans-
posed matrices BT and C7 are satisfied as follows:

Bi=-CB,Cr=-B¥=-n""8,), (2.11)
CT=C=C'=_1-2(8,)°. (2.12)

The triple linear coefficient T';;, in Eq. (2.6) has
some complicated structure: First, it is com-
pletely antisymmetric in three indices 7, j, and &,
which is obvious from the construction. Second,
it assumes only three values +1, 0, and -1. The
value +1 is taken only for the combinations (i, j, &)
= (8, 3, 7)1 (7’ 2, 9)’ (9) 1, 8)> (8’ 10, 5)y (9y 10, 6):
and (7,10,4). Parallel to the octonion case, as
done by Freudenthal, we depict our case in Fig.
1. Actually, we can also use the diagram shown
in Fig. 2 for the description of T'; ;.. However,
for the reason which will be clear soon, we will
prefer to use Fig. 1 from now on.

Because the coefficient I';;, is completely anti-
symmetric in ¢, j, %, it is naturally related to a
noncommutative Jordan algebra.'? Following the
method of Osborn and Falkner,'® we introduce a

4
8 , 9

FIG. 1. The structure diagram of the coefficients I} ;,
for the Yang-Mills theory. ‘

FIG. 2. Another representation of the coefficients I';;,.

unit element e, together with 10 elements e,. Con-
sider a multiplication table defined as follows:

. 9
eje,=%F éjkeo+21"ikmem (j,k20), (2.13a)

e,60=e5e;=e;, €,e,=e,. (2.13b)

Then the algebra among e; becomes a nonasso-
ciative 11-dimensional algebra, which is, how-
ever, a noncommutative Jordan algebra, since
it is obviously Jordan-admissible.’* Although both
signs in Eq. (2.13a) are equally acceptable, we
choose the upper sign -1 hereafter for a reason
which will become clear.

Introducing the bilinear form (x, y) defined by

(e;,e,)=6;, (j,k=0,1,...,10), (2.14)
we can express the coefficient I'y;, as
T,.=(ee,e,)=(e;ee,) (j,k,m#0). (2.15)

We note that the algebra defined by Eqgs. (2.13a)
and (2.13b) is not Lie-admissible,'® and therefore
T';;, cannot be a structure constant of any Lie
algebra.

There is a relation between 8, and I'; ;,. De-
fining the 10 X 10 matrices I'; (j=1,2,...,10) by

(T)=Tis> (2.16)
SO0 that‘

rr=_r,, (2.17)
we have

CB,=T;, CB,=T%,, C§3=F9, CBo=T,. (2.18)

Our formalism is intimately related to the
SO(3,2) symmetry. Let us set

Iy ==Ju= BuBy— BBy (2.19)
Then in view of Eq. (2.10), we find

s Bal=1uBy = M Bu (2.20)
as well as

Vs T 1= M S ia + Ny or =N p = Mnd e s (2.21)
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for u,v,1,7=0,1,2,3. Note that Eq. (2.21) defines
the Lie algebra of Lorentz group SO(3,1). The
Lorentz invariance of the interaction terms of the
Lagrangian (2.6) implies

u)iiTira+ ) T et )L 50 =0. (2.22)
If we introduce the fifth coordinate by setting

Ms=1, 75,=0 for u#5, (2.23)
and

Jys==J5= B, for 345, (2.24)

Jss=0 for A=5,

we find that Eq. (2.21) is valid for u,v,2,7=0,1,2,
3, and 5. In other words, J,, (u,v=0,1,2,3,5)
now describes the infinitesimal generators of the
SO(3,2) group. Our reducible ten-dimensional
representation space corresponding to D*:9@ D%
@ D1/2:1/2 of the SO(3,1) group is now specified
by a single ten-dimensional irreducible represen-
tation of the larger group SO(3,2). Indeed, analo-
gous to Eq. (2.24), if we define F g by

Fo=_F2 =A% for \#5,
(2.25)
Fg,=0 for A=5,

then the antisymmetric tensor F¢, (4,v=0,1,2,3,
5) specifies our irreducible tensor in the SO(3,2)
group. Of course, these results are well known
if we neglect the interaction terms. As a matter
of fact, the usual Duffin-Kemmer theory corre-
sponds to a special case of a more general SO(5)
theory by Bhabha.!® Using the five-dimensional
terminology, we see that both the mass terms and
the interaction terms in the Lagrangian (2.6) be-
have as a T;° component of a tensor T% with non-
vanishing trace (u,v=0,1,2,3,5), while the ki-
netic term behaves as a fifth component of a vec-
tor V.

