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Variation of mixing angles and masses with q in the standard six-quark model
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The variation of mixing angles and masses with q
' in the standard six-quark model is given in terms of a

set of coupled differential equations. It is shown that to lowest order, these equations do not depend on the

SU(2) gauge coupling, and, in the case of the mixing angles, not even on the U(1) gauge coupling.
Experimental implications are briefly discussed.

I. INTRODUCTION

In quantum chromodynamics (QCD), the bare
quark masses are the ones defined at infinite mo-
mentum, where the theory is asymptotically free. '
The effective quark masses at a particular q' are
then related to those at a different q' by a set of
coupled differential equations. ' However, these
equations are also affected by the weak and elec-
tromagnetic interactions, which may very well
be important for a large enough q'. In'this paper,
we consider the theory of weak and electromag-
netic interactions to be that of Weinberg' and
Salam, ' generalized to six quarks. ' (We have al-
ready discussed the four-quark version' briefly
in a previous paper. '} The parameters of this
model are of course the six quark masses and
the four angles which determine the charged-cur-
rent mixing matrix connecting the three quarks
(d, s, h} of charge --', to the three quarks (u, c, t)
of charge 3. An explicit representation of this
matrix is given by'
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where c,= cos8„s,= sine„etc. In the following
sections, we discuss in detail how this matrix
(as well as the mass matrix) changes as a function
of q'. In particular, we show that to lowest order,
the SU(2) gauge coupling g does not cause a change
in either matrix, and the U(l) gauge coupling g'
affects only the mass matrix. In so doing, we also
derive a formula for the change of the Higgs
vacuum expectation value v as a function of q'.
We then conclude with a brief discussion on the
experimental implications of our results.

P" (g~4 z, Q s .-g 0 s C c)~ ~ ~ ~ (2.2)

where i = (u, c, t), j = (d, s, b), X;~ is the matrix
(1.1), and the subscripts L, R denote left-handed
and right-handed projections, respectively.

Let us now consider the one-loop corrections
to the Yukawa couplings. Since A, ,&

is not diagonal,
there will be induced couplings of the type
g„,dz, snab', and the resulting mass matrix will not
be diagonal. Therefore, we have to rediagonalize
this new mass matrix, in order to obtain the new

quark masses and mixing angles. Let us first
consider the diagonal coupling g„. The one-loop
corrections to g„are given by'

=go 2A -2 Z gc l~&ul + E gn
d

n

~(2ga+g~a}+ gI2 Sg 2

where i = (u, c, t) and n runs over all quarks, in-
cluding colors, and leptons. The parameter t can
be taken to be equal to lnq'. The corresponding
equations for g, and g„are obtained by replacing
d by s and 5, respectively. As for g„, and simi-
larly g, and g&, the appropriate equation is

j n

current mixing matrix, after the proper diagona-
lization of the mass matrix, be given by the
standard form (1.1). Then Q' is coupled to

gd~r. ~g +gssr, sg +go&1.bg +gu+g+I, +gccgcL, +ggtg tI, ,

(2.1}

where g, =m„/v =m~/(Q'}, etc., and/' is coupled

to

II. VARiATION OF YUKAWA COUPLINGS WITH qi

Let us assume that there is only one Higgs
doublet (Q', P'), and that all quarks are coupled
to it in the most general way. Let the charged-

+ (2g 2 +g/2) —gt2 Sg 2

(2.4)

where j = (d, s, h} and the term -3 g" appears in-
stead of the term 3g" as in Eq. (2.2) because the
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u and d quarks are different in electric charge.
The induced off-diagonal couplings can be ob-

tained in a completely analogous way. For the

g„,dz sing' interaction, the corresponding equation
ls

'f(4-'4 +%V')' (3.6)

as well.
To determine the variation of v with q', let us

consider the Higgs potential given by

16ma 's = —'g p g;a~ad

and for g„szd„g', it is

]6 2 g8lf 9 Q g Bgkd

i

(2.6)

(2 6)

As Q'.- go+ v, a cubic interaction of strength fv
is induced. Therefore, the one-loop corrections
to it can be compared . with those to f, and the
variation of v with q' extracted. As expected, the
result corresponds exactly to the wave-function
renormalization of g, namely

The remaining equations for g„b, g„„etc., are
obviously of the same form.

16m —= —3g +g —— g
n

(3.I)

III. VARIATION OF QUARK MASSES WITH q2

If the mass matrix M for the d, s, and b quarks
is initially diagonalized at a particular q', then
a change in q' will result in a new mass matrix
M+AM, which is given by

where n runs over all quarks, including colors,
and leptons. Combining the above with Eqs. (2.3)
and (2.4), we find

~8~'
~

' =~.
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(3.8)
I
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gd~db ga~sb gb( bhaga

where v+6,v is the new P' vacuum expectation
value. To rediagonalize this new mass matrix,
we multiply it on the left by the matrix

where

.-&db -~s*b

(3.2)

ds 2 2 ds ~

d s

etc. , and on the right by the matrix

1 ~ gd ~Rdb

(3.3)
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etc. As expected, the eigenvalues of M+~M are,
to lowest order in 6, just the diagonal entries
g, (v+Av+vA«), etc. However, the matrix U~ is
still of importance because it rotates the (d, &, 5)
basis for the new charged-current mixing matrix
X+rh, A. . (The matrix V„plays no role because there
are no right-handed charged currents in the stan-
dard six-quark model. ) A similar procedure ap-
plies, of course, to the new (u, c, t) mass matrix

(3.9)

The same equations are, of course, also ob-
tained, if we consider instead the renormalization
of the quark propagators directly. Notice that the
SU(2) gauge coupling g does not appear. This is
again expected because there are no right-handed
charged currents in the standard six-quark model.