An interesting fact is that we can make the cubic
interactions invariant under SO(3,2) by adding the
term

. .
L'=— = gf®F ¢ (XF 5 (x)F & (x)nenfry**  (2.26)

to the old Lagrangian (2.1), where the summation
over the indices runs only from 0 to 3. The re-
sultant interactions in this new Lagrangian take
the same form as Eq. (2.26), where the only dif-
ference is that the summation goes to the fifth
component. Note that the local gauge invariance
of the Yang-Mills type is not violated by the terms
in Eq. (2.26). As before, we rewrite the new La-
grangian in the Duffin-Kemmer form. Then the
coefficients I';;, become more complicated than

before, as shown in Figs. 3(a) and 3(b). Note that

10 (b)

FIG. 3. (a) The structure diagram of the coefficients
where the cubic interactions are invariant under the
group SO(3,2). (b) Another representation of (a).

this time they correspond to the structure con-
stants of the Lie algebra of SO(3,2).

The whole theory can be simplified if we discuss
it in Euclidean space-time instead of Minkowski
space-time. The metric tensor is now

Ny =0, « i (2.27)

In this space it is allowed to have the fields
(pseudoparticles or instantons) which satisfy the
self-conjugate property of the tensor FW:17

Fo (x)=*F4,(x), (2.28)

where the dual tensor *Fe (x) is defined as usual
by

5

FIG. 4. The structure diagram of I3 ;, when the self-
conjugate properties are imposed on F,
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4

5 | 6

FIG. 5. The structure diagram of T;, for the self-
conjugate Fy, case when the additional interactions are
present. This diagram exactly corresponds to that of
the octonion algebra. )

*F,(0) =2 € FP(x) (1,v,0,8=0,1,2,3).
' (2.29)

Consequently, as far as these fields are con-
cerned, we can replace the ten-dimensional column
vector (l)‘;(x) by the seven-dimensional vector:

¢?(x)=(F§3(x),F§1(x), Ffz(x)’A]a,(x)’
Alx), Adx), AlxNT. (2.30)

Accordingly, the interaction structure diagrams,
Figs. 1 and 3(a), now become Figs. 4 and 5, re-
spectively. )

Note that Fig. 5 corresponds to the structure
diagram of the octonion algebra!! if we choose
the upper sign in the right-hand side of Eq. (2.13a).
Hence the cubic interaction terms

f”criik‘lb?(x)(b?(x)qbi(x)

are invariant under the exceptional Lie group G,,
where ¢‘;(x) transforms as the fundamental seven-
dimensional representation of G,. Unfortunately,
we do not know whether the invariance under the
group G, has any physical meaning or not. This
will be left to future investigations. In Appendix
B we will present one of the transparent realiza-
tions of the octonion algebra.

III. FURTHER GENERALIZATION

First we show that our method can be applied to
the cases where the matter fields are present.

Let ¢(x) be fermion fields interacting with gauge
fields A%(x) via the minimal coupling scheme:

L=ig(x)y"[6, - igA%(x)t*]q(x) - gx)m’q(x), (3.1)

where #° is the p-dimensional matrix of the under-
lying gauge symmetry for a fermion multiplet.
Defining an N(= 8p + 10n)-component vector (x)

as

qu(x) =(q(x)1 6(95), ¢%(x): eeey ¢To(x)) ’ (3'2)

we can write the whole Lagrangian easily in the
form of Eq. (2.6):

L ioia =3 x)(B “a, = M)y(x)
+gaijk¢i(x)d)j(x)d)k(x)’ (3.3)

where the summation over the indices i,j,% runs
from 1 through N. The numerical constant coeffi-
cients @&, ;, in the interactions no longer have any
simple symmetry, since y;(x) now contains both
fermions and bosons. Nevertheless, the local
gauge transformation in our notation can be sum-
marized as