In Eqs. (3.8) and (3.9), the QCD contribution is
obviously the most important' for moderate values
of q'. However, as q' becomes comparable to
M~2, the g' term may start to contribute more,
and it tends to increase md and decrease m„. The
Yukawa terms are normally negligible because
they are proportional to m, /M~. As q' becomes
even greater, the non-Abelian coupling g~D will
decrease, but the Abelian coupling g' will in-
crease. Therefore, Eqs. (3.8) and (3.9) are not
expected to be valid as q'- ~.

IV. VARIATION OF MIXING ANGLES WITH q2

~+ z~ = V,'~V,', (4.1)

where Uz is given by Eq. (3.2), and Uz is the
corresponding unitary matrix for the u, c, and t
quarks. To lowest order in e as defined by Eq.
(3.3), we find

The charged-current mixing matrix ~;& given
by (1.1) is changed by a redefinition of the mass
eigenstates (d, s, b) and (u, c, t) as q' changes. The
new matrix is given by
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(4.2)

where it is understood that ~,„=—~„„etc. Notice
that h~;, is in general complex. This means that
we have to redefine the phases of the quarks, too,

in order that A. +b, A, remains of the form (1.1).
Let us now consider in detail A„,= c„which is

of course the cosine of the generalized Cabibbo
angle. Using Eq. (4.2) and redefining the relative
phase between the u and d quarks, we find

2 2 2 2
kC. . 2 2 2 2 2, , m, ™m Q +m(j

16v ——ps&c~ (s2gg +cage g~ ) ca 2 2 + g 2 2
Gt mS mQ mg

P+ 2)
~ +m

~ 2 ~™
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2 2 2 2 I 2 2 2 2

m. -m. m~ -m (4 3)

which reduces in the four-quark model' to
2 2

16m —=-—s c (g -g )
2dC 3 2 2 2m$ +my

2 c u m 2 m 2

2 2
2 2 mc +mtt

+(gs -gu ) 2 2
C Q

(4.4)

in agreement with Eq. (11) of Ref. V. Note that
Eq. (4.3), and in general Eq. (4.2), depends not
at all on the gauge couplings g, g', or gQcD ~

Therefore, if the Yukawa couplings are indeed
proportional to m, /M~, the variation of the mixing
angles with q is substantially smaller than that
of the quark masses, as shown by Eqs. (3.8) and
(3.9).

However, it is also possible that there are two
Higgs doublets, but only one of them is coupled
to the quarks. ' Then the Yukawa couplings are of
the order m, /v', where v' can be a much smaller
vacuum expectation value, say on the order of
1 GeV. In that case, the variation of the mixing
angles may in fact be measurable. In the four-
quark model, using Eq. (4.4), we find' that 8c can
change as much as 10%%uo if q' is changed by a factor
of 100. In the six-quark model, because of the
large mass of the t quark, this change can be even
greater. Another possible effect of a small v' is
in the ratio of two quark masses of the same
charge, for example,

behave in a given theory of the strong, weak, and
electromagnetic interactions. In the standard six-
quark model, to the extent that we can use the
one-loop approximation, the appropriate differen-
tial equations are given by Eqs. (3.8) and (3.9),
and their obvious generalizations. For large
enough values of q', where g~D can be neglected,
g' is potentially the dominant term in these equa-
tions, and its effect is to decrease m„and increase
m„. Although this does not explain why m„ is less
than m„at any particular q', it is still a rather
interesting result. For small enough values of
q', the QCD contribution is the most important,
and explicit mass effects in the renormalization
must also be taken into account. ' Therefore, as
q' decreases from about 104 GeV' to about 1 GeV',
the quark masses will increase in magnitude from
their "current" values to their "constituent" val-
ues.

As for the weak mixing angles, they are not
affected by QCD or even the weak and electro-
magnetic gauge couplings, as shown by Eq. (4.2).
Therefore, their variation with q' depends cru-
cially on the magnitudes of the Yukawa couplings,
which are adjustable with two or more Higgs
doublets. As a quantitative example, let us con-
sider Eq. (4.3) with g;=m;/v', where v'=1 GeV,
then usingm, =14 GeV, s, =0.23, s2=0.55, s,
= 0.35, and 6 = 4.2&& 10 ' as a typical set of values"
for these parameters, we find

(4.5)

which will change very slowly as a function of q'
if there is only one Higgs doublet.

V. CONCLUDING REMARKS

Since quark masses vary with q', which is de-
fined by the effective distance resolution of the
probe, it is important to know exactly how they

1 d, &~0 5
s~ dt

which means that a 20%%uo change in q' will result
in a 10%%uo change in the generalized Cabibbo angle.
However, since the weak-interaction q' is equal
to Q +M~, where Q is the square of the actual
momentum transfer of the process in question,
a 20%%uo increase in q' corresponds to a change in
Q' from zero to about 10' GeV'. Therefore, such
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an effect is difficult to measure experimentally,
even if we allow for the absurdly small value of
1 GeV for v'.

Our discussion can be easily extended to include
more quarks, as long as each generation is re-
peated in the same way. However, as the number
of generations is increased, there are more
masses and mixing angles to contend with, and the
interplay among the various differential equations
which govern their q behavior is much more in-
volved. As a result, even with six quarks, we
are unable to disentangle all ten such equations
and make simple predictions as we did' for the

four-quark case. Nevertheless, the generalized
Cabibbo angle 8, is expected to rise, albeit very
slowly, as a function of q'. Of course, such a
variation should be looked for experimentally,
without regard to the predictions of any particular
theory, whether it is this one or some other. "
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