N
P,(0) = i) = D Up)dlx) + V() (3.4)
k=1
for some functions U,,(x) and V,(x) which do not
depend upon the field ¢, itself. Obviously any .
supersymmetric gauge theory can be written in
the form of Eq. (3.3) with its gauge transforma-
tion in the form of Eq. (3.4).°
Next let us consider Einstein’s general rela-
tivity. The Lagrangian density is given by

L=V-gR, - (3.5)

where the scalar curvature R is defined by

R=g"“R,,, (3.6a)
Ruv= aariv - %(avr%a +9 urga)
+rgurgﬂ"rgur2v' (3'6b)

It is well known®® that the variational principle ap-
plied to this Lagrangian

5fd4xL=o (3.7)
yields Einstein’s equations

R,,=0, (3.8a)

Th=58" 0008+ 8,800 —%8u) (3.8b)

when we choose both g, and T'},, to be independent
variational variables. It is easy to see that the
complicated nonlinear Lagrangian (3.5) can be re-
cast in the form of Eq. (3.3), if we define the 50-
dimensional vector 3 (x) by

¥, (0)=(-g g™, T,), (3.9)

and discard some of the total divergence terms in
the Lagrangian. We simply remark here that the
50 % 50 matrices B, now obey complicated fifth-
order polynomial identities, instead of the third-
order Duffin-Kemmer algebra of Eq. (2.10). The
detailed analysis on these properties of 8, will be
given elsewhere, and we will not pursue this case.
At any rate, it is clear in our form that even gen-
eral relativity may be regarded as the ordinary
Minkowski-space field theory with cubic self-in-
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teraction terms where the gauge transformation
is given by Eq. (3.4).

These results suggest that a general study of
Egs. (3.3) and (3.4) may be worthwhile. However,
in this paper we will confine ourselves to the
generalized cases of Yang-Mills theories because
of the complexity.

We only consider a Lagrangian of the form de-
scribed by Eq. (2.6):

L(x) =5 ¢*(x)B*8,,0%(x) - 3 ¢*(x) M ¢“(x)
- 5 [T 000065, (3.10)

where we set
d%x)= ¢ (x)C, B,=CB,, M=CM. (3.11)

However, we do not necessarily assume the ex-
plicit forms of 8,, M, and I';,, as given in Sec. II,
except the property that the matrices B, are
diagonal in the internal-symmetry space. The
general local gauge transformation is given by
the same form as Eq. (3.4):

$3x) =~ $J2(x)= Y ULpE(x) + Vo(x) . (3.12)
%, b

Without loss of generality, we can assume the
following properties of 8, and M:

Br=-B,, MT=M, (3.13)
since we are dealing only with bosons.
Now the invariance of the Lagrangian (3.10) under

the local gauge transformation (3.12) demands the
validities of the following equations:

UB BLUS = Bio™, (3.14a)
U?Z“;Ii,-Uﬁ?ﬂVlkz@“ ’ (3.14p)
fach??: U?Jb: Uzg:rijk= fa’b’c' ri'j'k’ , (3.14¢)

as well as other equations involving V,(x) which
are not reproduced here. Since we restrict our-
selves to Hermitian boson fields, it is reasonable
to choose U} as a real unitary matrix in the sense
that

(Uee) Tyve = Egod (3.15)

where we regard U$? as the (i,j) element of the
matrix U® and E denotes the unit matrix, Then

Eq. (3.14a) can be written as
[B.,U%]=0 (3.16)

in the matrix notation. Hence, if the matrices 8,
(k=0,1,2,3) either form an irreducible matrix
algebra o7 do not contain the same equivalent irre-
ducible components more than once in their de-
composition into irreducible spaces, Schur’s lem-
ma tells us that U?® is diagonal in the i-j space, or

(U*);;=0; u", (3.17)

in each irreducible space. This implies that we
cannot mix the space-time indices with the inter-
nal-symmetry labels under the conditions de-
scribed above.

It is easy to see that these conditions are actually
satisfied by the ten-dimensional Duffin-Kemmer
theory studied in Sec. II. However, this does not
imply that the solutions for M and TI';;, are unique.
Indeed, we have seen that we could have the solu-
tions for I';;, specified by Fig. 3, not by Fig. 1.

We can find another peculiar solution as follows.
Let us choose the mass matrix M =0 in the La-
grangian (3.10). Then we obtain the following La-
grangian in an ordinary language:

Ly = =3F2 (0)[0%A% (%) — 9"A"*(x)
+g fUCA(x)A(x)]. (3.18)
This Lagrangian gives two equations of motion:

8,A5(x) - 8,A5(x)+ g f°AL(x)A(x) =0, (3.19a)

84fa (x)+g fOP°A™(x)FS, (x)=0. (3.19b)

Equation (3.19b) is compatible with Eq. (3.19a),
since the integrability condition for F

a49vFe (x)=0"0"F? (x)=0, (3.20)

does not contradict with Eqs. (3.19a) and (3.19b).

We recognize that Eq. (3.19a) is the same equa-
tion of motion which the Sugawara theory of cur-
rents® gives. In the latter, the fields A%(x) satisfy
the usual algebra of currents at equal times, while
in the former we should use, at least in principle,
canonical commutation relations among A%(x).
Thus our theory may differ in some aspects from
the Sugawara theory. The quantization of our La-
grangian will be discussed elsewhere. The La-
grangian (3.18) is invariant under the usual local
gauge transformation of Yang-Mills.

In closing this section, we would like to make

‘the following remark. If we choose the mass ma-

trix M as
¢ -
0
0
0
M= 0 (3.21)
0
1
1
1
L 1)
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and consider the Abelian gauge group U(1), then
our Lagrangian takes the form

L=-1(3,A,-08,A)F*+3A, A", (3.22)

where we suppressed the index of the trivial one-

dimensional U(1) symmetry. Although this is no

longer invariant under the local gauge transforma-

tion, -it is of some interest by the following reason.
Introducing new fields by

Gun=~€um A’ (3.23)
Gu=3 €ua P =*F,,, (3.24)

we obtain the following form from Eq. (3.22):
=~ f5 G, G+ 4 G, (8% + 8V M + 329,
(3.25)

[32)

which is the famous Cremmer-Scherk-Kalb-
Ramond Lagrangian for dual models.” Note that
this Lagrangian now has the local gauge symmetry
of the type

Puy= b= Pu+ 8,8, -8,4,, (3.262)

Gun=Gin=Gun> (3.26b)
where A, satisfies V

8,(8"A% = 8*A")=0. (3.27)

The quantization of this model has been discussed
by Kaul and Hagen.'®

IV. CHIRAL-INVARIANT LAGRANGIANS

The nonlinear realizations® 2 of the chiral
group SU,(n) ® SUL(n) can also be regarded as
examples of our method. Here we consider the
simplest case where n=2.

The first example we consider is the nonlinear
o model® where the Lagrangian is given by

=3 [84 70,7+ (940)(3,0)], (4.1)
with the nonlinear constraint
73(x)+ 0?(x)=C?=const. (4.2)
The field 7 is an isospin vector while ¢ is an iso-
scalar. Because of the constraint Eq. (4.2) the
Lagrangian (4.1) is nonlinear. However, we can
write the equivalent Lagrangian to Eqgs. (4.1) and

(4.2) by introducing the auxiliary fields 7 ,(x),
o,(x), and ¢(x): ‘
>

L=7 u(x)a“ F(x)+ Gu(x)auc(x) "% ('”u” + Uuo'“)
—(x)(T2+ 02 =C?). (4.3)

Note that ¢(x) is the Lagrange-multiplier field.
Choosing 7,, 7, 0,, 0, and ¢ to be independent
variational fields, we obtain

Tux)=08,7(x), (4.4)

0,(x)=3,0(x), (4.5)
T2(x) + 03(x)=C?. (4.6)

Therefore, the new Lagrangian produces the same
equations of motion as the old one with the con-
straint (4.2) gives. Now it is easy to rewrite the
Lagrangian (4.3) in our form (1.5). Introducing
the 21-component vector y,(x) (j=1,...,21) by

;%) =(7 ,(x), T(x), 0,(x), olx), p(x)), (4.7)
we obtain

L =59 (x)8%8 ,3(x) - 5P(xM y(x) + C ;9 (x)
# T () (@.9)

Note that we now have a linear term in y,(x). The
chiral transformation is linear in this model.
Thus we can write it as

P, (x) = 9x)=U ;0 (x) . (4.9)

The second example consists of the canonical
realization by Weinberg.® The chiral-invariant

Lagrangian is
L=aD,#(x) -D*#(x), (4.10)

where D, denotes the covariant derivative. The
most general form of covariant derivative is given
by

1
D, 7m%(x)= [WTf—z—)l—/-z ab

1
+ = (2f’—v)n”n”]8unb(x) ,

f2

(4.11)
where v satisfies the equation
v= 1 (4.12)
B e :
If we choose f equal to
1

=3 [1-272(x)], (4.13)

for some constant A, the Lagrangian (4.9) becomes

1

- 5 = b
L= e P T,
where we have chosen the scalar factor « as

a=1/4»2,

(4.14)

(4.15)

In order to rewrite the Lagrangian (4.14) in the
form (1.5), we introduce the auxiliary field %(x)
by

1

d)ﬁ(x) = m (4.16)

8,m(x).

Then the Lagrangian (4.14) is equivalent to
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L=3%¢%x)B"d,¢%x)

—30%M () [1+ NP ()T p* (), (4.17)

where we have set
¢(x) = (5 (%), ()7, (4.18a)
¢%x)=(¢p*(x))7C. (4.18b)

Unfortunately the chiral transformation in this

( 1) r A
-1
Bo= s B1= of,
0
g_l v, L -10 0 J
0 0
Bz= -1y, Bs= 01, C
0 1
L 0-10 J L 0 0-1 J
r 7
= .
L 1
Note that the 5X 5 matrices B, satisfy the same
Duffin-Kemmer relations,
Buﬁxﬁu+BVBABLL:_nxuﬁv"n)wBu: (4'213)
BI=-CB,CH==p*, CT=C=C'=-1-2(),
(4.21b)

as those for the vector field case, Eqgs. (2.10),
(2.11), and (2.12).

It is regrettable that the new Lagrangian (4.17)
is more complicated, since it contains a sixth-
order polynomial term in ¢%x). In this respect,
only the o-model realization (4.8) has resem-
blance to the Yang-Mills case.

V. GAUGE THEORIES IN THE FIVE-DIMENSIONAL SPACE

In Sec. II, we have seen that the group SO(3, 2)
may have some relevance. However, as shown in

Sec. II, the whole Lagrangian is nof invariant under -

model is nonlinear:

d,mHx) = (1/x)e;[§6ba(1 - X272+ N2qphpa], (4.19)
where 6% is a small constant parameter of the
chiral transformation. Therefore it is impossible
to write the transformation as Eq. (3.12).

The explicit forms of 5X 5 matrices B8,, C, M,
and I are given as follows:

r-1 N
100
010 |
00 1
1
() J
|
(1
-1 0 0
0 -1 0 ) (4.20)
0 0 -1
L 1]

I

this group, since it contains both T component of
a tensor T, and V; component of a vector V,. In
this section we will construct a simple example of
the gauge theories which are invariant under the
de Sitter group SO(4,1).2*

We introduce a fifth coordinate x;, formally,
although we assume that somehow the gauge fields
are independent of x;, or at least their dependence
is practically negligible. The departure of the
present scheme from that given in Sec. II is that
we do not regard F¢ (x) as independent variables,
but those given in terms of A%(x):

FL(x)=08,A%x) - 8,A5(x) + g f°AL(x)ALx),  (5.1)

for u,v=0,1,2,3,5. Hence the Lagrange density

is now simply written as
L=-3F (x)F**"(x), (5.2)

where the summation over the “Lorentz” indices
runs from O to 5.
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From our assumption on the dependence of the
fifth coordinate,

9 a ~
-375 A“(x)=0 . (5.3)

Defining the scalar field ¢%x) by
»%x)=Alx), (5.4)

with the metric 7,5=-1, instead of Eq. (2.23), we
can rewrite the Lagrangian (5.2) as follows:

L=Ly+L,, (5.5)
Ly=-t 3 FoF (), (5.6)
L,=% 2; (D, ¢ (x)XD*p(x)) (5.7

where we have set
D,¢%(x)=Fis=8,0%x)+g AU (). (5.8)

The resultant Lagrangian (5.5) is actually equiva-
lent to the usual four-dimensional theory where the
scalar field ¢%x) is coupled to the gauge field
Az(x) via the minimal way. Note that the scalar
field ¢%x) belongs to the adjoint representation

of the group.

It is interesting to note that in the grand unified
gauge theories?®® at least one of the Higgs scalars
which break the unified symmetry to SU(2) ® U(1)
®8SU,,;,.(3) transforms like the adjoint represen-
tation. In particular, in the SU(5) case, you need
only one Higgs scalar, which belongs to the adjoint
representation, for that job. Thus the present
theory may provide a clue to the grand unification
scheme. However, we will not pursue this point
further in this paper.
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Note added. After completion of this paper we
were notified of the following: First, even super-
gravity has the interaction which can be written as
a single cubic term by a suitable redefinition of
the fields. We would like to thank Professor S.
Deser for this comment. Second, there are series
of papers on the interactions among Duffin-Kem-
mer-Petiau fields [see B. G. Kenny, D. C. Peaslee,
and Michael Martin Nieto, Phys. Rev. D 13, 757
(1976) and references therein]. The general Bhabha
SO(5) formalism for a free arbitrary-spin field has
been dealt by R. A. Krajcik and Michael Martin
Nieto, Phys. Rev. D 15, 445 (1977) and references
therein. The supersy—xﬁmetry of arbitrary spin has
been developed by Jarmo Hietarinta, Phys. Rev.

D 13, 838 (1976). We are grateful to Professor
Michael Martin Nieto for this information.

APPENDIX A

In the text we neglect the dimensional considera-
tion of the fields, since we are only interested in
the transformation properties of them. For ex-
ample, in the Yang-Mills case the vector ¢ ’(x)
which has the correct dimension is given by

o0=( L P, A3,

where m, has the dimension of mass. This para-
meter m, is arbitrary and need not be identified
with the mass of the gauge fields. The choice
my,=1 corresponds to the one used in the text.

The Lagrangian still takes the same form as Eq.
(2.26), except for the following changes in the
definition of the matrices g, and M, and the cou-
pling constant g:

Bu— Bu=mqoBy,

Mo
r— 2
M-M'= Mo
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g—=g'=myg.

Note that the parameter m, is spurious in the

sense that it does not change the theory at all.
However, as we will do later, the introduction

of the additional cubic interactions, Eq. (2.26),

makes m, have the physical meaning, since the

added terms in the correct mass d1men51on are the

following:

1

L'=- 5 57

fach Fobze Fsknm nﬂrnu-x .

Thus the solutions with these additional interac-
tions have the inherent size 1/m,. At any rate,
the form of the Lagrangian and its symmetries
in the Duffin-Kemmer formulation remain the
same.

APPENDIX B

We consider the following realization of the
octonion algebra. Although this realization may
not be entirely new,?® we present it in view of its
relevance to the discussion in Sec. II. Hereafter
all greek indices refer to the Euclidean space-
time with x, = ix,.

Let f,, be a self-conjugate antisymmetric ten-
sor,'" i.e.,

*fuvzéeuvaﬁfa3=fuv' ' (Bl)

Let g, be a vector. Furthermore, we introduce

the unit element e¢,. Then the set consisting of
Sfuv» a,, and e, provide the bases for an eight-di-
mensional space. Now we impose the following
multiplication table

a,% fuy = Bumeo s (B2)
Suv@® = =0 fu, = 0,3, = 8,8, + € e (B3)
SuvTap= O fup = Ouc fog = Oup fue + Ouip frn

~(8 46, 805 = 8,100 + € ) €0 - (B4)

The consistency among Eq. (B1)-Eq. (B4) can be
checked easily.
If we set

./:14 f23’ f‘24 f3l’

4=y, €550y, €g=az, €e;=a,,

3= f34= fizas (B5)

we can rewrite Eqs. (B1)-Eq. (B4) as follows:
1
eje,= =00+ Z Tomenm (j,#%0), (B6)
m=1

where the totally antisymmetric coefficients I",,,
assume the values +1, 0, -1, only, and behave
like those in Fig. 5. Therefore, the eight objects
e; (j=0,1,...,7) now define the desired octonion
algebra. Thefactthatthe cubicterms I, ¢V¢{2p'¥
for the three seven-dimensional objects ¢!? (a=1,
2,3) are invariant under the group G, requires
some further algebraic discussion. This is left to
the reader.
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